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AFFDL~-TR-69-42
FOREWORD

This report is the result of a combined in-house and contract effort.
Under Project 1467, JStructural Analysis Methods'" and Task 146702
"Thermoelastic Stress Analysis Methods" an in~house effort collected and
categorized available analysis and design techniques. This collection was
further reduced and through an automated search technique a comparison
of approaches and references was made under Contract ¥33615-67-C-1538 which
was initiated and sponsored by the USAF Flight Dynamics Laboratory. This
contract with Technology Incorporated, Dayteon, Ohio, covered the time
period 30 April 1967 to 30 April 1969.

Mr. Gene E. Maddux, of the Flight Dynamics Laboratory, served as the
Air Force contract monitor. For Technology Incorporated, Mr. Dudley C. ﬁard,
manager of the Aeromechanics Department, was the project directr-; and
Mr. Leon A. Vorst, senior research engineer, was the project engineer.

The authors are grateful for the assistance and the contributions of
other Technology Incorporated persomnel, particularly Mr. Robert R. Yeager,
junior research engineer; Mr. Thomas J. Hogan, scientific programmer; and
Mr. Harold P. Zimmerman, scientific programmer.

This technical report has been reviewed and is/approved.
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KEYWORD INDEX
Introduction

This Keyword Index is based on the headings in Chapters 1 through 11.
In the preparation of this index, first all significant words in these headings
were extracted and arranged alphabetically. Words closely related such as
"loads, ' "loading," and "load" were denoted by the single word '"loading. "
The resultant significant words are presented on this page. Second all
headings with significant words were grouped alphabetically under each
significant word. The following pages present the grouped headings, each
with its number identification, under the respective significant words.
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CIRCULAR HtAaMS IN TORSION

COMPUTER STRESSES N THE UPRIGHTS OF A PARTIAL TENSION F1ELD BEAM

CRIPPLING STRESS OF 1 BEAMS

DESIGN CRITLRIA FUR THE UPRIGHTS OF A PARTIAL TENSIUN FJELD BEAM

EFFECT OF CUTOUTS ON CLOSED SINGLE CELL BEAMS [N TORSIQN

EFFECT OF tnD RESTRAINT ON NONCIRCULAR BEAMS IN TORSION

EFFECT OF STIFFENERS OM NONCIRCULAR CLOSED BEAMS [N TURSION

EFFECTIVE AREA OF THE UPRIGHT OF A PARTIAL TEMSION FLELD BEAM

ELLIPTICAL BEAMS N TORSION

ENDS OF PARTIAL TENSION FIELD BLAMS

EXACT METHOD FOR GEAMS UNDER COMBINED AX[ath AND TRANSYERSE LOADS = BEAM COLUMNS
EXACT METHUD FUR gEAMS UNDER COMBINED AXIAL AND TRANSYERSE LDADS ~ BEAM COLUMNS
FLANGES QF PARTIAL TFENSION FIELD BEAMS

FLANGES OF STIFFENED SHEAR RESISTANT BEAMS

INTROOQUCT iGN TO BEAMS IN BENDING

INTRODUCTICN TO BEAMS IN TORSION

INTROQUCTION TO LEAMS UNDER COMpINEDC AXIAL AND TRANSVERSE LOADS - BEAM COLUMNS
INTRODUCTIGN TO BEAMS UNDER COMGSINED AXIAL AND TRANSVYERSE LOADS = BEAM COLUMNS
INTRODUCTIUN TO LATERAL INSTABILITY OF DEEP BEAMS [N BENDING

INTROUUCTION TO PARTIAL TENSION FIELD BEAMS IN BENDIAG

INTRODUCTIGN TO KgACTION FORCES AND MOMENTS ON BEAMS UNDER TRANSVERSE LOADING
INTRODUCTION TO SHEAR RESISTANT BEAMS [N SENDING

INTROLDUCTION TO SHEAR WEB BEAMS IN BENDING

INTRODUCTION TO THE ANALYSIS OF BEAMS

LATERAL InSTAQILITY OF DEEP | BrAMS

LATERAL INSTABILITY OF DEEP RECTANGULAR BEAMS IN BENDLING

MEMBRANE ANALDQY FOR BEAMS IN ELASTIC TORSION

MOMENT OF IHERTEA OF THE UPRIGHTS OF A PARTLIAL TENSION FLELD BEAM

MULTICELL CLOSED WEAMS [N TORSION

NOMENCLATURE FOR THE ANALYSIS OF BEAMS

NONCLRCULAR BEAMS N TORSION

NONCIRCULAR BEAMS WETH THIN QPEN SECTIONS IN TORSJGN

NONCIRCULAK CLOSEC BEAMS IN TORSION

NONCIRCULAKR UPEN BEAMS IN TORSIUN

NONCIRCULAR OPEN BEAMS WITH VARIOUS CROSS SECTIONS IN TORSION

NONUNEFCRM CLRCULAR BEAMS IN TORSIDN

PARTLAL TEhSION FIglD BEAMS WITH ACCESS HoLES

REACTLION FORCES AND MOMENTS OMN oEAMS wITH BOTH ENDS FXED

REACTION FORCES AND MOMENTS ON BEAMS WITH ONE FIXED END ANU ONE PINNED SUPPORT
REACTION FURCES AMD MOMENTS ON CDNTINUDU® BEAMS

RECTANGULAR BEAMS [N TORSION

RIVETS AT THE ENDS OF PARTIAL TeMSION FIELD BEAMS

RIVETS IN PARTIAL TENSION BEAMS WITH ACCESLS HOLES

RIVETS IN PARTIAL TENSION FlELD BEAMS

RIVETS IN SHEAR RESISTANT BEAMS

SAMPLE PROSLEM - NONCIRCULAR CLUSED STIFFENED UNIFORM SECTION BEAM IN TORSION
SAMPLE PROCLEM - REACTIONS ON BpAM wlTH ONE FIXKED AND GNE PINNED SUPPORT
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SAMPLE PROBLEM - COLUMN DATA APPLICABLE TO B0TH LONG AND SHORT COLUMNS

SAMPLE PROBLEM - CONCENTRICALLY LOADED LONG COLUMN IN BENDING

SAMPLE PRUBLEM = gCCENTRICALLY LOADED SHOKRT COLUMN IN BENDING

SAMPLE FROBLEM = LONG gCCENTRICALLY LDADED COLUMNS AND EWJIVALENT ECCENTRICITY
SAMPLE PRUBLEM - STEPPED COLUMN

SAMPLE PROBLEM - TORSIONAL FAILURE QF SIMPLE COLUMNS

SAMPLE PROBLEM = USE OF STRAIGHT LINE EQUATION FOR CONCENTRICALLY LOAPED SHORT COLUMNS
SAMPLE PROBLEM = USE OF TANGENT MQDULUS EUUATION FOH CONCENTRICALLY LOADED SHORT COLUMNS
SaMPLE PRubLEM-BtAMS UNDER COMBINED AXIAL AND TRANSYERSE LOADS - BEAM COLUMNS
SIMPLE COLUMNS

STEPPED ANG TAPERED COLUMNS

TORSIONAL FAILURE QF SIMPLE COLUMNS

COMBINED

ANALYS1S OF COMBINED STRESSES IM TRANSMISSIUN SHAFTING

APPRUXIMATE METHOD FOR BEAMS UNUER COMBINED AXIAL AND TRANSVERSE LOADS - BEAM COLUMNS
COMBINED LUG.BUSHING CESIGN STRENGTH URDER UNIFORM AXJAL LQAD

CURVED PLATES UNDER COMBINED LQADINGS

EXACT METHOU FOR BEAMS UNDER COMBINED AXIAL AND TRANSYERSE LQADS -~ BEAM COLUMNS

FLAT PLATES UNDER COMBINED LOADINGS

INTRODUCTION TO BEAMS UNDER COMpINED AX1AL AND TRANSYERSE LQADS - BEAM COLUMNS

PLATES UNGER COMBINED LODADINGS

SAMPLE PROBLEM=BEAMS UNDER COMBINED AX1AL AND TRANSYEMSE LUADS - BEAM CQLUMNS
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KEYWORD INDEX (continued)

COMPLEX

COMPLEX CULUMNS

CRIPPLING STRESS OF ANGLE ELEMENTS AND COMPLEX SHAPES

SAMPLE PROBLEM = CRIPPLING STRESS OF A COMPLEX SKAPE
CONCENTRICALLY

BENUING FALLJRE GOF CONCENTRICALLY LOADED LONG COLUMNS

BENDING FAILURE OF CONCENTRICALLY LQADED SHORT COLUMNS

SaAMPLE PRUBLEM » CONCENTRICALLY LODADEDR LONG COLUMN IN BENDING

SAMPLE PROBLEM -~ USE DF STRAJGHT LINE EQUATION FOR CUGNCENTRICALLY LOADED SHDRT COLUMNS

SAMPLE PROHBLEM = USE OF TANGENT MODULUS eQUATION FOR CONCENTRICALLY LODADED SHORT COLUMNS
CONICAL

DISCONTINGITY STRESSES IN THIN CYLINDRICAL PRESSURE YESSELS WiTH CONJCAL HEADS

SAMPLE PROBLEM = DISCONTINULTY STRESSES IN PRESSURE YESSELS WiTH CONICAL HEADS
CONNECTIONS

BEAKING STRESSES IN RIVETED CONNECTIONS

MULTIPLE SHEAR AND SINOGLE SHEAR COMNECTIONS

SAMPLE PRUBLEM = BEARING STRESSES IN RIVETED CONMECTIONS
CONSTRALNT

COEFFLCIENT OF CONSTRAINT FOR END LUADED COLUMNS
CONTACT

ELASTIC STRESSES aNV DEFORMATIGN OF VARIOUS SHAPES IN CONTACT
EMP{RICAL FORMULA FDR ALLOWASLE BEARING LOAD OF STEEL SPHERES IN CONTACT
CONT INYDUS .
APPLICATION OF THE THREE MOUMENT EUVATION TG SOLVIMG FOR THE REACTIONS ON CORTINUGUS BEAMS
REACTION FOHCES AnD MOMENTS ON CONTINJUQUD HEAMS
SAMPLE PROBLEM = REACTIONS ON CONTINUOUS BEAMS BY THE THREE MOMENT EQUATION
CRIPPLING
CRIFPLING FAILURE OF FLAT STIFFENEPR PLATES IN COMPRESSION
CRIPPLING STRESS UF ANGLE ELEMENTS AND COMPLEX SHAPES
CRIPPLING STRESS UF | BEAMS
CRIPPLING STRESS (OF QUTSTANPING FLANGES
CRIPPLING STRESS OF PRESSURIZED AND UNPRESSURIZED THIN SIMPLE CYLINDERS
CRIPPLING STRESS QF PRESSURIZED SIMPLE THIN CYLINDERS [N BENDING
CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS IN COMPRESS]OM
CRIPPLING STRESS QF PRESSURIZED SIMPLE THIN CYLINDERS IN TGRSION
CRIPPLING STRESS OF ROUND TUBES
CRIFPLING STRESS QF SIMPLE THIN CYLINDERS IN BENDING
CRIPPLING STRESS OF SIMPLE THIN CYLINDERS IN COMPRESSION
CRIPPLING STRESS OF SIMPLE THIN CYLINDERS IN TORSION
CRIPPLING STRESS OF UNPRESSURIZED SIMPLE THIN CYLINDERS [N BENDING
CRIPPLING STRESS GF UNPRESSVRIZED SIMPLE THIN CYLINPERS IN COMPRESSION
CRIFFLING BTRESS OF UNPRESSVRIZED SIMPLE THIN CYLINVERS IN TORSION
INTERACTION FORMULAS FOR THE CRIPPLING OF PRESSURIZED AND UNPRESSURIZED CYLINDLRS
INTRODUCTIOUN 7O CRIPPLING FAILURE OF COLUMNS
SAMPLE PRUBLEM = CRIPPLING INTERACTION OF SIMPLE THIN CYLINDERS IN COMPRESSION aND BENDING
SAMPLE PROBLEM = CRIPPLING STRESS OF A COMPLEX SHAPE
SAMPLE PROBLEM « CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS [N TORSION
SAMPLE PRGBLEM =

CRIPPLING STRESS UF HOUND TUBES
CRITERA
DESIGN CRITERIA FQR THE UPRJGHTS OF A PARTIAL TENSION FIELD BEAM
CRITICAL

CRITICAL EFFECTIVE SLENDERNESS RATID
CROSS -
NONCIRCULAR GPREN BEAMS WITH VARLOUS CROSS SECTIONS IN TORSION
SINOGLE CELL NONCIRCULAR CLOSED 87aM5 wITH UNIFORM CROSS SECTION IN TORSION
CURVED

AXIAL COMPRESSION OF CURVED PLATES

CURVED PLATES UNDER COMBINED LOADINGS

SHEAR LQAGING OF CURVED PLATES
QUTOUTS

EFFECT OF CUTOUTS ON CLOSED SINGLE CeLL BLAMS IN TORSION
CYLINDER

BUCKLING OF THEN SIMPLE CYLINDERS UNDER EXTERNAL PRESSURE

CRIPPLING STRESS OF PRESSURIZED AND UNPRESSURIZED THIN SIMPLE CYLINDERS

CRIFPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS [N BENDING

CRIPPLING S5TRESS GF PRESSURIZED SIMPLE THIN CYLINDERS IN COMPRESSION

CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS IN TORSION

CRIPPLING STRESS OF SIMPLE THIN CYLINDERS I[N BENDING

CRIPPLING STRESS OF SIMPLE THIN CYLINDERS LN COMPRESSIDN

CRIPPLING STRgSS OF SIMPLE THIN CYLINDERS IN TORS{ON

CRIPPLING STRESS OF UNPRESSURIZED S1MPLE THIN CYLINDERS IN BENDING

CRIPPLING STRESS OF UNPRESSUREZED SIMPLE THIN CYLINDERS IN COMPRESSION

LRIPPLING STRESS OF UNPRESSURIZED SIMPLE THIN CYLINCERS IN TORSION

DISCONTINULTY STRESSES AT JUNCYION OF THIN CYLINDRICAL PRESSURE VESSEL AND HEAD

DISCONTINUITY 3TRESSES AT THE JUNCTION OF A THIN CYLINDRICAL PRESSURE VESSEL AND 1TS HEAD

CISCORTINUITY STRESSES IN THIN CYLINDRICAL PRESSURE VESSELS WITH CONICAL HEADS

DISCONTINUITY STRESSES IN YHIN CYLINDRIGCAL PRESSURE VESSELS WITH FLAT HgADS

EMPIRICAL FORMULAS FOR ALLOWASLE BEARING LQADS OF A CYLINDER QM A FLAT PLATE

HEADS DF THIN CYLINDRICAL PRESSURE VESSELS

INTERACTION FORMULAS FOR THE CRIPPLING OF PRESSURIZED AND UNPRESSURIZED CYLINDERS

MEMBRANE STRESSgS IN HEADS OF THIN CYLINORICAL PRESSUKE VESSELS
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KEYWORD INDEX (continued)

MEMBRANE STRESSES IN THIN CYLINDERS

SAMPLE PROBLEM « oUCKLING OF THIN SIMPLE CYLINDERS UNDER EATERNAL PRESSURE

SAMPLE PROBLEM -~ CRIPPLING INTERACTION OF SIMPLE THIN CYLINDERS IN COMPRESSIDN AND BENDING
SAMPLE PROBLEM - CRIPPLING STRESS OF PRESSURIZED SIMPLE THEN CYLINDERS IN TORS[OM

SAMPLE PRGBLEM = DESCONTINUITY FORCES IN CYLINDRICAL PRESSURE VESSELS W{TH DISHED HEADS
SAMPLE PRUBLEM = ELASTIC STHESS AND UgFORMATION GF CYLINDER ON CYLINDER

SAMPL PRUBLEM -~ pLASTIC STRESS AND PEFORMATION OF CYLINDER ON CYLINDER

SAMPLE PROBLEM ~ MEMBRANE STRESSES IN THIN CYLINDERS AND SPHERES

SAMPLE PROBLEM = STIFFENED THIN CYLINDRICAL PRESSURE VESSEL WITH INTERNAL PHRESSURE

SAMPLE PROBLEM = THICK CYLINDRICAL PRESSURE YESSEL

SAMPLE PROBLEM = THIN CYLINDRICAL PRESSURE YESSELS WITH STRINGERS UNDER INTERNAL PRESSURE

S5TRESSES v SIMPLE CYLINORICAL PRESSURE VESSELS DUE TO SUPPORTS
THICK CYLINDRICAL PRESSURE VES5elLS
THICK CYLINORICAL PRESSURE VESSELS UNDER EXTERNAL PHESSURE ONLY
THICK CYLINDRICAL PRESSURE VESSELS UNDER INTERNAL PRESSURE ONLY
THIN CYLINLRICAL PRESSURE VESSELS WITH RINGS UNDER INTERNAL PRESSURE (STRINGERS OPTIONAL)
THIN CYLINDRICAL PRESSURE VESSELS WITH STRINGERS UNDER INTERNAL PRESSURE
DATA
CogluMn DATA APPLICABLE TO BOTH LONG AND SHQRT COLUMNS
SAMPLE PRUBLEM - COLUMN DATA APPLICABLE TO BOTH LONG AND SHORT COLUMNS
DLEP
INTHODUET bune TU LATERAL INSTABILITY OF DEEP BEAMS IN BENDING
LATERAL IisTABILITY QF DEEP | BEAMS
LATERAL In>TABILITY OF DEEP RECTANGULAR BLAMS IN BENDING
DEFLECTIONS
DEFLECTIGONS 1IN STATICALLY DETERMINATE TRUSSES
O FORMATION
ELASTIC STRESSES
SAMPLE PHUBLEM -
DESTGN
AXIAL LUG LESIGN
AXTAL LUG LESTGN FOR PIN FAILURE [N THE BuNDING MODE
AXIAL LUG WESIGN FOR PIN FAJLURE [N THE SHEARING MOVE
AxIALLY LOAVED LUw DESIGN
COMBINED LULG-BUSHING DESIGN STRENGTH UNDER UNIFORM AXLAL LGAD
"DESIGH CRITERIA FUR THE UPRIGHTS QF A FARTIA; TENSLUN FIgLb BEAM
DESIGH PHULCEDURE FOR CIRCULAR THANSM}S510N SHAFTING
DESIGN STRLSSEDS AND (DAD VAR[ATIONS FOR TRANSMIDSION SHAFTING
EXAMPLE OF AX{ALLY LOAGED LUG DESIGN
GENERAL De5IGN EQUATION FOR CLRCULAR TRANSMISSION SHMAFTING
LUG LESIGN STRENGTH UNDER UNEFORM AXJAL LGAD
LUG-BUSHInG DESIan STRENGTH FOR DQUBLE SHEAR JOINTS YUNDER UNIFORM AXIAL LOAG
DETERMINATL
APPLICATLIGN OF THE METHOD OF JOLNTS TO STATECALLY DETERMINATE TRUSSES
APFLICATIGH UF THE METHOD OF SgCTIONS TO STATICALLY DETERMINATE TRUSSES
DEFLECTIUNS IN STATICALLY DETERMINATE THUSSES
INTRODUCTION TU STATICALLY DETERMINATE TRUSSES
SAMPLE PHUBLEM = STATICALLY DETLRMINATE TRUSSES BY THe METHOD OF SECTIONS
SAMPLE PHOBLEM=APPLICATION OF THE METHOD OF JOINTS TU STATICALLY DETERMINATE TRUSSES
SAMPLE PHUBLEM=-DEFLECTIONS AN STATICALLY DEVERMINATE TRUSSES
S5TATICALLY DETERMINATE TRUSSES
CISCUNTINLITY
DISCONTINGITY STRESSES
DISCUNTINGETY STRESSES

AND DpFORMATEON OF vARIDUS SHAPES IN CONTALT
ELASTIC STRESS AND ULFORMATION OF CYLINDgR ON CYLINDER

FOR PIN FAlLYRE

AT JUNCTION GF THIN CYLINDRICAL PRESSURE VESSEL AND HgA
AT THE JUNCTION OF A THIN CYLINDRICAL PRESSURE VESSEL AND ITS HEAD
OISCUNTINGITY STRESSES IN THIN CYLINURICAL PRESSURE VESSELD wWiTH CONICAL KEADS
DISCUNTINULTY STRESSES IN THIN CYLINDRICAL PRESSURE VESSELS WITH FLAT Hgals
INTROBUCTIom 1O DESCOMTINUITY STRESSES
SAMPLE PRUBLEM = WISCONTINUITY FORCES [N CYLINDRICAL PRESSURE VESSELS wlTH DISHEL HEADS
SAMPLE PROBLEM = wISCONTINUITY STRESSES I PRESSURE YESSELY WITH COMICAL HEADS
SAMPLE PRUBLEM - OISCONTINUITY STRESSES IN PRESSURE VESSELS WITH FLAT HgADS
QISHED
SAMPLE PRGHLEM = QISCONTENULITY FORCES 1IN CYLINDRICAL PRESSURE VESSELS WITH DISHED HEADS
DISTRIBUTEL
DISTRIBUTEL AXIAL LOADS
DISTRIBUTION '
SAMPLE PROULENM=SOLUTION OF FRAMES BY THE METHOD OF NMUMENT VISTRIBUTION
. SOLUTION uF FRAMES BY THE METHUL OF MOMENT DISTRIBUTION
OpUBLE
DoUBLE SHEAR JOLNT STRENGTH UNDER UNIFORM axlal LOAL
DOUBLLE SHEAR JOINTS UNDER OBLIWGE LOAD
DOVBLE SHLWR JOINTS UNDER TRANSYERSE LOAV
LUG TANG STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFURM AXLAL LOUAU
LUG-BUSHIAGL VES[Gn STRENGYH FOR DQUBLE SHEA® JOINTS UNDER UNIFORM AXJAL LOAU
PIN HENDING STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
PIN SHEAK STRENGY¥H FOR DOUBLE SHEAR JOINTS UNDER UNIFORM axlAL LOAD
ECCENTRICEITY
BENDING FAJLURE GF ECCEMTRICALLY LOADED LONG COLUMNS
BENDING FAILURE UF ECCENTRICALLY LOADED SHORT COLUMNS
EQUIVALENT ECCENTRICITY FOR [MPERFECT COLUMNS
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KEYWORD INDEX (continued)

SAMPLE PHOBLEM — £CCENTRICALLY LUADED 5HOKT COLUMM IN BENDING
SAMPLE PRUDLEM - LONG ECCENTRICALLY LOADED COLUMNS AND EQUIVALENT ECCENTRICITY
SAMPLE PHLBLEM - LONMG ECCENTRICALLY LOADED COLUMNS AND EQUIVALENT ECCENTRICITY
EFFECTIVE
CRITICAL EFFECTIVE SLENDERNESS RATIQ
EFFECTIVE wkEA GF THE UPRIGHT UF A PARTIAL TENSIOM FIELD BEAM
ELASTIC
ELASTIC STRESSES AND DEFORMATION OF VARIOUS SHAPES [N CONTACT
MEMERANE ARALUGY FOR BEAMS IN gLASTIC TORSION
SAMPLE PHUBLEM - gLASTIC STKESS AND VEFORMATION OF CYLINDER ON CYLINDER
SAMPLE PRUBLEM~S5TAPLE BEAMS IN ELASTIC BENDING
SIMPLE BEAMS IN ELASTIC BENDINWG
ELLIPTICAL
ELLIPTICAL bEAMS IN TORSION
ELDHGAT TG
ANALYSES F LUGS wITH LESS THAN 5 PCT ELONGATION
BEARING STRENGTH oF AXIALLY LUADED LUGS WITH LESS THAN 5 PLT ELONGATION
BEAKING STHENGTH UF TRANSVERSELY LOADED LUGS WITH LESS THAN 5 PCT ELONGATION
LUG BUSHIKG STRENGTH IN AXTALLY LOADEL SINGLE SHEAR JOINT WETH LESS THAN 5 PCT ELONGATION
NET-SECTION STRENGTH OF AXIALLY LOADED LUGS WITH LESS THAN 5 PCT ELONGATION
STRENGTH yf LUG TANGS IN AXIALLY LOADED LUGS WITH LE%S THAN 5 PCT ELGNGATION
EMPIRICAL
EMPIRICAL FURMULA FUR ALLOWABLEL BEARING LUAD OF STekb SPHEKES IN CONTACT
EMPIRICAL #URMULAS FOR ALLQWABLE BEARING LOADS OF A CYLEINDER N A FLAT PLATE
EMPIRICAL TREATMENT OF ALLOWABL: BEARING LOADS
AT
COEFFICIENT OF CUNSTRAINT FOR ¢ND LOADED COLUMNS
EFFECT OF pMD RESTRAINT ON NONCIHCULAR BEAMS [N TORSION
ENDS OF PARTIAL TENSION FIELD BEAMS
REACTION FOHCES AND MOMENTS ON EAMS wITH BOTH ENDS FIXED
REACTION FORTEY AdD MOMENTS OM BEAMS WITH ONE FIXED £MD ANL ONE PINNEL SUFPLRT
RIVETS AT THE &£NDS5 OF PARTIAL TENSIUN FLELD BEAMS
UPRIGHTS AT THE END3 OF PARTIAL TE&NSIUN FIELD BEAMS
WEBS AT Thi ENUS OF PARTIAL TENSION FIELU BEAMS
EUUATIDN ,
APPLICATION OF THE THREE MOMENT bWUATION TO SOLVING FUR THE REACTIONS ON CONTINUQUS BEAMS
GENERAL DrSiGH EWUATION FDR CURCULAR TRANSMISSIQN SHAFTING
JORNSON-EULER EGUATION
RECUCED MGLULUS EWUATION
SAMPLE PRUBLEM - REACTIONS ON CUNTINJOUS BEAMS BY THe THREE MOMENT EQUATION
SAMPLE PHUBLEM - WSE OF STRAIGHT LINE EQUATION FOR CONCENTRICALLY LOADED SHORT COLUMNS
SAMPLE PROBLEM - USE DF TANGENT MUDULUS ELUAT[ON FUM CONLENTRICALLY LDADED SHORT CULUMNS
STRAIGHT LI1iME ELUATION
TANGENT MGLULUS EugATION
EJUIVALENT
EQUIVALENT ECCENTRICITY FOR IMPERFECT COULUMNS
SAMPLE PRUBLLM - LONG ECCENTRICALLY LOADED COLUMNS ANy EOQUIVALENT ECCENTRICITY
EXACT
EXACT METHLL FULR HEAMS UNDER ComBINgd AxJAL AND TRANSVERSE LDADS - BEAM COLUMNS
EXTERNAL
BUCKLING OF THIN SIMPLE CYLINUEKS UNDER EXTERNAL PHRESSURE
BUCKLING UF THIN SIMPLE PRESSVRE VESSELS UNDER EXTERNAL PRESSURL
BUCKLING UF THIN SIMPLE SPHERES UNDER EXTERNAL PRESSURE
SAMPLE PRUBLEM = oUCKLING OF THIN SIMPLE CYLINDERS UNDEK EXTERNAL PRESSURE
THICK CYLINURICAL PRESSURE VESSELS UNDER EXTERNAL PRESSURE ONLY
FATLURE
AXIAL LUG UESLGN FOR PIN FAILYRE
AXIAL LUG DESIGN FOR PIN FAlLURe iN THE BENDLING MGDE
AXEAL LUG GESION FOR PIN FAJLURE I[N THE SHEARING MUGUE
BENUING FAILURE OF CONCENTRICALLY LOADED LONG COLUMNS
BENDING FAILURE OF CONCENTHICALLY LOADED SHORT COLWMNS
BENUING FAILJRE OF pCCENTRICALLY LOADED LONG COLLMNS
BENDIWNG FAILURE UF BCCENTRICALLY LUAVED SHORT COLUMNS
BENDING FAILURE OF SHORT COLUMNS
CRIPPLING FAILWRE QF FLAT STIFFeNED PLATES [N COMPKESSION
INTHQDUCTIGN TU CRIPPLING FAJLUHE OF COLUMNS
PRIMARY FAjLURE OF SIMPLE CULUMNS
SAMPLE PRUBLEM - TORSIONAL FATLWRE OF SIMPLE COLUMNS
TORSLUNAL FAILURL OF SIMPLE COLUMNS
FAT[GUE
EXAMPLE PruBLEM UF LUG FATJGUE ARALYSIS
LUG FATIGULE ANALYSIS
FIELD
ALLOWABLE STREYSES IN THE UPRIGHTS yF A PaRTIAL TENSIUN FIpgLD BpaAm
COMFUTEDL 51HeSSES [N THE UPRIGHYS OF A PARTIAL TeNSION FIELD dEAM
DES(G CRITERIA FYR THE UPHIGHTS GF A PAHTIA] TENSIUN FLELL Beam
EFFECTIVE AKEA UF THE UPRIGHT UF A PARTIAL TENSION FIELD deam
ENDS OF PARTIAL TENSION FIelD bramS
FLANGES OF PARTIAL TENSION FIELL BEAMS )
INTROQUCTiLN TU PARTIAL TENSTUN FLELY BEAMS IN 8&MLENG
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KEYWORD INDEX {continued)

MOMET GF INERTEA QF THE UPRIGHTS OF A PAKTIAL FENSIUN Filell BgaM
PARTIAL TehSIUN FIELD BEAMS WETH ACCESS HULES
RIVETS AT THE EAD> OF PARTIAL TENSION FIELD BEAMS
RIVETD IN PARTIAL TENSION FIELD BEAMS
5AMPLE PRUBLEM=FARTIAL TENSION FIELD BEAMS
UPRIGHTTL-FLANGE RIVETS IN A PARTIAL TENSION FIELD braM
UPR1GHTS AT THE ENDS OF PARTIAL TENSION FIELD BEAMS
UPRIGHTS OF PARTIAL TENSION FleLD BEAMS wITH ACCESS RULES
WEB=TU=FLANGE KIVETS IN A PARTIAL TENSIUN FLELD HEAM
WES-TO=UPHIGHT KIVETS 1N PARTIAL TENSION FIELD BLAM
WEBS AT Thi ENDS QF PARTIAL TENSION Flgll BEAMS
WEBS OF PARTIAL TENSION FIELD BrAMS
WEBS GF PAHTIAL TENSION FIELD GpAMS wlTH ACCESS HOL:S
FI1
STRESHES GUE TU RRESS FIT BUSHINGS
FIXED
REACTIOM FOGRCEDS AND MOMENTS ON LEAMS wiTH BOTH ENDS FLIXED
REACTLION FURCES AHD MDMENTS ON LEAMS A]TH QNE FIXED END ANL ONE PINNED SUPPORT
SAMPLE FRUDLEM = REACTIONS UN brAM wiTH ONE FIXED AND ONE PINNEU SUPPORY
FLANGES
CRIPPLING STRE®S OF OUTSTANUING FLANGES
FLANGES QF PARTIAL TENSION FIELUD BEAMS
FLANGES OF STIFFENED SHEAR RESISTANT BEAMS
FLAT
AXIAL COMERESSI0N OF FLAT PLATES
BEAM=SUPPGRTED FLAT PLATES IN BENDING
BENDING OF FLAT PLATES
BUCKLING ¢F STIFFLNED FLAT PLATES IN AXIAL COMPRESSIULN
BUCKLING DF UNSTIFFENED FLAT FLATES IN AXIAL COMPRESSION
CRIPPLING FAILURE OF FLAT STIFFENED PLATES N COMPRLSS)IUN
DISCONTINUETY STRESSES IN THEN CYLINDRICAL PRESSURE VESSELS WITH FLAT HEARS
EMPIRICAL FURMULAS FOR ALLOWABLE BEARING LOADS OF A& CYLIRDER OR A FLAT PLATE
FLAT PLATED JNDER CUMBINED LOADINGS
SAMPLE PRGBLEM - DISCONTINUITY STRESSES IN PRESSURE VESSELS WITH FLAT Heaws
SHEAR BUCKLING OF FLAT PLATES
UNSTEFFENMED FLAT PLATES IN BENDING
FORCES
INTRQDUCTJUN TU REACTION FORUES AND MOMENTS ON BEAMS UNDER TRANSVERSE LOAD[NG
REACTLION FORCES AlD MOMENTS ON BEAMS WitTH BOTH ENDS FIRED
REACTION FOURCES AND MOMENTS ON BEAMS WITH ONE FIXED END ANG ONE PINMED SUPPLRY

REACTION FUORCES AnD MOMENTS ON CONTINUDUS BEAMS
SAMPLE PROBLEM - LISCONTINUITY FORCES IN CYLINDRICAL PRLSSUKE VESSELS WITH DISHEL HEALS
FURMULA
EMPIRICAL FuRKULA FUR ALLOWABLE BEARING LOAD OF STeLL SPHERES IN CONTACT
EMPIRICAL FORMULAS FOR ALLOWABLE BEARING LOADS OF A CYLLINDLR ON A FLAT PLATE
FORMJLAS Fur SEMPLE FRAMES
INTERACTIUN FORMULAS FOR THE CHKIPPLING UF PRESSURIZED AND UNPRESSURIZED CYLINDERS
FRAMES
FORMULAS FUH SIMPLE FRAMES
FRAMES AND RINGS
INTRODUCTION TO FRAMES AND RINGS
NDMENCLATURE FOR FRAMES AND RINaS
RECTANGULAKR FRAMES
SAMPLE PRUDLEM=-FORMULAS FOR SIMPLE FRAMES
SAMPLE PRUBLEM-RECTANGULAR FRAMES
SAMPLE PRUBLEM=SOLUTION OF FRAMgS BY THE METHOD OF MOMENT LISTRIBUTION
SOLUTION OF FRAMES OY THE METHUD OF MOMENT DISTRIBUTION
NEAD
DISCONTINUITY STRESSES AT JUNCTION OF THinN CYLINDRICAL PRESSURE VESSEL AND HEAD
GISCUNTIRLITY STRESSES AT THE JUNCTIUN GF A THIN CYLINDRICAL PRESSURE VESSEL AND (TS HEAD
DISCONTINLITY STRESSES IN THIM CYLINDRICAL PRESSURE VESSELS WITH CONICAL HEADS
DISCONTINUITY STRESSES IN THIN CYLINDRICAL PRESSURE VESSELS wlTH FLAT HeADS
HEADS OF ThIN CYLINDRICAL PRESSURE VESSELS
MEMBRANE STHESSES I HeADS OF Yol CYLINVRICAL PRESSURE VESSELS
SAMPLE PROBLEM = OLSCONTINGITY FOHCES [N CYLINDRICAL PRESSURE VESSELS WiTH DISHEW HEADS
SAMPLE PRUBLEM - UISCONTINGITY STRESSES LN PRESSURE VESSELS WITH CONICAL HEADS
SAMPLE PRUDLEM = DISCONTINGITY STRESSES IN PRESSURE VESSELS WITH FLAT HgAUS
HEAP
SAND HEAP AWALDGY FOR BEAMS IN PLASTIC TORSION
HEL ICAL
HEL[CAL SPRNGS
HELICAL SPRINGS UF ROUNY WIRE
HELICAL SPRINGS UF SGQUARE WIRE
HOLES
PARTIAL TeNSION FIgLD BEAMS wWiTH ACCESS HOLES
RIVETS IN PARTIAL TENSION BEAMS W[TH ACCESS HOLES
UPRIGHTS uF PARTIAL TENSION FILLD BEAMS WITH ACCESS ROLES
WEBS UF PaRTIAL TeNs1ON FIELD upAMS wlTH ACCESS HOLES
IMPERFELT
EQUIVALENT ECCENTRICITY FOR [MPLRFECT COLUMNS
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KEYWORD INDEX {continued)

INGETERMINATE
INTROGUUCTION TGO STATICALLY [NOETERMINATE TRUSSES
SAMPLE PRUBLEM=STATICALLY INDETERMINATE TRUSSES wlTH A SINGLE REDUNDANCY
STATLCALLY INDETERMIRATE THUSSES
STATICALLY InDETERMINATE TRUSSES wITH A SINGLE REDUNDANCY
STATICALLY INDETERMINATE TRUSSE: WlTH MULTIPLE REDUNDANCIES
INERTLA
MOMENT OF FNERTIA OF THE UPRIGHTS GF A& PARTIAL TeNSTUM FEELD BEAM
INSTABILiTY
INTROOUCTIUN TO LATERAL INSTABILITY OF DELP BEaAMS LN BENDING
LATERAL INSTABELITY OF DEEP I BLAMS
LATERAL INSTABILITY OF DEEP RECTANGULAR BpAMS IN BENDING
INTERACT jON
INTERACTION FDRMULAS FOR THE CRIPPLING oF PRESSURIZED AND UNPRESSURIZED CYLINDERS
. SAMPLE PROULEM = CRIPPLING INTERACTION OF SIMPLE THIN CYLINDERS IN COMPRESSION AND BENDING
NTERMNAL
SAMPLy PROLLEM = STIFFENED THIN CYLINORICAL PRESSURE VESSEL WITH INTERNAL PRESSURE
SAMPLE PROBLEM « THIN CYLINDRICAL PRESSURE VESSELS WITH STkINGERS UNDER IKTLANAL PHESSUHE
THICK CYLINDR[CAL PRESSURE VESSELS UNDER INTERNAL PHLSSURE ONLY
THI LYLIWURICAL PRESSUME VESSEL S WITH RINGS UNDER INTERNAL PRESSURE (STRINGERS UPTIONALD
THIN CYLINURICAL PRESSURE VESSELS WITH STRINGERS UNDER INTERNAL PKESSURE
JOHNSON=LULER
JOHNSUN=EULER EWUATION
JOINT
APPLLICATIUN JF THE METHOD OF JOINTS TO STATICALLY DETERMINATE TRUSSES
BUSHING STRENGTH #OR SINGLE SHEAR JUINTS UNVER UNIFOKM AXiAL LDAD
DoVBLE SHEAR JUOINT STRENGTH UNDpR UNIFGRM AXJAL LOAD
DOUBLE SHi AR JOINTS UNDER ObLIGUE LpaD
Doveic SHEAR JOUINTS UNDER TRANSVERSE LGaP
LUG BEARING STRENGTH FOR SENGLE SHEAR JGINTS UNDER UNJFQRM AX]AL LOADS
LUG BUSHINI STRENGTH IN AXJALLY LOADED SINGLE SHEAR JOINT wlTH LESS THAN 5 PCT ELONGATION
LUG HET-SeCTION STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
LUG TANG STRENGTH FOR DQUBLE SHEAR JQLNTS UNDER UNEFORM AXFAL LQAD
LUG-BUSHING DESIGH STRENGTH FOR DOUBLE SHEAR JDINTS WNDER UNIFORM AX[AL LOAD
PIN BENDING STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
PIN BENDING STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFQRM AXIAL LOAD
PIN SHEAR STRENGTH FOR DOUBLE SHEAR JDINTS UNDER UNIFORM AXIAL LOAD
PIN SHEAK STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFQRM AXEAL LOAD
SAMPLE PRCHLEM=APPLICATION OF THE MeTHOD OF JOINTS TU STATICALLY DETERMINATE TRUSSES
SINGLE SHEAR JUINT STRENGTH UNDER UNIFORM AXLAL LOAL
SINGLE SHEAR JOINTS UNDER QBLIUWUE LDAD
SINGLE SHEAR JOINTS UNDER TRANSVERSE LOAD
JUNCTION
DISCONTINUITY STRESS5ES AT JUNCTION OF THIN CYLINDRIUAL PRESSURE VESSEL AND HEAD
PISCONTINLITY STRESSES AT THE JUNCTION OF A THIN CYLINDRICAL PRESSURE VESSEL AND 1TS HEAD
LACING
LACING BARS IN CGLUMNS
LATERAL
INTROODUCTIUN TG LATERAL INSTABILITY OF DEEP BEAMS 1N BENDING
LATERAL INSTABILITY OF DEEP | BEAMS

LATERAL INSTABLILITY OF DEEP RECTANGULAR BEAMS IN BENVLING
LATTICED

LATTICED COLUMMS
LOADING

APPROXTMATE METHOD FOR BEAMS UNLEH COMBINED AXIAL ANDU TRANSVERSE LOADS -~ BEAM COLUMNS
AXJALLY LUADED LUG DESIGN

BEARING STRENGTH F AXIALLY LOAGEL LUGS WITH LESS THAN 5 PCT ELUNGATION
BEARING STRENGTH OF TRARSVERSELY LOADED LUGS WITH LESD Trah 5 PCT ELONGATION
BENDING FAELURE OF CONMCENTRICALLY LOADED LONG COLUMNS

BENDING FAILURE OF CONCENTRICALLY LOARED SHORT COLUMNS

BENDING FALLURE UF ECCENTREICALLY LOADED 1LONG COLUMNS

BENDING FALLURE OF ECCENTRICALLY LOADED SHORT COLUMNS

BENLING LOADRS UN wARS

BUSHING BLAKING STRENGTH UNDER UNIFORM AXIAL LOAL

BUSHENG STHENGTH FOR SIMGLE SHEAR JQINTS UNDER UNIFORM AX1AL LOAD

BUSHING STRENGTH UNVER OBLIUUE (DAD

BUSHING STRENGTH UNDER TRANSYERSE LOAD

COEFFLCIENT OF CORSTRAINT FOR £ND LOADED COLUMNS

COMBINED LUG-BUSHI[NG DESIGN STRENGTH UNGER UNIFORM AXIAL LUAD

COMPRESSIVE LUADING OF BARS

CURVED PLATES UNDER COMBINED LOADINGS

CYCLEC TENSILE LUADING GF BARS

DESIGN STRESSES AND LOAD yARIATIONS FOR TRANSMISSION SHAFTING

DISTRIBUTEL AXJAL LUADS

DOUBLE SHEAR JOINT STRENGTH UNDER UNIFORM AXIAL (OAD

DOUBLE SHEAR JOINTS UNDER OBLILUE LOAD

DOULLE SHEAR JUINTS UNDER TRANSVERSE LOAD

EMPIRICAL FORMULA FOR ALLOWABLE BEARING LGAD OF STEEL SPHERES [N CONTACT
EMPLIRICAL FORMULAS FOR ALLDWAYLE BEAKRING LOADS OF A CYLINDER ON A FLAT PLATL
EMPIRICAL TREATMENT QF ALLOWABLE BEARING LOADS
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KEYWORD INDEX (continued)

EXACT METHUD FUK SEAMS UNDER COMBINED AXIAL AND TRANSVERSE LOADS ~ BEAM COLUMNS
EXAKPLE OF AX[ALLY LOADED LUG DESIGN

EXAMPLE OF UN{FURM AXIALLY LOADLD LUG ANALYSIS

FLAT PLATLS UNDER COMBINED LOADINGS

INTRODUCTION TU GEAMS UNDER COMBINED AXIAL AND TRANSYERSE LOADS - BEAM COLUMNS
INTHOUUCTIUN Tu REACTION FORCES AND MOMENTS ON BEAMS UNDER TRANSVERSE LDAQING
LOADLWOS yh CIHCULAR TRANSMISSIUN SHAFT NG

LUG AD BLSHING STRENGTH URPER DBLIVVE LOAD

LUG AND BULSHING STRENGTH UNDER TRANSVERSE LOAD

LUG ANl BUSHING STRENGTH UNPER UNIFQRM aXlAL LUAD

LUG WLARING STRENGTH FOR SINGLE SHEAR JDINYS UNDER UNIFURM AXKIAL LOADS

LUG BEARING STRENGTH UNDER UNIFURM AXIAL LOAD

LUG BUSHING STRENGTH IN AXKIALLY LGADEDL SINGLE SHEAR JQINT WlTH LESS THAN 5 PCT ELONGATION
LUG DESIGH STREWGTH UNDER UNIFURM AX[AL LuAD

LUG METASECTION STRENGTH FUR SinGLE SHEAR JOINTS UNDER UNIFORM AX1AL LOAD

LUG NET=SECTION STRENGTH UNDER uN[FORM AXLAL LGAD

LUG STRENGTH uMDER OBLIGUE LOAD

LUG STRENGTH UNDER TRANSYERSE LQAD

LUG TANG STHeNGTH FUR DOUBLE SHEAR JOINTS URDER UNLFURM AXTAL LOAL

LUG=BUSHING BE31GH ITRENGTH FOR DUUBLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAL
NET-SECTION STRENGTH OF AXIALLY LUADED LUGS WITH LESS THAN 5 PCT pLONGATION
PIN BLNDING STREWGTH FOR DOUBLE SHEAR JUINTS UNDER UNIFCRM AXIAL LOAD

PIN BENDING STKENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFURM AX1AL LOAD

PIN SHEAR STRENGTH FYOR DOUBLE SHEAR JOINTS UNDER UNIFORM AX1AL LOAD

PIN SHEAM STRENGTH FOR SINGEE SHEAR JUINTS UNDER UNMIFORM AKlAL LOAD

PLATES UNDER COMBINED LOADINGS

SAMPLE PROBLEM = BAR UNDER CYCLIC TENWSILE LOAD

SAMPLE PRUBLEM = SAR UNDER STATIC TENSILE LuAD

SAMPLE PRUBLEM ~ COMCENTRICALLY LDADED LONG COLUMN Lt BENDING

SAMPLE PRUMLEM -~ ECCENTRICALLY LOADED SHORT CoLUMN LN BENDING

SAMPLE PROUBLEM = LONG gCCENTRICALLY LDADED COLUMNS ANV EQUIVALENT ECCENTRICITY
SAMPLE PRUBLEM = USE OF STRA[GHT LINE EQUATION FOR CONCEMTRICALLY LOALED SHORT COULUMNS
SAMPLE PRODLEM « USE OF TANGSNT MODULUS £QUATION FOR CONCENTRICALLY LGADED SHORT COLUMNS
SAMPLE PRUBLEM-BEAMS UNDER CQMBINED AXIAL AND TRARSVLHSE LUADS « BEAM COLUMNS
SHEAR LOADING OF CURVED PLATES

SINGLE SHEAR JUINT STHRERGTH UNDER UNIFORM AXIAL LOAV

SINGLE SHEAR JOINTS UNCER OBLIGJUE LOAD

SINGLE SHeAR JOINTS UNDER TRANSVEHSE LOAD

STATIC TENSILE LUADLING OF BARS

STREHGTH OF LuG TANGS 1IN aXiaALLY LOADED LUGS wiTH LEDS THAN 5 PCY ELONGATION
TORSIYNAL LuARING QF BARS

BENDING FALLURE GF CONCENTRICALLY LDADED LONG COLUMNS

BENDRING FAILWRE OF ECCENTRICALLY LOADED LONG COLUMNS

COLUMN DATA APPLICABLE TO BOTH LONG AND SHORT COLUMNS

LONG RECTANGULAR MEMBRANES

SAMPLE PRGLLEM = CQLUMN DATA APPLICABLE TO BOTH LONG AND SHORT COLUMNS

SAMPLE PROBLEM = CONCENTRICALLY LOADED LUNG COLUMN I BENDING

5AMPLE PRULLEM »~ LONG gCCENTRICALLY CQADED COLUMNS ANV EQUIVALENT £CCENTRICITY
SAMPLE PRUBLEM - LONG RECTANGULAR MEMBRANES

ANALYSIS UF LUGS WITH LESS THAN 5 PCT ELONGATION

AXlAw LUG VESEGN FOR PIN FAILVRE

AXEAL LUG wESIGN FOR PIN FAILURE [N THE BENDING MODE

AXEAL LUG DES1GH FOR PIM FALLUKE EN THE SHEARING MODE

AXEALLY LUADED LUG DESIGN

BEARING STRENGTH UF AXIALLY LOADED LUGS WITH LESS THAN 3 PLT ELONGATION
BEARING STRENGTH uF TRANSVERSELY LOADED LUGS WITH LESS THAN 5 PCT ELONGATION
COMBINED LUG-HUSHING DESIGN STHENGTH UNDER UNIFORM AX1AL LgAD

EXAMPLE OF AXIALLY LQADED LUG DESIGN

EXAMPLE OF UNFFORM AXTALLY LQALLD LUG ANALYSIS

EXAMPLE PRUBLEM UFf LUG FATIGUE ANALYSLS

INTRIJUCTIUN TU LUG ANALYSIS

LUG ANALYSIS

LUG ANALYS1S NOMENCLATURE

LUG AND BUSHING STRENGTH UNDER UBLIUWUE LUAD

LUG AND BUSHING STRENGTH UNVER TRANSVERSE LOAD

LUG AND BUSHING STRENGTH UNDER UNIFORM AXIAL LOAD

LUG dEARIMG STHRENGTH FOR SINGLE SHEAR JOINTS UNDpR UNLFORM aXiabk «0ADS

LUG SrARING STRENGTH UNVER LNIFURM AKLIAL LOAD

LUG duSHInG STRENMGTH IN AXIALLY LyUADED SINGLE SHEAR JOINT wlTH LESS THAN % PCT ECONGATION
LUG DESIGN STRENGTH UNDER UNIFOKM AXiAL LGAD

LUG FATIGUE ANALYSIS

LUG WeT-5eCTION STRENGTH FUR SINGLE SHEAR JOINTS UNDER WNTFOHM AXiAL Load
LUG NET=5gCTION STRENGTH JUNDER uN]IFurM AXLAL LOAL

LUG STRENGTH UNDER QaliWUE LOAD

LUG STRENGTH UNDER TRANSVERSE LUAD

LUG TANG SIRENGTH FUR DOUBLE SHiAK JOINTS UNDER UNIFUKRM Ax1AL LOAD
LUG-guSHI G OLS1Gn 3STRENGTH FOR DuUBLE SHE AR JUENTS UNDER UNIFQRM AXIAL LOAL
MET-SECTIUN STREMuTH OF AXTALLY LQADED LUGS WETH LESS THAN % PCT ELONGATION
STRENGTH GF LuG TANGS IN AXIALLY LOADED LUGS WITH LESS TraN 5 PCT ELONGATIUN
STRENGTH UF LUG TANGS 1IN AXTALLY LOADED LUGS WITH LEDS THAN & PLCT ELONGATION
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KEYWORD INDEX (continued)

MEMBRANE
APPLICABILITY OF THEORETICAL RESULTS FOH SHORT RECTANGULAR MEMBRANES
CIRCULAR MEMBHANES
INTRODUCT LGN TO MEMBRANES
LONG RECTANGULAR MEMBRANES
MEMBRANE ANALUGY FOR BEAMS IN L(ASTIC TORSIUN
MEMBRANE STRESSES TN HEADS OF THIN CYLINUKICAL PRESSURE VESSELS
MEMBRANE STRESSES IN SIMPLE THIn SHELLS OF REVOLUTION
MEMBRANE STRESSES IN THIN CYLINUERS
MEMBRANE STREESSES IN THIN SPHERLS
MEMBRANES
NOMENCLATUKe FOR MEMBRANES
RECTANGULAR HEMBRANES
SAMPLE PRUBLEM « CIRCULAR MEMORANES
SAMPLC PROBLEM = LONG RECTANGULAR MEMBRANES
SAMPLE PRULLEM = MEMBRANE STRESSES IN THIH CYLINLERS AND SPHERES
SAMPLE PHUBLEM - SHORT RECTANOGULAR MEMBRANES
SHORT RECTANGULAR MEMBRANES
THEURETICAL RESULTS FOR SHOKT ReCTANGULAR MEMBRAMNES
MODE
AXIAL LUG LESIGN FQR PIN FAILURE IN THE BLNUING MODE
AXIAL LUG LESIGN FOR PIN FAILUKE N THE SHEARING MOUE
MUeULUs
REDLCED MULULUS EWUATION
SAMPLE PROLLEM - USE ODF TANGENT MODULUS EGUATION FUR CONCENTRECALLY LOAUDED SHOUKT CULUMNS
TANGENT MOULULJS EWUATION
MOMENT
APPLICATIUW OF 1Az THREE MOMENWT EGUUATION TO SOLVING FOR THE REACTIONS ON CONTINUUUS BehMS
INTRODUCTION TQ REACTION FOKCES AND MOMENTS ON BEAMD UNDER TRANSVERSE LOAUENG
MOMENT OF INERTIA OF THE WPRIGHTS QF A PARTIAL TENSIUN FIELD BELAM
REACTION FURCED AND MOMENTS ON pEAMS wiTH BUTH ENDS FLlXED
REACTION FOURCES AAD MDMENTS ON HEAMS WiTH ONE FIMED tnD. ANL ONE PINNED SUPPORT
REACTION FURCED AND MOMENTS ON CONTINUOUY BEAMS
SAMPLE PRUBLEM - REACTIONS OUN CONTINUOUS BEAMS BY THE THREE MIMENT EGUATION
SAMPLE PRUBLEM~50LUTION OF FRAMES BY THE METHOD UF MOMENT LISTRIBUTION
SOLUTION OF FRAMES BY THE METHOU OF MOMENT O[STRIBUTIUN
MULTICELL
MULTICELL CLOSED BEAMS IN TORSION
MULTIPLE
© MULIIPLE SHEAR AND SINGLE SHEAR CONNECTIONS
STATICALLY IWUETEMMINATE TRUSSES WITH MULTIPLE REDUNDANCIES
NONCIRCULAR
EFFECT OF gND RESTRAINT DN NONCIRCULAR gEAMS IN TOURS]UON
EFFECT UF STIFFLMERS ON NONCIRCULAR CLOSED BEAMS IN TORSION
NONCIRCUL AR BEAMS InN TORSION
NONCIRCULAR BEAMS WITH THIN OPEN SECTIONS In TORSION
NONCIRCULAK CLUSED BEAMS 1IN TORGION .
NONCIRCUL A OPEN BEAMS IN TORSIGN
NONCIRCUL Ak GPEN BEAMS WITH VARIOUS CRO%S SECTIONS Ih TORSION
SAMFLE PRUBLEM « wONCIRCULAR CLUSED STIFFENED UNLFORM SECTIQN BEAM IN TORSION
SINGLE CELL NONCIACULAR CLOSED pEAMS IN TORSION
SINGLE CELL NONCIRCULAR CLOSED GWEAMS wITH UNIFORM CHUSS SECTION IN TORSION
SINGLE CELL NUNCIHCULAR TAPERED CLOSEL BEAMS IN TORSIUN
NONUNIFORM
NONUANIFQRM CIRCULAR BEAMS IN TUKSION
OBLIQUE
BUCKLING UF DBLIGJE PLATES
BUSHING STHEMGTH UNDER UBLIQUE LOAD
DOUbie SHEAR JOINTS UNDER OBLIWUE LOAD
LUG AnD BUSHING STRENGTH UNDER UBLIGUE wOAD
LUG STRENGTH UNGER UBLIGUE LOAD
SINGLE SHEaR JUINTS UNDER CBLIGUE LOAD
OPEN
NONCIRCULAR BEAMD WIYH THIN 0PN SECTIONS IN TORSIUN
NONCIKCULAR OFEN GEAMS 1N TGR3IUN
HORCIRCULAR UPEN BEAMS WITH YARIGUS CHROSS SECTIONS 4N TORSION
SAMPLE PRUBLEM=NONCIRCULAR GEAMS wiM THIN OPEN SECTIUNS IN TORSIUN
QUTSTAND Livg
CRIPPLING 51RESS OF QUTSTANDING FLANGES
PANELS
BUCKLING UF SanCwiCH PANELS
PNl
AXIAL LUG LESIGN FOH PIN FaliVke
AXIAL LUG LESIGN FOR PIN FAILURL IN THE BeNDING MODE
AKIAL LUG LESIGN FQR PIN FalLURe IN THE SHEARING MODg
PIN BEND1WG STRENGTH FOR DOUBLE SHEAR JUINTS UNDELR UNIFDRM AXIAL LOAD
PIN BENDLG STRENGTH FOR SINGLe SHEAR JOINTS UNDER UNIFORM AX[AL LDAD
PIN SHEAR STRENGTH FOR LOUBLE ShEAR JOINTS UNDER UNIFLRM AXIAL LOAD
PIN SHEAR STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXLAL LOAD
PINNED
REACTION FURCES AWD MOMENTS ON pEAMS wITH ONE FIXED phD ANGC ONE PINNED SUPPORT
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KEYWORD INDEX (continued)

SAMPLE PRULLEM = HEACTIONS UN beAM wiTH ORE FIXEL AND ONE FINNED SUPPORT

PLASTIC

S5AMFLE PRLBLEM=SIMPLE BEAMS IN PLASTIC GENDING
SANL HEAP ANALOGY FOR BEAMS IN PLASTIC TOKSION
SIMPLE BEaMS IN PLASTIC BENDING

PLATE

PRE

ANALYS]S F PLATES

AxIaL COMPRESSION OF CURVED PLATES

ARTAL COMFRESSICN OF FLAT PLAYES

BEAK~SUPPURTEC FLAT PLATES IN BENGING

BENLING CF FLAT PLATES

BULCKLING GF UBLIWJE PLATES

BUCKLING GF STIFFERED FLAT PLATES IN AXLAL COMPRESSION
BUCKLING UF UNSTIFFENED FLAT PLATES [N AXIAL COMPRESSIQON
CRIFPLING FAILURE OF FLAT STIFFENED PLATES IN COMPRESSION
CURVEL PLATES UNDER COMBINED LOADINGS ‘

EMPIRICAL FURMULAS FOR ALLOWABLE BEARING LOADS OF A CYULINDER ON A FLAT PLATE
FLAT FLATED UNDER COMBINED LOADLINGS

INTRCOUCTIUN TO ANALYSIS OF PLATES

NOMENCLATURE FUR ANALYSIS oF PLATES

PLATES UNUER COME[NED LOADINGS

SHEAR BUCKLING OF FLAT PLATLS

SHEAR LOALING OF CURVED PLATES

UNSTIFFENEL FLAT PLATES IN BENDING

55

STRESSES Luwe TU PRESS FLT BUSHINGS

PRESSURE

ANISCTROPIC
BULKLING oF
BUCKLING LF

PRESSURE VESSELS

THIN SFMPLE CYLINDEKS UNDER EXRTERNAL PRESSURE

THEIN 5IMPLE PRESSURC VESSELS UNDER EXTERNAL PRESSURE

BUCKLING UF THIN SIMPLE PRESSVk: VESHELS UNDER EXTERNAL PRESSURE

BUCKLING OF THlN SIMPLE SPHERES UNDER EXTERNAL PRESSURE

DISCONTIRULTY STRESSES AT JUNCTION OF THIN CYLINDRICAL PRESSURE VESSEL AND HEAD
DISCONTINLITY BTHRESSES AT THE JUNCTION OF A THIN CYLINDRICAL PRESSURE VESSEL AND 1TSS HEAD
DISCONTINGITY STRESSES IN THIN CYLINORICAL PRESSURE VESSELS W]TH CONLCAL HEADS
OISCONTINULITY STRESSES IN THIN CYLINORICAL PRESSURE VESSELS wiTH FLAT HEADS

HEALS OF THIN CYLINDRICAL PRESSURE YESSELS

INTRODUCTIUN TO PRESSURE VESSELDS

MEMBRANE STRESSES IN HEADS OF THIN CYLINVRICAL PRESSURE VESSELS

NOMENCLATURE FOR PRESSURE VESSELS

PRESSURE VESSELS
SAMPLE PRCGBLEM -
SAMPLE PRUBLEM -
SAMPLE PRLBLEM -
SAMFLE PRUBLEM -
SAMPLE PRUBLEM =

BUCKLING OF THIN SIMPLE CYLINDERS UNDER EXTERNAL PRESSURE

VISCONTINUGTY FORCES Imn CYLINDRICAL PRESSURE YESSELS WITH LISHEU HEARS
DISCONTINUVITY STRESSES Ik PRESSURE VESSELS WITH CONFCAL HEADS
DISCONTINUIYY STHESSES Lh PRESSURE VESSELS WITH FLAT HEADS

STIFFENED THIN CYLENDRICAL PRESSURE YESSEL WITH INTERNAL PRESSURE
STIFFENED THIN CYLINDRICAL PRESSURE VESSEL WITH INTERNAL PRESSURE

THICK CYLINDRICAL PRESSURE VESSEL

SAMPLE PROBLEM THIN CYLINDRICAL PRESSURE VESSELS WITH STRINGERS UNDER INTERNAL PRESSURE
SAMFLE PRGBLEM — [HIN CYLINDRICAL PRESSURE VESSELS WITH STRINGEWS UNDER INTERMAL PRESSURE
SIMPLE THIN PRESSURE VESSELS

STIFFENED THIN PRCSSURE VESSELS

STRESSES 1 SEMPLE CTLINDRICAL PREDSURE VESSELS DUE TQ SJPPURTS

THILK CYLINWRICAL PRESSWAE VESSELS
THICK CYLINUGRICAL PRESSURE VESSELS
THICK CYLINLDRICAL PRESSURE VESSELS
THICK CYLINDRICAL PRESSURE VESSELS
THICK CYLINDRICAL PRESSURE YESSELS
THICK PRESSURE VESSELS

THICK SPHLR1CAL PRESSURE WESSELY
THIN CYLINGRICAL PRESSUNE VESSELS
THIN CYLINLRICAL PRESSURE VESSELS
THIK CYLIMDRICAL pRESSURE VESSELS
THIN CYLINGRICAL PRESSURE YESSELS
THIN PRESSUHE VESSELS

S5AMPLE PRUBLEM
SAMPLE PRUBLEM

UHDER EXTERNMAL PHESSURE ONLY
UNDER EXTERNAL PRESSURE QNLY
UNDER [INTERNAL PRESSURE QHLY
UNDER INTERNAL PRESSURE CONLY

WITH RINGS UNDER INTERNAL PRESSURE {STRINGERS OPTIONAL}
WlTH RINGS UNDER INTERNAL PRESSURE (STRINGERS QPTIONAL}
WITH STHINGERS UNVER INTERNAL PRESSURE
WITH STRINGERS UNDER ENTERMAL PRESSURE

PHRESSURIZIEL

CRIPPLING SYREDS oF PRESSURIZED AND UNPRESSURLIZED THIN SEMPLE CYL INDERS

CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS N BENDING

CRIPPLING STREDS OF PRESSUYRIZED SIMPLE THIN CYLINDERS IN COMPRESS]ON

CRIFPLING STRESS OF PRESSUYRIZED SIMPLE THIN CYLINDERS IN TURSION

INTERACTIDN FORMULAS FOR THE CRIPPLING OF PRESSURIZED AND UNPRESSURIZED CYLINDERS
SAMPLE PRUBLEM - CHIPPLING STRESS OF PRESSURIZED S1MPLE THIN CYLINDERS IN TURSION

PRIMARY

PRIMARY FALLURE OF SIMPLE COLUMKS

RaYlp

CRITICAL $FFECYIVE SLENDERNESS RATIO

REACTION

ARPLICATIUN OF Thg THREE MOMENT EQUATION TO 50LyINg FOR THE REACTIONS ON CONTINUQUS HEAMS
INTROOUCTION TO REACTION FORCES AND MOMENTS ON BEAMD UNDER THANSVERSE LOADING
REACTION FURCES AND MOMENTS ON GEAMS WITH BOTH ENDS FIXED
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KEYWORD INDEX (continued)

REACTION FURCES AND MOMENTS ON bEAMS WITH ONE FIAED END AND ONE PENNED SUPPORT lodetal
REACTION FORCED AND. MOMENTS ON LONTIAUOUD BEAMS Ledetad
SAMPLE PRUBLEM - SEACTIONS OGN gpAM wlTH ONE FIXED AND ONE PFINNED SUPPQRY ladeae2
SAMFLE PROBLE# - REACTIONS ON CONTINUOUS BEAMS BY THE THREER MOMLNT EQUATION ledated
RECTANGULAR
APPLICABILITY OF THEORETICAL RESULTS FOR SHORT RECTANGULAR MEMBRANES TeSedeld
LATERAL INSTALILITY OF DEEP RECTANGULAR BEAMS IN BENUING Le3alat
LONG RECTANGULAR MEMBRAMES TeSel
RECTANGULAR BEAMS IN TORSICN la5e2el42
RECTARGULAR FRAMES S5¢%
RECTANGULAK MEMBRANES Te5
SAMPLE PRUBLEM ~ LONG RECTANGULAR MEMBRANES Te5e2
SAMPLE PRUBLEM — SHORT RECTANGULAR MEMBRANES TaSeded
SHORT RECTANGULAR MEMBRANES Te5e3
) THEGRETICAL RESULTS FOR SHOURT ReCTANGULAR MEMBRANES Te5e301
REDUCED
REPUCER MLULLUS EJUATICH . Ze3alalled
REDUNDANCY
SAMPLE PRUBLEM~STATICALLY INDETERMINATE TRUSSES wiTH A SINGLE ReDUNDANCY ool
STATICALLY INUDETERMINATE TRUSSES Wi1TH A SINGLE REDUNGANCY bokal
STATICALLY INOLTERMINATE TRUSSL» wilTH MULTIPLE REDUNULANCIES bobotr
RESTISTANT
FLANGES OF STIHFENEY SHEAR RESISTANT HEAMS le3a24
INTROUUCTIUN TU SHEAR RESISTANT BEAMS IN BENDING leda2al
RIVETS IN SHEAR KESISTANT BEAMS le3edet
SAMPLE PRUBLEM=STIFFENED SHEAR KESISTANT wEAMS 143,247
STIFFENEDL SHEAK R SISTANT BEAMS IN BENDING lede2ed
STIFFENER-10-FLANGE RIVETS IN SHEAR RESISTANT BEAMS ledelabed
UNSTIFFENEL SHEAR RESISTANT SEAMS IN BENDING le3s242
WEB-TOLFLANGE RIVLTS IN SHEAR RcSISTANT BAMS 1e3elebsl
WEB-TO=STIFFENER RIVETS IN SHEAR RESISTANT BEAMS leda2a6,2
WEBS OF STIFFENED SHEAR RESISTANT BEAMS lade245
RESTRAINT
EFFECT OF citD RESTRAINT ON NONCIRCULAR BEAMS IN TORSION L1e54243
REVOLUTIGN
MEMBRANE STRESSLY IN SIMPLE THIN SHeLLS OF REVOLUTICH 8e3slel
RINGS
CIRCJLAR KINKGS AND ARCHES 549
FRAMES ANU HINGS 9.
INTRODUCTIUN TU FRAMES AND RINGS S5l
NOMENCLATURE FOR FRAMES AND RINGS Se2

SAMPLE PRUBLEM=CiRCULAR RINGS anD ARCHES S5el0
THIN CYLINURICAL PRESSURE VESSELS WiTH RINGS UNDER INTERNAL PRESSURE (STRINGERS OPTIONAL) Bedelel
RIVETS

BEARING STRESSES [N RIVETED CONNECTIONS 11.3
RIVETS AT THE ENDS OF PARTIAL TENSION FIELD BEAMS 1a343432
RIVETS IN PARTIAL TENSION BEAMS WITH ACCESS HOLES le3e3417
RIVETS IN PARTIAL TENSION FIEli BEAMS laded.d
RIVETS [N SHEAR RESISTANT BEAMS lede2et
SAMPL: PRUBLEM - BEARING STRESSES I RIVETED CONNECTIONS 1l.4
SYIFFENERATUFLANGE RIVETS IN SHEAR KESISTANT BEAMS 1234246,2
UPRIGHT=TU~FLANGE RIVETS IN A PARTIAL TENSION FIELD BEAM TaBeda8,3
WEB-TO-FLAKGE HIVETS IN A PARTIAL TENSION FIELD BEAM lededebel
WEB#TU~FLANGE RIVETS IM SHEAR ReSISTANT BEAMS 1e3020b,1d
WEB=TOLSTIFFENER RIVETS IN DHEAR RESISTANT BEAMS ladeZebod
WEB-Tu=UPKIGHT KIVETS IN PARTIAL TENSION FIELD BEAM ledaded,2
RQUND
CRIPPLING STRESS uF ROUND TUBES Z2ads2el
HELICaL SPRINGS OF ROUNY WIRE FeSekel
SAMPLE PRUBLEM - CRIPPLING STRESS OF ROUND TUBES Zedalel
SANDWICH
BUCKL ING oF SANDwICH PANELS 6411 -
SECTION
APPLICATION OF Thp METHOD OF SECTIONS TO STATICALLY DETERMINATE TRUSSES Gadeh
NONCIRCULAR BEAMS WITH THIN OPEN SECTIONS IN TORSION leSedaled
NONCIRCULAR OPEN BEAMS WITH VARLIOUS CROSS SECTIONS IM TORSION leSedales
SAMPLE PROGLEM - NONCIRCULAR CLOSED STIFFENED UNIFOMM SECTION BeAM IN TORSION l1s5e2e245
SAMPLE PROBLEM ~ STATICALLY DETERMINATE TRUSSES BY ThE METHOD OF SECTIUNS a3.5
SAMPLE PRUBLEM=NOWCIRCULAR BEAMS WITH THIN UPEN SECTIGNS Ih YORSION L1eSa2olet
SINGLe CELL NONCIRCULAR CLQSEC BEAMS WITH UNIFORM CKOSS SECTIoN In TORSEON LeSeZe2ed
SHAFT
ANALYSIS OF COMBINEY STRESSES I TRANSMISSION SHAFTING 10ek
PESIGH PROCEDURE FGR CIRCULAR TRAMSMISSION SHAFTING 0.4
DESIGN STRESSES AND LDAD YARJATIONS FOR TRANSMISSION SHAFTING 1045
GENERAL DeS5S16GN EUUATION FOR CIRCULAR TRANSMISSION SHAFTING 10a642
INTRODUCTION TO TRANSMIOSION SHAFT ANALYSIS 10,1
LOADINGS o CIMCULAR TRANSMISSIUN SHAFTING 1043
NOMENCLATURE USED IN TRANSMISSION SHAFTING ANALYSIS 1942
SAMPLE ANALYSIS OF CIRCULAR TRANSMISSION SHAFTING 10.4,.1
TRANSMISSIUN SHAFTING ANALY®(S 10,
CRIPHLING STRESS ¢F ANGLE ELEMEITS AND COMPLEX SHAPES 2a3edeé
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KEYWORD INDEX (continued)

ELASTIC STHESSES AND DgFORMATION OF vARIOUS SHAPES IN CONTACT
SAMPLE PROBLEM = CRIPPLING 5TRESS OF A COMPLEX SHAPE

SHEAR

AXIAL LUG BESIGN FOR PIN FAILURE TN THE SHEARING MOUE

BUSHING STReNGTH FOR SINGLE SHEAR JULNTS UNDER UNIFORM AX[AL LOAD

DpuelLe SHEAR JOINT STRENGTH UNDER UMIFORM AXIAL LOAD

DOUBLE SMEAR JOINTS UNDER OBLIQUE LUAD

DougLg SHpak JOINTS UNDER TRANSVERSE LDAD

FLANGES OF STIFFENED SHEAR RESTISTANT BEAMS

INTROGUCTION TO SHEAR RESISTANT BEAMS IN BENDiING

INTROQUCTION TO SHEAR WEDB BEAMS IN BENDING

LUG BEARING STRENGTH FUR SINGLE SHEAR JOINTS UNDLR UNIFQRM AX[AL LOADS

LUG BUSHING STRENGTH IN AXIALLY LUADED SINGLE SHEAR JOINT WITH LESS THAN 5 PCT ELONGATION
LUG NET=5¢CTION STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD
LUG TANG STHRENGTH FUR DOUBLE SHEAR JOINTS UNDER UNIFUHM AXlaL LOAD
LUGBUSHING DESIGH 3TRENGTH FOR DQUBLE SHEAR JOINTS UNDER UNIFORM AX1AL LOAL
MULTIFLE SHEAR AND SIMGLE SHEAR CONNECTIONS

MULTIPLE SHEAR AhU SINGLE SHEAR COMNECTIONS

PIN
PIN
PIN
PIN
PIN
PIN
RIVETS
SaMPLE

BLNDING STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFORM AX1AL LOAD
BENDING STRENGTH FOR SINGLE SHEAR JUINTS UNOER UNIFORM AXK1AL LOAD
SHEAR STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFORM AX]AL LOAD
SHEAR STRENGTH FOR DOUBLE SHEAR JUINTS UNDER UNLFORM axlaL LOAD
SHEAR STRENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LODAD
SHEAR STRENGTH FOR SINGLE SHEAR JODINTS UNDER UNLFORM AXIAL LOAD

[N SHEAR RESISTANT BEAMS
PRUBLEM-STIFFENED SHEAR RESISTANT BEAMS

SHEAR HUCKL ING OF FLAT PLATES
SAEAR LOADLING UF CURVED PLATES

SINGLE
SINGLE
SINGLE

SHEAH JUINT STRENGTH UNDER UNIFORM AXIAL LOAD
SHEAR JOINTS UNGER OBLIGQUE LQAD
SHEAR JOINTS UNDER TRANSYERSE LDAD

STIFFENED SHEAR RESISTANT BEAMS IN BENDING
STIFFENER-TU-FLANGE RIVETS IN SHEAR RESISTANT BEAMS
UNSTIFFENED SHEAR RESISTANT BEAMS [N BENRING
WEB=TO=FLANGE RIVETS IMN SHEAR RESISTANT BEAMS
WEB=TO=ST(FFENER RIVETS IN SHEAK RESISTANT BEAMS
WEBS UF STIFFENED SHEAR RESISTANT BEAMS

SHELLS

MEMBRANE STRESSES In SIMPLE THIN SHELLS OF REVOLUTION

SHORT

APPLICABILITY OF THEORETICAL RESULTS FOR SHORT RECTANGULAR MEMBKANES
BENDING FAlLURE OF CONCENTRICALLY LOADED SHORT COLUMNS

BENDING FAJLURE OF ECCENTRICALLY LOADED SHORT COLUMNS

BEND1WG FAILURE OF SHORT COLUMNS

COLUMN
SAMPLE
SaMPLE
SAMPLE
SaMPLE
SAMPLE

DATA APPLICABLE TO BOTH LONG AND SHORT COLYMNS

PRUBLEM = COLUMN DATA APPLICABLE TO BOTH LONG AND SHORT COLUMNS

PROBLEM = ECCENTRICALLY LOADED SMORT COLUMN LN BENDING

PRUBLEM = SHURT RECTANGULAR MEMBRANES

PRUBLEM ~ USE OF STRAIGHT LINE EQUATION FOR CONCENTRICALLY LGADED SHORT COLUMNS
PROBLEM « WSE OF TANGENT MQOULUS EQUATION FOR CONCENTRICALLY LDADED SHORT COLUMNS

SHORT RECTANGULAR MEMBRANES
THEORETICAL RESULTS FQR SHORT RECTANGULAR MEMBRANES

SIMPLE

BUCKLING OF THIN
BUCKLING OF THIN
BYCKLING UF THIN
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
CRIPPLING
FORMULAS FOR SIMPLE

SIMPLE CYLINDERS UNDER EXTERNAL PRESSURE

SIMPLE PRESSURE VESSELS UNDER EXTERNAL PRESSURE
SIMPLE SPHERES UNDER EXTERNAL PRESSURE

OF PRESSURIZED AND UNPRESSURIZED THIN SIMPLE CYLINDERS
OF PRESSURIZED SIMPLE tHIN CYLINDERS IN BeHDING

OF PRESSURIZED SIMPLE THIN CYLINDERS [N CLMPRESSION
UF PRESSURIZEL SIHMPLE THIN CYLINDERY IN TORS[ON

UF SIMPLE THIN CYLINDERS [N BENGING

OF SIMPLE THIN CYLINDERS IN COMPRESSION

UF SIMPLE THIN CYLIWDERS IN TORSJUN

QF UNPRESSVRTZED SIMPLE THIN CYLINDERS IN HENDING

UF UNPRESSURIZED SIMPLE THIN CYLINDERS In COMPRESSION
JF UNPRESSURIZED SIMPLE THIN CYLINPERS It TDRS10N
FRAMES

STRESS
STRESS
STRESS
STRESS
STRE5S
S5TRESS
5TRESS
STRESS
STRESS
STRESS

WEMBRANE STRESSES IN SIMPLE THIN SHELLS OF REVOLWTION
PRIMARY FALLURE OF SIMPLE COLUMNS

SAMPLE
SaMeL ¢
SAMPLE
SAMPLE
SaMPLE
S{MPLE
SIMPLE
SIMPLE
SIMPLE
SiMPLE

PROBLEM « BUCKLING OF THIN SIMPLE CYLINDERS UNUER £XTERNAL PRESSURE

PROBLEM ~ CRIPPLING INTERACTION OF SIMPLE THIN CYLINDERS In COMPRESSION AND BENDING
PROGELEM = CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS N TORSjgn

PROBLEM - TORSIONAL FAILURE OF SIMPLE COLUMNS

PRUBLEM=FORMULAS FOR SIMPLE FRAMES

BEAMS IN BENDING

BEAMS IN ELASTIC BENVING

BEAMS IN PLASTIC BENDING

COLUMNS

THIN PRESSURE VESSEL®

STRESSES L SIMPLE CYLINDRICAL PRESSURE VESSELS CUg 1D SUPHORTS
ToORSIQNAL FAILURE OF STMPLE COLUMNS
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SLEND

SPHER

SPRIN

SQUAR

STaTl

STATl

STEEL

STEPP

STIFF

STHAL

STREN

LG

KEYWORD INDEX (continued)

ERNESS

CRITICAL EFFECTIVE SLENDERNESS RATIOQ

ES

BUCKLLING OF THIN SIMPLE SPHERES UNDER EXTERNAL PRESSURE

EMPIR1CAL FORMULA FUR ALLOWABLE BgARING LOAD OF STEEL SPHERES IN CONTACT
MEMBRANE STRESSES IN THIN SPHERES

SAMPLE PRUBLEM = MEMBRANE STRESSES IN THIN CYLINDERS ANP SPHERES

THICK SPHERIZAL PRESSURE VESSELS

G5

HEL ICAL SPRINGS

HELICAL SPRINGS OF ROUNV WIRE

HeLICAL SPRINGS OF SGUARE WIRE

E

HELICAL SPHINGS OF SQUARE WIRE

C

SAMPLE PRUBLLEM - gAR UNDER STATIC TENSILE LOAD

STATIL TENSILE LJUADING OF B8ARS

CALLY

APPLICATILN OF THg MgTHCD OF JOINTS TO STATICALLY QETERMINATE THUSSES
APPLICATIUN OF TH METHOD OF SECTIONS TO STATICALLY CeTERMINATE TRUSSES
DEFLECTIONS IN STATICALLY DETERMINATE TRUSSES

INTRODUCTIOUN TOU STATICALLY UETEMMINATE TRUSSES

INTROUGUCTLON TO STATICALLY INOETERMINATE TRUSSES

SAMPLE PROBLEM = STATICALLY DETLRMINATE THUSSES BY YHE METHOD OF SECTIONS
SAMPLE PRUBLEM=APPLICATION OF THE METHOD OF JUDINTS Tu STATICALLY DETERMINATE THUSSES
SAMPLE PROBLEM=DEFLECTIONS N STATICALLY ULETERMINATE TRUSSES

STATICALLY DETERMINATE TRUSSES

STATICALLY INDETERMINATE TRUSSgs

STATICALLY INDETERMINATE TRUSSES wITH A SINGLE REDUNDANCY

STATICALLY INUETERMINATE TRUSSES WITH MULTIPLE RECUNUANCEES

EMPLIRICAL FORMULA FOR ALLOWABLE BEARING LOAD QF STEEL SPHERES IN CONTACT

ED

SAMPLE PRUBLEM = STEPPED COLUMK

STEPPED AND TAPERED COLUMNS

ENERS

BUCKLING OF STIFFENED FLAY PLATES [N AXIAL COMPRESSIUN

CRIPPLING FAILURE OF FLAT STIFFLNED PLATES IN COMPRESSICN

EFFECT OF STIFFENERS QN NONCERCULAR CLDSED BEAMS [N TORSTIN

FLAKGES OF STIFFENEW SHEAR RESISTANT BEAMS

SAMPLE PROBLEM « NONCIRCULAR CLUSED STIFFENED UNIFURM SECTLON BEAM IN TORSION
SAMPLE PROBLEM - STIFFENED THIN CYLINDRICAL PRESSURE VESSEL WITH INTERNMAL PRESSURE
STIFFENED SHEAR RESISTANT BEAMS [N BEND NG

STIFFENER THIN PRESSURE VESSELS

STIFFENER-TO=FLANGE RIVETS IN SHEAR RESISTANT BEAMS

WEBS UF STIFFENED SHEAR RESISTANT BEAMS

GRT

SAMPLE PRUBLEM - USE OF STRAIGHT LINE EQUATION FOR LONCENTRICALLY LOADEV SHORT CULULMNS
STRAIGHT L1nE EQUATION

GTH

BEAR{NG STReNGTH oF AXIALLY LOALED LUGS WiTH LESS THAN § PUT gLONGATIONM
BEARING STHRENGTh UF TRANSVERSELY LOADED LGS wWITH LE55 THAN 5 PCT ELONGATION
BUSHING BLARING STRENGTH UNDER JUNIFQRM AXiAL LOAD

BUSHING SJRENGTH FQR SINGLE SHEAR JQINTS UNDER UNFFOKM AX[AL LOAD

BUSHING STRENGTH UNLDER UBL JGQUE LUAD

BUSHING STHENGTH UNDER TRANSVERSE LOAD

COMBINEL LUG-BUSHING DESIGN STRENGTH UMDER UNIFORM AXIAL LoAD

DpuBlLE SHELAR JOINT STRENGTH UNDER UNIFORM AXIAL LDA

LG AND BLSHING STRENGTH UNVER GBLIQJUE LOAD '

LUG AnND BUSHING STRENGTH UNDER TRANSYERSE LOAD

LUG AND BuSHING STRENGTH UNGER UN[FQRM AXIAL LOAD

LuG BEARING STHENGTH FOR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOADS

LUG SEARING STHENGTH UNDER UNIFORM aXiAl LOAD

LuG DESIGN STRENGTH UNDER UNIFORM AX]AL LUAD

STRES

LUG WET-SECTION STRENGTH FOR SINGLE SHEAR JUINTS UNGER UNIFORM AXIAL LOAD
LUG NET-SELTION STREMGTH yNDER UNIFQORM AXIAL LOAD

LUG STRENGTH UNDER OBLIGUE LOAD

LUG STRENGTH UNDER TRARSVERSE LUAD

LUG TANG STRENGTH FOR DOUBLE SHEAR JODINTS URDER UNIFOURM AXDAL LGAL
LUG-BUSHING DESIGn STRENGTH FOR DOUBLE SHEAR JOINTS WNDER LNEFORM AXIAL LOAC
NET=5eCTIGH STRENGTH OF AXIALLY LOADED LUGS WITH LESS THAN 5 PCT ELONGATION
PIN BENDING STHENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD

PIN GENDING STRenGTH FOR SINGLE SHEAR JOINTS UNOER UNIFORM AXIAL LOAD

PIN SHEAR 5TRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFGRM AX]AL LOAD

PIN SHEAR STRENGTH FQR SINGLE SHEAR JOINTS UNDER UNIFORM AXIAL LOAD

SINGLE SHEAR JOINT STREMGTH WUNDER UNIFORM AXIAL LAk

STRENGTH GF LUG TANGS IN AKIALLY LOADED LUGS WITH LESS THAN 5 PCT ELONGATION
)

ALLOWABLE 3TRESSES IN THE UPRIGHTS OF A PARTIAL TENSICON FIeLD BEAM

XEiv

BUSHING STHEMGTH N AXLTALLY LOADED SINGLE SHEAR JOINT wiTH LESS THAN 5 FCT ELDNGATION
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KEYWORD INDEX (continued)

ANALYSES OF COMBINEY STRESSES IN TRANSMISSIUN SHAFTING

BEAKRING STRESSES :

BEARING STHESSES N RIVETED CONNECTIONS

COMPUTED STHESSCS IN THE UPRIGHTS OF A PARTIAL TENSION FIELD BEAM

CRIPPLING STRESS UF ANGLE ELEMENTS AND COMPLEX SHAPES

CRIPPLING STREYS OF | BEAMS

CRIPPLING STRESS uUF QUTSTANDING FLANGES

CRIPPLING STRESS F PRESSURIZED AND UNPRESSURIZED THIN SIMPLE CYLINDERS
CRIPPLING STRESS of PRESSURIZED SIMPLE THIMN CYLINDERS IN BENDING

CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS IN COMPRESS1ION

CRIPPLING STRESS OF PRESSURIZED SIMPLE THIN CYLINDERS IN TURSION

CRIPPLING STRESS QF ROUND TUBES

CRIPPLING STRESS UF SIMPLE THIN CYLINDERS IN BENRING

CRIPPLING STRESS OF SIMPLE THIN CYLINDERS I[N COMPRESSIUN

CRIPPLING STRESS OF SIMPLE THIN CYLINDERS [N TORSION

CRIPPLING STRESS UF UNPRESSURIZED SIMPLE THIN CYLIND&RS IN SENDING

CRIPPLING S5TRESS OF UNPRESSURIZED SIMPLE THIN CYLINDERS IN COMPRESSION
CRIPPLING STRESS OF UNPRESSURIZLD SIMPLE THIN CYLINLERS IN TORSION

DESIGH STRESSES AND LDAD VARIATIONS FOR TRANSMILSIQN SHAFTING

DISCONTINUITY STRESSES AT JUNCTION OF THIN CYLINDRICAL PRESSURE VESSEL AND HEAD
OFSCONTINUITY STRESSES AT THE JUNCTION OF A THIN CYLINDRICAL PRESSURE VESSEL AND 176 HEAD
DISCONTINGETY STRESSES IN THIN CYLINDRICAL PRESSURE VESSELD WITH CONICAL HEADS
DISCONTINUITY STRESSES IN THIN CYLINDRICAL PRESSURE YeSSELS wITH FLAT HEADS
ELASTIC STHESSES AND DEYORMATION OF VARIOUS SHAPES IN CONTACT

INTRODUCTION 7O BEARING STRESSES

INTRODUCTION TO DISCONTINULTY STRESSES

MEMBRANE STRESSES IN HEADS OF THIN CYLINURICAL PRESSURE VESSELS

MEMURANE STRESSES IN SIMPLE THIN SHELLS OF REVOLUTION

MEMBRANE STKESSES IN THIN CYLINVERS

MEMBRANE STRESSES IN THIN SPHERES

NOMENCLATURE $FOR WEARING STRESSES

SAMPL: PROBLEM - BEARING STRESS5ES IN RIVETED CUNNECTIONS

S5aMPLe PROBLEM = CRIPPLING STRgSS OF A COMPLEX SHAPE

S5aMPLy PROBLEM = CRIPPLING S5TRESS OF PRESSURIZED SIMPLE THIN CYLIKDERS [N TORSION
SAMPLE PHOoLEM -~ CRIPPLING STRESS OF ROUND TUBES

SAMPLE PROSLLM = OISCONTINYLTY STRESSES !N PRESSURE VESSELS wiTH CONICAL HEADS
SAMPLE PROBLEM = DESCONTINUITY STHESSES IN PRESSURE VESSELS WltH FLAT HEADS
SAMPLE PHUBLEM - ELASTIC STRESS AND VEFGRMATION OF CYLIHDER OM CYLINDER

SAMPLE PRUBLEM - MEMBRANE STRESSES [N THIN CYLINDERS AND SPHERES

STRESSES DUE TU PRESS FJT BUSHINGS

STRESSES [N 3IMPLE CYLINORICAL PRESSURE VESSELS OVE TO SUPPORTS

STRINGER

THIN CYLINDRICAL PRESSURE VESSELS WITH RINGS UNDER INTERMAL PRESSURE (STRINGERS UPTIGNAL}

STRINGERS

SAMPLE PROBLEM - THIN CYLINDRICAL PRESSURE VESSELS WLTH STRINGERS UNDER INTERNAL PRESSURE
THIN CYLINDRICAL PRESSURE VESSELS WIVH STRINGERS UNDLR INTERNAL PRESSURE

SUPPCRT

REACTION FQRCES AND MOMENTS ON BEAMS WITH OME FINED WD ANL ONE PINNED SUPRQRT
SAMPLEL PROBLEM - HEACTIONS ON BEAM wlTH ONE FIXED AND DNE PINNED SUPPORT
STRESSES IN SIMPLE CYLINDRICAL FRESSURE VeSSELS DUE TO SUPPORTS

TANG
LUG TANG STRENGTH FOR DOUBLE SHEAR JOINTS UNDER UNIFURM AXTAL LQOAD
STREAGTH OF LUG TANGS IN AXIALLY LOADED LUGS WITH LESS THAN § PCT ELONGATION
TANGENT ‘
SAMPLE PRUBLEM ~ USE OF TANGENT MUDULUS EWQUATION FOR CONCENTRICALLY LOADED SHOHT COLUMNS
TANGERT MODULUS  EGUATION
TAPERED
SINGLE CELL NONCERCULAR TAPERED CLOSED BEAMS IN TORSION
STEPPED AnbL TAMERED COLUMNS
TENSILE
CYCLIC TENSILE LORDING QF BARS
SAMPLE PROBLEM = AR UNDER CYCLIC TENSILE LOAD
SAMPLE PROBLEM ~ BAR UNDER STATIC TENSILE LQAD
STATIC TENSILE LOADING OF BARS
TENSION

ALLOWABLE STRESSES [N THE UPRIGHTS OF A PARTIAL TENSION FIELD BiAM
COMPUTED STHESSES IN THE UPRIGHTS OF A PARTIAL TENSION FIELD SEAM
OES1GN CRITERIA FUR THE UPRIGHTS OF A PARTIAL TENSION FIELD GEAM
EFFECTIVE AREA OF THE LPRIGHT OF A PARTIAL TENSION FILLD BEaM
ENDS OF PARTIAL TENSION FIELD BEAMS

FLANGES OF PARTIAL TENSION FIELD BEAMS

INTROUUCTION TU PARTIAL TENSION FIELD BEAMS IN BENDING

MOMENT OF INERTIA OF THE UPRIGHTS QF A PARTIAL TENSIUN FIELD wEAM
PARTIAL TENSION FLELD BEAMS WITH ACCESS HOLES

RIVEYS AT THE ENDS GF PARTIAL TENSION FLELD BEAMS

RIVETS IN PARTIAL TEMSION BEAMS NITH ACCESS HOLES
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INTRODUCTION

This introduction serves a threefold purpose: (1} it summarizes the
eleven chapters making up this manual; (2} it references several publications
which contain related information; and (3) it lists the nomenclature most
commonly used in the chapters.

CHAPTER SUMMARIES

Chapter 1 - Beams

Section 1.3 of this chapter presents the method of analysis for simple,
shear web, and partial-tension-field beams in bending, as well as methods
of determining the reactions on statically indeterminate beams. Section 1.4
treats beam columns, and Section 1.5 covers beams in torsion including
helical springs.

Chapter 2 - Column Analysis

Section 2.2 of this chapter treats primary bending and torsional failure
as well as crippling failure of columns of uniform cross section. Stepped and
tapered columns are treated in Section 2. 3, and the material on beam columns
is in Chapter 1.

Chapter 3 - Bar Analysis

This chapter treats bars in tension with emphasis upon the effect of
stress raisers.

Chapter 4 - Trusses

Section 4. 3 of Chapter 4 gives methods of determining the stresses and
deflections of statically determinate trusses, and Section 4. 4 treats statically
indeterminate trusses.

Chapter 5 - F'rames and Rings

This chapter gives a general treatment of frames composed of straight
elements of uniform cross section, in addition to particular soclutions for
various simple frames and circular rings under several types of loadings.

Chapter 6 - Plates

Methods for determining the critical buckling siress of both flat and
curved plates with and without stiffeners and having various loadings are
given. Charts and curves covering most common loadings and supports
facilitate analysis.



Chapter 7 - Membranes

Circular, square, and rectangular membranes under uniform pressure
are treated in this chapter.

Chapter 8 - Pressure Vessels

Section 8.3 treats thin pressure vessels both with and without stiffeners,
Stresses due to supports as well as membrane and discontinuity stresses are
considered for thin pressure vessels without stiffeners. The analysis of thick
pressure vessels is considered in Section 8. 4, and glass fiber pressure
vessels are briefly discussed in Section 8.5,

Chapter 9 - Lug Analysis

This chapter presents methods of analyzing lugs and their pins and
bushings under various loading angles.

Chapter 10 - Shafts

The analysis of power transmission shafting is presented for circular
shafts. Maethods for treating discontinuities such as keyways, grooves, holes,
and steps are given. A general design equation is presented to facilitate
analysis.

Chapter 11 - Bearing Stresses

This chapter treats bearing stresses in riveted joints as well as those
hetween elastic bodies of various shapes. Formulas are also given for the
deformations of elastic bodies in contact,
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NOMENCLATURE

The most commonly used nomenclature is presented here. Complete
lists of nomenclature are available at the beginning of each chapter.
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area
1/2 the major diameter of an ellipse

plate length

linear dimension as indicated in diagrams
subscript, allowable

subscript, allowable

subscript, axial

ductility factor for lugs with less than 5% elongation
1/2 the minor diameter of an ellipse

plate width

linear dimension as indicated in diagrams
eifective bearing width

subscript, bending

subscript, bearing

centroid

coefficient of constraint for columns
numerical constant

torsion - bending coefficient

rivet factor

1/2 the minor diameter of an ellipse
distance from neutral axis to extreme fiber
linear dimension as indicated in diagrams
subscript, compression

subscript, crippling

subscript, critical

diameter

distribution factor

mean diameter

linear dimension as indicated in diagrams
modulus of elasticity

reduced modulus

secant modulus

tangent modulus

eccentricity

strain

allowable stress

allowable stress for concentrically loaded column
allowable bending stress

allowable bearing stress

allowable ultimate bearing stress
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allowable yield bearing stress
allowable compressive stress
allowable crippling stress
allowable column stress (upper limit of column stress
for primary failure)
proportional limit in compression
critical stress

compressive yield stress
allowable web shear stress
crippling stress in shear
critical buckling stress
allowable ultimate shear stress
yield stress in shear

vield stress in tension
fixed-end moment

factor of safety

calculated stress

calculated bending stress
calculated bearing stress
calculated compressive stress
calculated shear stress
calculated tensile stress
modulus of elasticity in shear
horizontal reaction

height

horsepower

moment of inertia

polar moment of inertia
subscript, inside

torsion constant

"polar moment of inertia

a constant, generally empirical

radius of gyration

diagonal tension {actor

a constant, generally empirical

length

effective length

moment

empirical constant in straight line column equation
number of cycles

empirical constant in straight line column equation
number of elements

factor of safety

empirical constant

subscript, outside

applied concentrated load

axial load

allowable load
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alternating load

crippling load

critical load

pressure or pressure difference
rivet spacing

subscript, polar

subscript, pressurized

statical moment of a cross section
shear fiow

notch sensitivity factor

reaction force

radius or radius of curvature
stress ratio - £/F

radius

cylindrical or polar coordinate
subscript, radial

subscript, ring

subscript, rivet

tension force per inch on the edge of a membrane
distance measured along a curved path
subscript, shear

subscript, skin

subscript, stringer

torgque

tensile force

thickness of pressure vessel head
thickness

subscript, tension

subscript, transverse ' -
subscript, ultimate

subscript, upright

shear force

vertical reaction

velocity

applied concentrated load

total lead

potential energy

applied distributed load

width

subscript, web

force in redundant member of a truss
rectangular coordinate
rectangular coordinate

deflection

subscript, yield

rectangular coordinate

empirical constant

angle
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empirical constant

angle

increment or difference
deflection

strain

plasticity coefficient
cylindrical coordinate
angle or angular deflection
empirical constant

half wavelength of buckling
Poisson's ratio

torsional spring constant
elastic Poisson's ratio
plastic Poisson's ratio
Poisson's ratio

elastic Poisson's ratio
plastic Poisson's ratio
radius of gyration

density

summation

angle or angular deflection
angular deflection
empirical constant

angular velocity






i. BEAMS

1.1 - Introduction to the Analysis of Beams

Beams under various loadings are considered in this chapter. Section 1.3
treats beams in bending while beams under combined axial and transverse loads
and beams in torsion are treated in Sections 1.4 and 1. 5, respectively,

1.2 Nomenclature for the Analysis of Beams
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cross-sectional area

area of moment diagram

constant of integration

widith of the larger leg of an angle section
cross-sectional area of tension or compression flange
cross-sectional area of upright or stiffener

effective cross.sectional area of upright or stiffener
1/2 the major diameter of an ellipse

linear dimension
ds
T

‘[Ely he/4 GJ for an I beam of depth h

distance {rom the left end of a span to the centroid
of its moment diagram

width of the smaller leg of an angle section
constant of integration

1/2 the minor diarmneter of an ellipse

width of section

developed length of thin section

linear dimension

subscript, bending

distance {rom the right end of a span to the centroid
of its moment diagram

centroid of moment diagram

stress concentration factors

rivet spacing - rivet diameter)

rivet factor ( - -
rivet spacing

distance from neutral axis to extreme fiber

linear dimension

distance {rom neutral axis of flange to the extreme
fiber of flange

subscript, critical

diameter

inside diameter

outside diameter

lincar dimension

stiffener spacing
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modulus of elasticity

distance from centroid of upright to web

subscript, effective

allowable crippling stress of upright

column yield stress (allowable column stress at
L'/p=0)

allowable colurmn stress

ultimate allowable compressive stress for natural
crippling

ultimate allowable compressive stress for forced
crippling

reduced ultimate allowable compressive stress for
forced crippling

allowable web shear stress

reduced allowable web shear stress

collapsing shear stress for solid unstiffened webs
critical (or initial} buckling stress

torsional modulus of rupture

ultimate stress in pure shear

vield stress in pure shear

ultimate tensile stress

subscript, flange

calculated primary bending stress

calculated compressive stress at the centroidal axis
of the upright

calculated critical compressive stress

calculated stress in flange due to the horizontal component
of diagonal tension in a partial tension field beam
calculated shear stress

secondary bending moment in flange

calculated average compressive stress in upright
calculated maximum compressive stress in upright
modulus of elasticity in shear

height or depth - height of shear web beam between
centroids of flanges

moement of inertia

average moment of inertia of beam flanges

polar moment of inertia

required moment of inertia of upright or stiffener
about its base

moment of inertia of upright or stiffener about its base
subscript, inside

torsion constant

a constant
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diagonal tension factor

length

effective length of beam

applied bending moment

critical moment

fully plastic bending moment

secondary bending moment in flange

bending moment due to transverse loads alone

bending moment at the onset of yielding

coefficient given by Figure 1-8

number of active spring coils

constant given in Section 1.3, 1.6

subscript, outside

applied concentrated load

axial load

upright end load

rivet spacing

pressure

statical moment of cross section - IA ydA
1

shear flow

beam shear at a distance of 2h/3 from the beam end

shear load of web to flange rivets (lb/in.)

tension load on web to upright rivets (ib/in.)

increased tension load on web to upright rivets {lb/in.)

reaction

radius

subscript, rivet

inside radius

outside radius

tension force on edge of membrane (lb/in, )

distance measured along curved path

distance from centroidal axis to point of application

of load

subscript, shear

torque

maximurn allowable torque

thickness

subscript, tension

effective thickness

flange thickness

skin thickness

thickness of closed stiffener

upright thickness

web thickness

L —P— for beam column
\/ EI
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n

developed length of elongated section
= subscript, ultimate

= subscript, upright

= shear force

concentrated transverse load

= distributed transverse load

= subscript, web

rectangular coordinates
deflection of beam due to bending
= subscript, yield

= angle of diagonal tension

g s g7 "
I

- K E
=
™

"o

= coefficient given by Table 1-14

= coefficient given by Table 1-14

= spring deflection

portion of spring deflection due to direct shear

w

= plasticity coefficient
= radius of gyration

= slope of beam

= summation

Moo 3 oo ™R QR
i

1.3 Introduction to Beams in Bending

For the purposes of discussion, beams in bending are divided here into
simple beams (Section 1. 3.1) and shear web beams (Section 1. 3.2). Shear
web beams are further subdivided into shear resistant bearns and partial
tension field beams. If a beam is statically indeterminate, Section 1.3. 4
must be consulted in order to determine the reaction forces and moments,
Otherwise, the equations of statics may be used to determine the reactions.

1.3.1 Simple Beams in Bending

Simple beams in elastic and plastic bending are treated in Sections
1.3.1.1 and 1.3.1.3, respectively, while the possibility of lateral instability
of deep beamns in bending is treated in Section 1.3, 1.5,

1.3.1.1 Simple Beams in Elastic Bending

This section treats simple beams in bending for which the maximum
stress remains in the elastic range,

The maximum bending stress in such a beam is given by the formula

£, = Mc (1-1)
I
while the shear flow is given by
VO
q =2 (1-2)




where Q = J‘A ydA, The use of these equations is illustrated in Section 1, 3.2, 2,
1

The vertical and angular displacements of a simple beam in elastic

bending are given by Equations (1-3) and (1-4), respectively, where A and B
are constants of integration.

v=]

o

{”_{‘fi_ dx% + Ax + B (1-3)
EI

[sn]

:—dy :J‘m-;\'_‘l.u dx + A (1-4)
dx 4 EI

1.3.1.2 Sample Problem - Simple Beams in Elastic Bending

Given: The cantilever beam shown in Figure 1-1.

?Y 50 ib.

] in. square aluminum bar
I=0.0833

- 20 _I

-

Figure 1-1. Cantilever Beam in Bending

ANRANRANNY

Find: The maximum bending and shear stresses.

Solution: From the equations of statics, the shear and moment
diagrams in Figure 1-2 mavy be obtained.

v oA
50
V= 50
- X -
!
- X

M = 50x - 1000
-1000

Figure 1-2. Shear and Moment Diagrams for the
Beam in Figure 1-1



Since c and I are constant along the beam, the maximum bending

stress occurs at the point of maximum bending moment; and from
Equation (1-1),

Mc _ -1000(0. 5)

h=T "5 0833

= 6, 000 psi

(Q may be computed at a distance y; from the neutral axis by
considering the beam cross section shown in Figure 1-3:

2
1 1 Y1
Q:J YdAZJ‘ y(l)dy:T—T

Q is maximum at y; = 0 where Q = 1/2. Thus, the maximum
shear flow occurs at the neutral axis and is given by Eguation
(E-2) as

V@ 50(0.5) _ .
q =7 " 5.0833 " 300 b/in.

The maximum shear stress is thus,

300 ib/in. = 300 1b/in. 2
1in,
Y A
[y 1

l J neutral axis
[ [ ?
¥i 1 .

l

Figure 1-3. Cross Section of Beam

1.3.1.3 Simple Beams in Plastic Bending

In some cases, yielding of 2 beam in bending is permissible. If
the beam material may be considered to be elastic-perfectly plastic, the
bending moment at failure is given by

M,, = k My (1-5)

where } is the moment that causes initial yielding of the cxtreme fibers
and K is the shape factor givenin Table I-1. '

I ~6



TABLE 1-1

Values of the Shape Factor, K

‘ thin . t‘-— b _‘_: -t
i j walled i"_no""l b 4_[
I t | S DU
K 1 T -{_}( RN f f |
Section | - a oy { A byow
| (s '
j H S N
l co ok
— S U !
IO i ol oann, 2
® tes | 1.5 2.0 1.70  j1.27 (1 . L ) 32Deile” - D) 3u (_.r‘.‘.:-. L )
B (gt .oy z bh' - Zbyhg?

* All rnass is assumed to be concentrated at the centroids of the flanges,

1.3.1.4 Sample Problem - Simple Beams in Plastic Bending

Given: The simply supported beam shown in Figure 1-4,

20 gt 20 /=

P

% 2

2

|
A JeT

2x1 Cl1045 Annealed Steel Bar
F, = 55,000 psi, 1= 0.666 in.%

Figure l-4. Simply Supported Beam in Bending

Find: The load, P, that causes fully plastic bending.

Solution: Rearranging Equation (1-1) and replacing the bending
stress with the yield stress gives

M, - F,l _ 55000(0. 666)
c 1.0

36, 600 in. /1b,
Inserting the value of K from Table 1-1 into Equation (1-5) gives

M,, = KM, = 1.5 (36, 600) = 54, 900 in. /1b.

I

From statics, the maximum moment on the bar is 10P., Thus,
for fully plastic bending,

P = = 5,490 1b.




1.3.1.5 Introduction to Lateral Instability of Deep Beams in Bending

Beams in bending under certain conditions of loading and restraint
can fail by lateral buckling in a manner similar to that of columns loaded in
axial compression. However, it is conservative to obtain the buckling load
by considering the compression side of the beam as a column since this
approach neglects the torsional rigidity of the beam.

In general, the critical bending moment for the lateral instability
of the deep beam, such as that shown in Figure 1-5, may be expressed as

KV/EI GJ
M,. — T (1-6)
where J is the torsion constant of the beam and Kis a constant dependent on
the type of lecading and end restraint. Thus, the critical compressive stress
is given by
M, C
fp=— (1-7)
I

X

where ¢ is the distance from the centroidal axis to the extreme compression
fibers. If this compressive stress falls in the plastic range, an equivalent
slenderness ratio may be calculated as

(a2) - JE

Figure 1-5., Deep Rectangular Beam

1-8



The actual critical stress may then be found by entering the column curves
of Chapter 2 at this value of {L."/p). This value of stress is not the true com-

pressive stress in the beam, but is sufficiently accurate to permit its use as
a design guide,

1.3.1.6 Lateral Instability of Deep Rectangular Beams in Bending

The critical moment for deep rectangular beams loaded in the
elastic range loaded along the centroidal axis is given by

ar

M, = 0.0985 KEE<%> (1-9)

where Km is presented in Table 1-2, and b, h, and L. are as shown in Figure
i-5. The critical stress for such a beam is

2
b
fcr :KfE (—I:"h'—) (].—].O)

where K_ is presented in Table 1-2,
1f the beam is not loaded along the centroidal axis, as shown in

Figure 1-6, a corrected value K;” is used in place of K; in Equation (1-10).
This factor is expressed as

Ke” = K (1-n0) (i\ (1-11)
LT
where n is a constant defined below:

(1) For simply supported beams with a concentrated load at mid-
span, n = 2,84,

{(2) For cantilever beams with a concentrated end load, n = 0. 816,
(3) For simply supported beams under a uniform load, n = 2, 52.

(4} For cantilever beams under a uniform load, n = 0. 725,
Note: s iz negative if

i centroidal
the point of appli- T axis
cation of the load s

is below the cen- ﬁ.-,

troidal axis.

Figure 1-6, Deep Rectangular Beam lLoaded at a Point Removed
from the Centroidal Axis
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Constants for Determining the Lateral Stability of Deep

TABLE 1-2

Rectangular Beams in Bending

Case

Type of Loading and Constraint

f I
Side View Top View
e
| 4G_~_,____hq}_ S —— .86 |3.14
? L
2 Qb*—“#‘]} g 71 | 6.28
/ _
L2
3 (IL " j} — -g———=3 .71 | 6.28
F—L/2—{
{1 ) L
4 ( - 1 .45 .22
\ J L—F ’
[llll‘{i}]!iil
5 — i abe — —@ﬁ%— .09 | 3.54
— L
EENARNEBERRA % 4
6 _;u_imu e 61 | 6.10
IENEERERERER -
7 | | =T | 4.87 | B 24
L)
1
) 1
| o
g | —F T ] . .82 | 6.47
! R Z
|
10 i‘ t —l{ & 2——==8 ¢ 57 [11.12
f ' ’ :
o T ] %;% 74 |13.1
P ] B
1z |~ L —§ e .3 .13 | 5.29
P ——
7 1 B Y Z
13 1 1 — - .48 | 5.88
2 R ‘
7 P L —
14 | 4 _ g 37 | 4.01
= , .
7 L o
7 7 L —
15 _77%,7 Sy aanid %—ﬁtﬁ - 37 4‘ 01
a
¥,
o | O | e 3 g0 | 6.43
|
o, ~,
17 | i — 80 | 6.43
A
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TABLE 1-2

Constants for Determining the Lateral Stability of Deep
Rectangular Beams in Bending (concluded)

I](m: Ki/.591

0 .10 .20 .30 .40 .80
c/L

1.3.1.7 Lateral Instability of Deep I Beams

Figure 1-7 shows a deep I heam.

Figure !~.7. Deep I Beam ~

The critical stress of such a beam in the elastic range is given by

wom(L)()
,

where Ky may be obtained from Table 1-3, and a is given by

a - \/Eith/-@ GJ (1-13)

1«11



where J is the torsion constant of the I beam. This constant may be approxi-

mated by

This method can be applied only if the load is applied at the centroidal axis,

T=1/3(2bt, > +ht,2)

TABLE 1-3

Constants for Determining the Lateral Stability of I-Beams

Type of Loading and Constraint
Case Ky*
Side View Top View
N V4 emap— my
N )| = | ™
N m
T - W T
\ A N
3
— (E
3 1 & ﬁ T
J P —
¥ | my
— (E
4 g;% 32 (E)
k L ﬁ

&

1 -12

* Use Figure 1-8 to obtainm

(1-14)



40

30 Case 4
20 f
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8 J\ \\ \
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5 i \ \‘\_ Case 3 N
N
. bl L NN
(J‘: 2 1
3 L 15‘1 \ \
3 4 56 § 10 20 30 40 5060 80 10D
iy
Figure 1-8. Values of m for Table 1-3
1.3.2 Introduction to Shear Web Beams in Bending

The most efficient type of beam is one in which the material resist-
ing bending is concentrated as near the extreme fiber as possible and the
material resisting shear is a thin web connecting tension and compression
flanges. The simplifying assumption that all the mass is concentrated at the
centroids of the flanges may be made for such beams, thus reducing the
simple beam formulas to fb = M/A¢h for bending and to fs = V/ht for shear.
The flanges resist all bending and the web resists all shear.

These beams are divided into two types, shear resistant and partial
tension field beamns. The webs of shear resistant beams resist the shear load

1«13




without buckling, and the webs of partial tension field beams buckle at less
than the maximum beam load.

I1f/V/his less than seven, the use of a partial tension beam is
recommended on the basis of weight economy; and the use of a shear resis-
tant beam is recommended if /V/h is greater than eleven. If 7 < JV/ih<1l,
factors other than weight will determine the type of beam used.

1.3.2.1 Introduction to Shear Resistant Beams in Bending

If the web of a shear resistant beam is sufficiently thin, the sim-
plifying assumption that all the mass is concentrated at the centroids of the
flanges may be made. This reduces the simple beam formulas to

£, = (1-15)

for bending, and

£ =4 (1-16)

w
=
[a

o

for shear. The flanges resist all of the bending and the webs resist all of
the shear. Unstiffened shear resistant beams are discussed in Section
1.3.2.2 while stiffened shear resistant beams are treated in Section 1. 3.2. 3.

[.3.2.2 Unstiffened Shear Resistant Beams in Bending

Both the web and flanges of an unstiffened shear resistant beam
must be checked for failure. The flange is generally considered to have
failed if the bending stress in it exceeds the yield stress of the material,
although bending in the plastic range may be used if some permanent set can
be permitted.

The web must be checked for ultimate load as well as for collapse.
If the web is not subject to collapse, the allowable average stress at ultimate
load, F_, will be either 85% of the ultimate strength in shear or 125% of the
yield strength in shear. Figure 1-9 gives the collapsing stress for two alumi-
nurnt alloys. It should be noted that for thinner webs (h/t > 60), initial buck-
ling does not cause collapse.

In conclusion, the required thickness of a thin unstiffened web is
given by

Pz Y (1-17)
hF,

or

t = — (1—18)
hF

sgoil
whichever 1s larger.
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Figure 1-9., Collapsing Shear Stress, I for Solid Webs of 245-T

and 755-T Alclad Sheet

socll?

1.3.2,3 Stiffened Shear Resistant Beams in Bending

The vertical stiffeners in a shear resistant beam resist no com-
pressive load, as is the case for tension field beams, but only divide the web
into smaller unsupported rectangies, thus increasing the web buckling stress.
The flange web and rivets of such a beam must be analyzed,

1.3.2.4 Flanges of Stiffened Shear Resistant Beams

The flanges of a stiffened shear-resistant beam must be checked
for yielding or ultimate strength by means of Equation (1-15) as in the case of
unstiffened shear resistant beams. )

1. 3. 2.5 Webs of Stiffened Shear Resistant Beams

The web panel of a stiffened shear-resistant beam must be checked
for strength as well as for stability.

The strength of such a web may be checked by Equation {1-16) as
in the case of unstiffened shear resistant beams, and the stability of such a

beam may be checked by Equation (1-19) in conjunction with Figures 1-10
through 1-16,

I -15
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Figure 1-11. Nomograph for Critical Buckling Stress (Equation 1-19)
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Critical Buckling Stress - Ksi
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Figure 1-12. I, . versus F__ /1 for Alloy Steel
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Critical Buckling Stress - Ksi
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Figure 1-13. F __ versus F, /7 for Stainless Steel
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#or

The critical buckling stress of a web panel of height h, width d,
and thickness t, is given by

LR 9 o 3 (1-19)

In this equation, K is a function of d/’h and the edge restraint of the web panel.
Figure 1-10 rglateq K, to d/h and i, /ht?. Once K, has been found, ¥_, /n may

SET
be obtained from the nomogram in Flgure 1-11. F may then be found from -

jar
Figures 1-12 through 1-16. It should be noted that the moment of inertia of
the stiffener, I, for Figure 1-10 should be calculated about the base of the
stiffener (where the stiffener connects to the web). Also, the modulus of

elasticity of the web has been assumed to be equal to that of the stiffeners.

1.3.2. & Rivets in Shear Resistant Beams

Rivets are required to fasten the web to flange in shear resistant
beams. In addition, rivets are used to fasten the web to the stiffener and the
stiffeners to the flange in stiffened shear resistant beams.

1 - 22




1.3.2.6.1 Web-to-Flange Rivets in Shear Resistant Beams

The spacing and size of web-to-flange rivets should be such that
the rivet allowable (bearing or shear) divided by g x p (the applied web shear
flow times the rivet spacing) gives the proper margin of safety. The rivet
factor, C, (rivet spacing - rivet diameter/rivet spacing), should not be less
than 0.6 for good design and in order to avoid undue stress concentration.

1.3.2.6.2 Web-to-Stiffener Rivets in Shear Resistant Beams

No exact information is available on the strength required of the
attachment of stiffeners to web in shear resistant beams. The data in Table
1-4 is recommended.

TABLE 1-4

Recommended Data for Web-to-Stiffener Rivets
in Shear Resistant Beams

Web Rivet Rivet
Thickness, in. Size Spacing, in.
.025 AD 3 1.00
032 AD 4 1.25
. 040 AD 4 1.10
. 051 AD 4 1.00
.064 AD 4 .90
.072 AD 5 ' 1.10
.0B1 AD S 1.00
.091 ADDb .90
.102 DD 6 1.10
. 125 DD & 1.00
. 156 DD 6 -90
. 188 DD 8 1.00
1.3.2.6.3 Stiffener ~to-IFlange Rivets in Shear Resistant Beams -

No information is available on the strength required of the attach-
ment of the stiffeners to flange. It is recommended that one rivet the next size
larger than that used in the attachment of stiffeners to web or two rivets the
same size be used whenever possible.

1.3.2.7 BSample Problem - Stiffened Shear Resistant Beams

Given: The beam shown in Figure 1-17 made of 755-T6 Alclad.
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stiffener moment of inertia
about base, 1= 0.0175

o d = 6 —

]

B550 1b.
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Flange L web thickness, t = 0.081 in.

web-to-flange rivets,
ADS at spacing p = 0.625 in.

—t 4

Figure 1-17. Stiffened Shear Resistant Beam

Find: The margin of safety of the web and the load on each web

to flange rivet.

Solution: From Equation (1-16) the web shear stress is given by

I sl:_.EEEQ——:: ll]?zopﬁl

s ht  9(0.081)

:—6—:0.66?
9

and

I
Lo 000175 L5 g
ht®  9(0.081)° -

From Figure 1-10, K, = 6.9. From Figure 1-11, F_/n = 12,500 psi.
From Figure 1-14, F = 12,500 psi.

Since the critical buckling stress of the web is less than the yield
stress, the most likely type of fallure is buckling. Thus, the
margin of safety of the web may be given by

M.S., = _*°r_ _ 212500, 4 g4

f 11720
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The load per web-to-flange rivet is

qxp :lh_ p = 85950 (0.625) = 594 1b.

1.3.3 Introduction to Partial Tension Field Beams in Bending

A tension field beam is defined to be one for which the web is in-
capable of supporting any compressive load, and thus buckles upon applica-
tion of any load, and the web of a stiffened shear resistant beam is designed
so that it will not buckle. The web of a partial tension field beam is capable
of resisting compressive loads, but buckles at a load less than the ultimate
beam load. The vertical stiffeners in a partial tension field beam serve to
resist a compressive load and also increase the web buckling stress by
dividing the web intc smaller unsupported rectangles.

The curves given for partial tension field beams give reasonable
assurance of conservative strength predictions provided that normal design
practices and proportions are used. The most important points are:

(1) The ratio of the thickness of the uprights to that of the web, t /t,
should be greater than 0, 6.

(2)  The upright spacing, d, should be in the range 0.2 <« d/h < 1. 0.

{3) The method of analysis presented here is applicable only to
beams with webs in the range 115 < h/t < 1500.

In the following presentation, it is considered sufficiently accurate to take the
distance between flange centroids, h, as the web height and upright length.

The methods of analysis of the web, uprights, flanges, and rivets
of partial tension field beams are given in the following sections. The end
of a partial tension field beam must be treated differently and is covered in
Section 1.3.3.9. If a partial tension field beam has access holes, it should
be treated according to Secticon 1. 3. 3. 14,

1.3.3.1 Webs of Partial Tension Field Beams

The web shear flow and shear stress of a partial tension field heam
are given to a close degree of approximation by Equations (1-20) and (1-21}:

v
- )
a o (1-20)

f =4 = _V (1-21)
t
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The diagonal tension field factor, k, of a partial tension field heam specifies
the portion of the total shear that is carried by the diagonal tension action of
the web. This factor can be found from Figure 1-18 as a function of the web
shear stress, f,, and the ratios d/t and d/h. This curve is based on the
assurnption that the shear panel has simply supported edges. The accuracy,
however, is sufficient for tension field heams whose webs have varying
degrees of edge restraint, It is recommended that the diagonal tension fac-
tor at ultimate load satisfy the following inequality:

K<0.78 - (t - 0.012)172

This criterion is presented in tabular form in Table 1-5.

TABLE 1-5

Tabular Presentation of Equation {1-22)

1

L L0200.025 | 032 1.040|.050 {. 064 |.072 4. 081 [.091 ). 102 (.i25 |.156 [.188 {.230

.TS-[t—O.DlZ}”Z

.69 .67 .64 .61 .58 |.55 .53 .52 .30 .48 .44 .40 .36 .29

i S |

The allowable web shear stress, F_, can be obtained from Fig-
ure 1-19 for 755-T6 or 245-T4 aluminum sheet. These values are based
on tests of long webs subjected to loads approximating pure shear and con-
tain an allowance for the rivet factor, C.. The allowance for rivet factor
is included because the ultimate allowable shear stress based on the gross
section is almost constant in the normal range of the rivet factor (C, > 0.6),
The values of F, are given as a fuaction of the stress concentration factor,
C,, which can be found from Figure 1-20 as a function of h/t, d, and I, .
The higher values of Cz are largely theoretical, but a few scattered tests
indicate that the values of C, become increasingly conservative in the
higher ranges.

1.3.3.2 Effective Area of the Upright of a Partial Tension Field Beam

The total cross-sectional area of the uprights for double or single
uprights is designated as A . In order to make the design charts apply to

both single and double uprights, the following effective upright areas, A
are to be used in the analysis, '

ne’?

For double uprights, symmetrical with respect to the web,

A=A

ue °
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For single uprights,

A‘i
A"“: e \2
1_+(_..\

P/

where p is the radius of gyration of the stiffener and e is the distance from
the centroid of the stiffener to the center of the web. If the upright itself
has a very deep web, A should be taken to be the sum of the cross-
sectional area of the attached leg and an area 12 t"‘2 (i. e., the effective
width of the outstanding leg is 12 times t ).

(1-24)

The properties of standard extruded angles commonly used as
uprights may be obtained from Table 1-6,

[.3.3.3 Design Criteria for the Uprights of a Partial Tension Field Beam

The uprights or web stiffeners of a partial tension field bearmn must
have a sufficient moment of inertia to prevent buckling of the web system as a
whole before formation of the tension field, as well as to prevent column
failure under the loads imposed on the upright by the tension field, The up-
right must also be thick enough to prevent forced crippling failure caused by
the waves of the buckled web., This forced crippling failure is almost always
the most critical.

1.3.3.4 Moment of [nertia of the Uprights of a Partial Tension Field Beam

The required moment of inertia of the upright about its base (the
surface attached to the web) is given in Figure 1-21 as a function of ht? and
d/h. These curves are essentially derived by equating the critical buckling
stress of the sheet between the stiffeners to the general instability stress of
the web as a whole.

1.3.3.5 Computed Stresses in the Uprights of a Partial Tension Field Beam

The lengthwise average stress in the upright at the surface of -
attachment to the web, fu, may be obtained from Figure 1-22 as a function
of k, A, /td, and f, as

£, = £(6,/5) (1-25)

The upright stress varies from a maximum at the neutral axis of the beam

to a minimum at the ends of the upright. The maximum stress, { _, may
be obtained from Figure 1-22 as a function of k, d/h, and f, as
fumax = u{fumax'/ Eu} {1 -26)
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1.3.3.6 Allowable Stresses in the Uprights of a Partial Tension Field Beam .

The maximum upright stress, f __, should be checked against an
allowable forced crippling stress, F_, whichis obtained from Figure 1-23,
If the upright has legs of unequal thickness, the thickness of the leg attached
to the web should be used to determine the ratio tu/t. In the case of double
uprights, f __ should also be checked against the allowable natural crippling
stress of the flange.

The stress, f,, should be no greater than the column yield stress,
F,, (the stress at L’/o = 0). The centroidal upright stress, ., - £ A /A,
should be checked against an allowable column stress, F_ ;. F__and F_, can
be found from the column curves in Chapter 2.

For simplicity, the effective column length of the upright, h’, may
be taken as h, since this effect is rarcly critical. However, the following
values of h” may be used if necessary:

h* = h (1-27)

f 2 2d
VIR (3'T)

for double uprights, and
h' = — (1-28)
for single uprights.

1.3.3.7 TFlanges of Partial Tension Field Beams

The total stress in the flanges of a partial tension field beam is
the result of the superposition of three individual stresses: the primary
beam stress, f,, the compressive stress, f;, caused by the horizontal com-

ponent of the diagonal tension in the web, and the secondary bending stress,
f

sp+ caused by the distributed vertical component of the diagonal tension.

The primary beam siress is given by

M
[, - (1-29)
Ash

The compressive stresses due to the horizontal compoenent of diagonal tension
is given by

E _ kqh
r = ; (1-30}%
ZA, + 0.5{1-k) th
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where k is the diagonal tension field factor which may be found by referring
to Figure 1-18. The secondary bending moment due to the distributed vertical
component of diagonal tension is given by

1 2

M,, = 55 ki, 1d” Cy (1-31)

where C3 is given in Figure 1-20. M, is the maximum moment in the flange
and exists in the portion of the flange over the uprights. If Cy and k are near
unity, the secondary bending moment in the flange midway between the up-
rights is half as large as that given and of opposite sign. The secondary
bending stress is then M
£ =2 (1.32)

(k)
\Cf

where (Ir/c;) is the section modulus of the flange. The total stress in the
[lange is equal to £, + f, + £ .

1.3.3.8 Rivets in Partial Tension Field Beams

Three types of rivets must be analyzed in partial tension field
beams. These are web-to-flange rivets, web-to-upright rivets, and upright-
to-flange rivets.

1.3.3.8.1 Web-to-Flange Rivets in a Partial Tension Field Beam

The shear load per inch acting on the web-to-flange rivets
in partial tension field beams is given in Figure 1-24, The rivet factor, C
should he greater than ¢. 6 to justify the allowable web stresses used in
Section 1. 3.3.1 and to avoid undue stress concentration.

et

1.3.3.8.2 Web-to-Upright Rivets in Partial Tension Field Beam

The tensile load per inch acting on the web-to-upright rivets
is givenin Figure 1-25. This tensile load is a result of the prying action of
the buckled web, Although these loads reflect time-tested practice, they
should be considered only tentative because of the limited test data presently ..
available. The tensile load criteria is believed to insure a satisfactory design

as far as shear strength is concerned.

1.3.3.8.3 Upright-to-Flange Rivets in a Partial Tension Field Beam

The shear load on the upright-to-flange rivets in a partial
tension field beam is given by

P, = A (1-33)

u

where { is the average compressive stress in the upright and A is the
effective area of the upright as given in Section 1.3.3.2.
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1.3.3.9 Ends of Partial Tension Field Beams

The end of a partial tension ficld beam must be specially handled
since the web is discontinuous at the end and the tension component of web
stress must be transferred to the flanges in the end panel.

The following treatment is based on the assumption that the basic
beam shear, g, is constant over a length 2h/3 from the end of the beam,
When the basic beam shear, q, varies over this length, the terms (g + 1. 5kq),
(q+ 1.0 kq), and {q kh/4A ) should be replaced by the terms (q + 1.5 kq '),
(+1.0 kq"), and {q 'kh/4A ), respectively, where q is the actual beam shear
at the point being considered, and q” is the beam acting at a distance 2h/3
from the end of the beam.

1.3.3.10 Webs at the Ends of Partial Tension Field Beams

The web in one corner must carry a shear flow of g+ 1. 5 kq. If
reinforcement is necessary, a doubler of the dimensions shown in Figure 1-26
should be added to the web, resulting in a combined shear strength of g+1.5 kq.
This is usually necessarvy in one corner only. If the applied shear flow is oppo-
site to that shown in Figure 1-26, the doubler should be attached to the lower
corner of the web. The shear flow in the web in the corner not reinforced is
g - 1.5 kq, where q is the shear flow in the web at points removed from the end.

2h
[ ' 3

h/2 /l

doubler

=
__L__.hf

~ Figure 1-26. Doubler at the End of a Partial
Tension Field Beam

If the shear can act in either direction, double reinforcement may

be necessary. In general, the basic web is capable of carrying about a 60%
reversal of shear without double reinforcement.

1.3.3.11 Uprights at the Ends of Partial Tension Field Beams

The following stresses act simultaneously on the end stiffener of
a partial tension field beam:
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l. A cotnpressive stress due to the vertical component of web
diagonal teansion. This compressive stress varies from

(f, - .fumu/Z) at either end to fum/z at the midpoint of the

stiffener.

2. A comprcssive stress due to the variable shear flow aleng
the end stiffener, The equivalent shear flow distributicn
curve is assumed to vary linearly from (q - 1.0 kqg} at one
corner to (g + 1.0 kq) at the other corner. This compressive
stress builds up from zero at either end of the stiffener to
kqh,v"4Au at the midpcint of the stiffener,

Thus, the maximum compressive stress in the end stiffener (exclusive of
additional external loads acting) is equal to

fuuwx + qkh (1_34)
2 4 A

This stress should be compared with the lower of F_ or T
in computing the margin of safety,

ee tor the upright

1.3.3.12 Rivets at the Ends of Partial Tensicn Field Beams

The doubler should be attached to the web in accordance with Table 1=7.
The diagonal edge of the doubler should be attached with a minimum of two
rows of rivets with a minimum distance between rows of four rivet diameters.
The strength of this attachment in lb/ia. should be equal to the thickness of the
doubler times 30, 000 psi.

TABLE 1-7

Doubler-to-Web Rivets

Doubler Gage Rivet Size Rivel Spacing -
.020 - . 032 AD-4 1.5 in. on centers
.040 - . 051 AD-5 2.0 in. on centers
.0D64 & greater DD-6 2.5 in. on centers
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The web-to-flange attachment adjacent to the doublier must be strong
enough to carry a shear {low of (g + 1.5q) (1 + 0.414k) Ib/in. The other flange
attachment must carry a shear flow of g{l + 0.414k) ib/in.

The attachment of the end stiffener of a partial tension field beam to
the web must be strong enough to carry a shear flow of {gq+ 1. 5kqg)(l1 +0. 414k)
lb/in. in the region of the doubler and q(l +0. 414k} elsewhere.

1.3.3.13 Sample Problem - Partial Tension Field Beams

Given: The partial tension field beam shown in Figure 1-27,

T web « 0.051 7T55-T6 Alclad

d=8 —— o
\ q = 1250 ib. /in.

I

10

b
-
1

\—— Flanges - 1'25X1-25X0'188\——uprigm - 0.75%0.75%0.094

755-Té6 angle 755-Th angle

Figure 1-27. Partial Tension Field Beam with Single Uprights

Find: The margins of safety of web and uprights and the rivet
loads.

Solution: The method of obtaining the desired quantities is
summmarized in Table 1-8.
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i1.3.3.14 Partial Tension Field Beams with Access Holes

Figure 1-28 shows a partial tension field heam with access holes
of diameter, D. Such a beam may be analyzed in the same manner as onc
without access holes except that the substitutions described in Secticns
1.3.3.15, 1.3.3.16, and 1.23.32.17 must be made.

e
__ .............. '__,__ —i—‘?l’r

) [ I i ———— L ol

Figure 1-28. Partial Tension Field Beam with Access Holes

1.3.3.1% Webs of Partial Tension Field Beams with Access Haoles

The method of analyzing webs, given in Section 1.3.3.1, should
be used for partial tension field beams with access holes except that the
allowable web shear stress, F,, must be replaced by a reduced allowable
web shear stress given by

(1-35)

. td(d-Dy+A DC
Fs = F, rf (d-D) ; 47
- Cytd
where the design reduction factors, Cy and Cg, are givenin Figure 1-29,

This method gives good correlation with tests if beam parameters are in the
following ranges:

0.020 in. < t < 0.132 in.

0.040in. < t, < 0.079 in.

7.4 in. < h < 19.4in.

7.0in. < d < 18.0in.

2.3754in. < D < 5.875 in. -

1.3.3.16 Uprights of Partial Tension Field Beams with Access Holes

The method of analyzing uprights, given in Sections 1.3,3,2
through 1.3, 3.6, may he used for partial tension field beams with access
holes except that the forced crippling allowable, F_, should be replaced by
a rcduced forced crippling aliowable given by



0

L

1.0
0.8
0.6
0.4}
0.2
0 1 1 {
0 1.0 2.0 3.0 4.
tu/t
Td/k
l.s
1.4+
1.3k
1.2¢
1.1
1.0
0 0.
D
h
Figure 1-29. Design Reduction Factors Due to Access Hole
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1.3.3.17 Rivets in Partial Tension Beams with Access Holes

The method given in Section 1. 3. 3.8 for analyzing rivets may be
used for partial tension field beams with holes except that the tensile load on
the web-to-upright rivets, g,, should be replaced by an increased load given by

) D
q,” = q, (l+7) (1-37)

1.3.4 Introduction to Reaction Forces and Moments on Beams Under
Transverse Loading

Figure 1-30 shows a beam under transverse loading. Two equations
of equilibrium may be applied to find the reaction loads applied to such a beam
by the supports. These consist of a summation of forces in the vertical direc-
tion and a summation of moments. If 2 beam has two reaction loads supplied
by the supports, as in the case of a cantilever beam or a beam simply sup-
ported at two points, the reaction loads may be found by the equilibrium
equations and the beam is statically determinate. However, if a beam has
more than two reaction loads, as in the case of a beam fixed at one end and
either pinned or fixed at the other end, it is statically indeterminate and beam
deflection eguations rnust be applied in addition to the equations of statics to
determine the reaction loads.

l

774}77 ré%rr hif\?r

Figure 1-30. Beam Under Transverse l.oading

-

et
e
i
Lwerye
Lo
L S,

Section 1.3.4. 1 presents a method for determining reaction loads
an beams fixed at one end and pinned at another point, and Section 1. 3.4.3
trecats reaction loads for beams fixed at both ends. Beams on three or more
supports are treated in Section 1. 3.4, 5.

-~ -

1.3.4.1 Reaction Forces and Moments on Beams with One Fixed FEnd and
One Pinned Support

Figure 1-31(a) shows a uniform beam with one fixed and one pinned
support. The following procedure may be used to determine the support reac-
tions on such a beam if its stresses are in the elastic range.

1. Split the beam at the pinned support as in Figure 1-31(b) and find
M, from the equations of statics.
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Consider the right section of the beam as a single beam simply
supported at both ends as in Figure 1-31(b). Find the moment
diagram for this beam as in Figure 1-31(¢c). A is the area of
this moment diagram and C is the centroid of this area.

D{(I\L l . R o s

TRV

{a)
777{/);7?7
=)
A
C
@ {c}
e ]
{d)
- [~ Mp
i ‘R
R, B

Figure 1-31. Method of Determining Reaction Forces and Moments
on a Beam Fixed at One End and Pinned at One Point
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Find M, by the equaticn

M, = - (1-38)

The evaluation of the first term of this equation may be facilitated
by the use of Table 1-10.

Evaluate R, and R, by applying the equations of statics to
Figure 1-31(d).

Once the support reactions have been determined, the moment and shear
diagrams may be constructed for the beam. If the pinned support is at the
end of the beam, M, may be set equal to zero,

1.3.4.2

Sample Problem -~ Reacticns on Beam with One Fixed and One
Pinned Support

Given: The beam shown in Figure 1-32.

- 10 - L =20
hlo — -
500 1b. 500 1b. -
|~
[~
L~
=
AN . -
,7%7 1 in. square aluminum bhar -
' E = 10x 107 %
I =0.0833

Figure 1-32. Beam with One Fixed End and One Pinned Support

Find: The reaction moments and forces on the beam.

Solution: Figure 1-33(2) may be obtained by redrawing the beam

as in Figure 1-31(b). The moment diagram may then be drawn
for the right portion; and A, &, and M, may be determined as in
Figure 1-33(b).

From Equation (1-38),

= M
W, = 38T My 3250000000 5000 |y 375 in.1b.

L2 Z (20)% z
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Now that M, is known, R, and R, may be found by applying the
equations of statics to Figure 1-33{c¢). Doing this gives
R, = 781 1b. and R, = 219.0 1b.

500 1b. 500 lb.
. (a)
M, = 5000 in.1b.
1 1 4 _ 3
A= 250020 oonngin. Y1b.
20
c
6 (b)
20 in.
e B = 10—

500 ib. 500 lb.

Ra

Figure 1-33. Solution for the Reaction Forces and Moments on
the Beam in Figure 1-31

1.3.4.3 Reaction Forces and Moeoments on Beams with Both Ends Fixed -

Figure 1-34(a) shows a2 uniform beam with both ends fixed. The
following procedure may he used to determine the support reactions on such
a beam if its stresses are in the elastic range.

l. Consider the beam to be simply supported as in Figure 1-34(b).
2. Find the moment diagram for this simply supported beam as in

Figure 1-34(c). A is the area of the moment diagram and C is
the centroid of this area.
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s L~
Z Z
/ -
s [~
‘//‘_‘. L, //—//,
M
.~ % - b -

I%A(:

Ry

Figure 1-34. Method of Determining Reaction Forces and Moments
on a Beam Fixed at One End and Pinned at One Point

3. Tind M, and M, by the equations

M, - 22 26 .3
E

M, = —Z?j (Zg - E]
L

The evaiuation of the terms in these equations may be facilitated

by the use of Table 1-10.

Figure 1-34(d).

)
]

Rp

(a)

{v)

(<)

(d}

Evaluate R, and R, by applying the equations of statics to

(1-39)

(1-4m)

Once the end reactions have been determined, the moment and shear diagrams

may be constructed for the beam.
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The above procedure may be avoided by using Table 1-9 which gives
equations for the reaction moments for beams fixed at both ends under various

toadings.

TABLE 1-9

End Moment Reactions for Beams with Both Ends Fixed

Under Various Loadings

The sign convention for this table are as shown in Figure 1-34(d).

P 2. P
1~ -
N { b | A7 f ’ B
Py PR sLi S .l_‘ 2 P o b S g
- ] r’ /] a T -
7 e b | F L —f
fa e
PL . PL . . Pab’ _Paly
Mz 8 My = g AT 2 B L2
3. 4 W b, /in. 4, ﬁ w lb. /in. 7
RTOTCCR L |, AT »
4 - e e} 7
/DE—) | T
My = W | wi? i - MwLZ _ SwL?
A 12 B3 A 192 B 192
5. w 1b. [in. " O. y W 1b.71n.'//
JTOTT o | »
_ k L
/ a - ¥ 4 7
?:dﬁm——--‘““u L —'—_——1—[2 ‘: -4—-——+—~———I§4—-l-¢1; *]-_12'. —v—-//i_
2 o2 2
wa 2 2 5w . 5w L,
M = = 6]_.! -8 ].A 3 M = — =
AT oL { ali+3a”} A 96 B 96
Wt
My = 4al - 3a)
B2
ARV T v 1 L,
AU ey | |, 7 _ /e
] “ L P —— 7
7 S R venll My » 2
2
~wL? wi? Mp = o (10L° - TpaL+3a®)]
Mp = —— My = 601.°
20 30 5
Mp = -Wa7 (5L -3a)
( 6012
) 10,
[ M in-1b, 4
2 A [f- £y W
)N/ i Graa— B - 7
Z NS 7 Aﬁ-« L. i %
/S . <SPS W e g~ 2 B
4 e > 2
M /:ﬁMb 2 1) ML =3 bb: 1} Mp = l"’iz = Wi
A= G- Mp RO AT T3 B 73
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TABLE -9

End Moment Reactions for Beams with Both Ends Fixed

Under Various Loadings (concluded)

11 12 > P 7
, P P . oL ;L I APJ_, L R P
?v}-u-—— a-——na-t — a —uf xjm-—;fv»ra— 4-—44&}—5— = -;Ta— i ru":r,;

A7 CB | A ‘ A8
Foes L. - L. -

g g
MA"—pa(l—%) kljB: MA I\/[A- —%I‘}“;J‘ I\-er: MA
13. . 14-5‘-"’_3_._[\‘!][) [in. ’T/
w

AgmmﬂL_.ﬂmﬁ T 14117

d.gma —«-I I"—‘ a —ﬁf' S SRS S
¥
2

M, - _élr (3L-2a) Mg = My My = 1—?_1 (L7 a%L+4a )Mp = My

15-2<~—a—_---1 1()?4“—%“——%‘

A ﬁ.ﬂfffmmji‘mé B A e [&V B
g: L ‘: j’*-- L aa'd

2 al 2 2
wa w L 3wl
Ma = S5 (10 15~+6 7 ) Ma=—S5— Mg 160
2
wa a
My = ——— - =
B 20 (5 4 L )
7. /TW elliptic load 18. f(<)
7 / ’TlTWFfTﬂTWﬂﬂ /
/
A IS |, 7 y .
’J /f f . - }\—————wr//’
2 2 7> S m—m———%’«
; . wL _ wL
AT 1352 B~ 15786 R
Mp = = | ox(Lox2ree)dx
e J
D
1 -~ L
Mp = U (L-x) [ ()
B L ] W Le~x ) {xhddx
O
1.3.4. 4 Reaction IForces and Moments on Continuous Beams
A continuous bearn is one with three or more supports. Such a

beam is statically indeterminate and deflection equations must be applied to

find the support reactions. The three.moment equation is such an equation.



1.3.4.5 Application of the Three Moment Equation to Solving for the
Reactions on Continuous Beams

Figure 1-35(a) shows a uniform beam that is simply supported at
three colinear peoints, A, B, and C. In order to obtain the reactions, the
beam is broken into two simply supported sections with no end moments, as
shown in Figure 1-35(b). The moment diagrams are then found for these
sections and the area A and centroid C of these diagrams are found as shown
in Figure 1-35(c). The quantities found may now be substituted into the three-
moment equation:

-6A13)  bAghy
M,y + 2My (Ly + L2) ¥ Mol = —m—vn - (1-41)
1 2

if M, and M, are known, this equation may be solved for the moment at B,
M.. Knowing this moment, the support reactions at A, B, and C may be
found by applying the equations of statics.

The terms to the right of Equation (1-41) may be found for various
simple loadings by use of Table 1-10.

A
O

MA@ i 1} MC {2}
B
7 2, 42,
A ]

r 1 1 {b)
, .\ B 5
M ——
Al . M AZ
") C
& C
_ - {c)

Figure 1-35, Beam Simply Supported at Three Points
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TABLE 1-10

Values of

6AT 6Ab
and ————
I_}

Type of Loading 6AZ 6A§_
on Span L "
(1) w
l— a2 ]
y
Wa 2 2 w 2
_— L _ A _ _
) L( a“) L(La){Zaa)
L
2}
0 WP (-
W ! - M 3,21 13 LMol
M 3 L L
(3 w 1b/in.
] WL3 wL3
] 4 4
L - _
{4) wib/in.
-——a_-t-——b
U w [cz {ZLZ—CZ)-aZ(ZLZ-aZ):\ W p22L2-b2)-d221.2_42)
1 | 4L 4L ¢ |
~—— ¢ d
L

%o WL’ 2 wi?
L
(& w lb/in.
Wil R:
) 1 ao G wL
Y L ——
7 w 1b/inl
—S-wi3 5 wL3
32 32
| L—v'---L h
- %
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If a beam has a number of concentrated loads as shown in Figure
1-36, Equation {1-42) becomes

P.,a 2 Pab 2
MLy + 2M, (L + L) 4 Melp = -y 2L (L %22 205 7872 1,2y %) (1-42)
=~ L, ~ L, ‘

where P denotes any one of several concentrated loads which may act on the

left span at a distance a| from support A. Similarly, P; denotes any load in
the right span at a distance from support C.

=)

MAJjalll _ !B 1 11 , M
7; 4 7

Figure 1236,

by

Continuous Beam Under Several Concentrated lLoads

If a beam is simply supported at more than three points, the three-
moment equation may be writien for each intermediate support. The equaticns
may then he solved simultaneocusly to obtain the moments at each support,

This procedure is illustrated by the sample problem in Section 1. 3. 4.6,

1.3.4.6 Sample Problem - Reactions on Continuous Beams by the Three

Moment Fquation

Given: The continuous beam shown in Figure 1-37,-

10 15 20 J
i 10 lb. /in.
5001b. 300Lb,
I : —
span#1 span#l span#3 %
/ support #4
support #3
support #2
support #1

Figure 1-37. Continucus Beam on Four Supports
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Find: The support reactions.

Solution: The three-moment equation may be written for spans
I and 2. Since only concentrated loads are present, the special
case given by Equation (1-42) may be used. Thus,

MLy +2My (L + Lyt MyLlg = (Ly7-a;7)- (Ls -bgz']
L, L,
Inserting numerical values gives
- - 300(5 2 _ 2
0{10) + 2M, (10 + 15) + M3(20) = %&5) (10% - 5%) -—lé—)(lfi - 5%)

Simplifying gives 5M; + ZM4 = 3875,

The more general form of the three-moment equation given by
Egquation (1-41) may now be written for spans 2 and 3 with the
aid of cases one and three of Table 1-10.

: 3
M, (L5} + 2M3(15 + 20) = ﬂ?@ (15% + 104y _ 19(20)
4

Simplifying gives 3M, + 14M3y = -15, 000.

The two equations in My and My that were just obtained may be
solved simultaneously to find-that M, = -376 and M3 = -990.

The equations of statics may now be applied as illustrated in
Figure 1-38 to find the reaction forces.
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(1}  p=——10 ‘ ;
T 10 Ry - 5{500) = -386
lSDOlb Therefore, Ry = 211.4 b,
l : J) Mz = -386
RI span |
(2)
ho——10 — -l 15 ———
o *1500111 “10T M s001m.
%
J) M3 = -C](}O
R1: 211¢4r 2%
25(211.4) -20(500)+ 15Ry -5(300)= -990
Therefore, R; = 348 1b.
3
( ) O — 20 —m——— 2
10 1b. /in.
Mgz = —990(‘ Y1 L..L
| 1 R,

20 Ry - 10(200)= -990

Therefore, Ry = 50.5 1b.
{4) Summing the veriical forces gives
R1+R2+R34} R, - 500- 300-200=0

211.4+348 + R4+ 50, 5- 500 - 300 -200=0
Therefore, Ry = 390.1 1b,

Figure 1-38. Solution for Reaction Forces
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The beam may now be drawa as in Figure -39,

fot— ) ) ——gwter 15 - 20
ol 5 e [™ 10 —= 101b. /in.
500 300 l ‘
1 1
211.4 348 390.1 50,5

Figure 1-39, Continuous Beam on ¥our Supports with Reaction Forces

i.4 Introduction to Beams Under Combined Axial and Transverse Loads -
Beam Columns

A bearmn under combined axial and transverse loads cannot be analyzed
by simply superposing the effects of the two types of loading. The method of
solution must take into account the simultaneous effect of these loads, and
may thus become quite complex. Axial tension tends to straighten the beam,
thus counteracting the bending moments produced by the transverse load. On
the other hand, since axial compression may greatly increase the bending
moment and the slope and deflection of the beam, il is the more serious type
of axial load.

Two methods of analysis may be used to determine the total fiber stress
in members under combined axial and transverse loads. The first method,
"which is approximate in nature, assumes that the elastic curve of the deflected
member is similar in form to the curve for a like member under the action
of transverse loads alone. The moment due to deflection is estimated on this
assumption and combined with the moment due to transverse loads. This
approximate method is treated in Section 1.4.1. The other method, which is
the exact one, makes use of the differential equation of the elastic curve and

i1s treated in Section 1.4.2. The criteria for the use of these methods is given
in these sections.

1.4.1 Approximate Method for Beams Under Combined Axial and
Transverse Loads - Beam Columns

For any condition of combined axial and transverse loading, the
maximuin stress in the extreme fiber is given by

P M

1-43
e 7T 0 ( )

where P is the axial load and M is the maximum bending moment due to
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the combined effect of axial and transverse loads. (The plus sign is for
fibers in which the direct stress and the bending stress are in the same
direction, the minus sign for fibers in which they are in opposite directions.)
If a column is comparatively stiff so that the bending moment due to the axial
load is negligible, M may be set equal to the maximum moment due to trans-
verse loads M, alone. This may be done with an error of less than five
percent if P < 0.125 E‘.I/L2 for cantilever beams, P < (0.5 EI/L2 for beams
with pinned ends, or P < 281/ LZ for beams with fixed ends.

If 0.125 EI/LZ <P<0.8 EI/LZ for cantilever beams and
0.5 EI/L2 <P <3 EI,V'L2 for beams with fixed ends, the value of M for
Equation (1-43) may be given by *

M = t (1-44}

for an error of less than five percent where K is given in Table 1-11 for
various manners of loading and end support. The plus sign is used in the
denominator if P is a tensile load and the minus sign is used if P is a com-
pressive load. Equation (1-44) is appropriate only for beams in which the
maximum bending moment and maximum deflection occur at the same section.

TABLE 1-11

Values of q for Equation (1-44)

Manner of Loading and Support K

Cantilever, end leoad 1/3

Cantilever, uniform load 1/4

Pinned ends, cenler load 1/12

Pinned ends, uniform load 5/48

Equal and oppesite end couples 1/8

Fixed ends, center load ' 1/24

Fixed ends, uniform load 1/32 {for end moments) -
1/16 (for center moments)

1.4.2 Exact Method for Beams Under Combined Axial and Transverse
Lioads - Beam Columns

Table 1-12 gives exact formulas for the bending moment, M,
deflection, y, and end slope, &, in beams which are subjected to

* Griffel, William, Handbook of Formulas for Stress and- Strain
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TABLE 1-12

Formulas for Beams Under Combined Axial and Transverse Loading

Case Formulas
1.
bMax M = -WL tan U/U abx = L
Max vy = - o {LtanUfi - [ at %= 0
4
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By wi bk
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vl w u
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| e [~
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PU ain U [
g--.M/b b _cos A Y arx -1 erf—aL-m—_——\“x:L‘
BEYL tandU 1/ P sin 1l ¢
{a Ux
2 T
Maoment equation: x = [ S P+ = ? sin g T -
L fsin
Max M at x = -L-,—- arc cos \—LT- )
Defiection equation: L2 Uk
3 e L Lx .1 B
. w oK - — Lx
= = - - X PO e e
x=0tox=s L x = (FEML— iU UT - J
.= L .2 L dax-o
8=z (m T Joux
q;w_{ L +.L—-LL)alx:L
P Utan U UZ 3
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Formulas for Beams Under Combined Axial and Transverse Loading (continued)

TABLE 1-12

Case Formulas
P
Max M = M) secdl atx =3L
M .
Maxy - - M (LwesdUn Ly
[ cos 4 U z
My ]
s - tan — T at x - §
PL <
k. My - M, caslh
Momenl equation: %= 0w s LI M = ( [ Sl :]s'u\ XU hpy ros XL
sin U - L
g I,ME-M,msU)
Max M st x  —Fars to { g
' e XU 7
Bflection equative, ~ = 0tox: Ly - [M1 S MR )T S MMy s LY - - My eos B
My - M U(M; - M cos UL
R o St 27T ~latx=0
Po- 1. T sin O .
oMy UM - My ens U]
3= 2T e . eos
P L L stn U
“ Bear with fixed ends under axial com-
pression and transverse center load My s Ma o WL doasalig
2 i
¥l W= center load AL R
. L WL |
A s " g{;TU—(u..?LJ- o
we
Max y : - g3 ten U R
19, ieam with lixed ends under axial coni-
pression and miifary transverse load
MM, -
¥
x At x - -[7—
Max y = - —, } sy - i J
N r -
L. Bewm wilh one end fixed, wiher cud Maon M : M. WL [ tan U tsec 3 U-1)
pinned under axiat compression and ny v Lrand-1 J
Transyerse center load L A\ L
e LW -
¥ sin 5 Wi oro]
I W o= center load Mot vquative n - S teos - Lo M= ML( tan; - cos =X _\‘. o Lein
Dietlaciton - riat
sm";—" stLU ,m%
T T N Myl - cus HEN XLAL-oU L e S st GeesMEM
v ' [R tan U UL tan U Lot
12. deam with one end fixed, other rad sap- .
ported, under axial compression and
uniiarm transverse load
sto Lx
z 1. o
Munert eqiation. s - 0 eax s L M s My [eot U sio w ST L s v ees B2 ]
L. S 2 sl i
Detlectinn quabion . o= 0wy w - L
vy L Uk Uxn \vI
yos - P]_Ml.\l.%+(otbs;n—~{:—-:u>,.%}-w - 10
2. W L U A =
13 Same as Case | (cantilever with gnd Max M Lotenh /L e = L
load} except that T' is tension Aaxy - - M (L - L tanh Ut at x = 8
P u
. . Max M =« wL [Lranh U « (i - sech hif0 at x = L
14, Same ae Case J [vantitever with unilurm ; u .
taad} except thal ¥ s tension : wi o Lf) b oge )_ B
i P Max y - ?GLU\I -3 u sech U Lanh L ,t.)J at s - O
L Wi . i
cr— Lk (= k
I5. Sameas Case 3 {pinned ends, center Max M oz d—Frane gU el o= +L
load} excepl that E is tension Masy + . ¥ (71 L. = qanh L U) alx - = L
’ FER H H
Max M
I6. Sarne as Case 4 {pinned ends, uniforem
load) puuept that P ix tension Max y - (1 . uch_al u}]
My = M MaxiM;%' _..gﬂs_‘ﬁ;,m..h_‘g;,”_%b
17. Same as Cane @ (lixed ends, center load) ;-' winh gl cosh sU Z N
except that P is tension Max y = Wi ELU TR T P-eosh #U) 3
zpy L2 z sin #U cush 30
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TABLE 1-12

Formulas for Beams Under Combined Axial and Transverse Loading (concluded)

Case Formuias
RV A E 11 I YVIRUR VIR Ty SR L N
. Mi= Mo Y eRr o Bz T SinnEw 27
18. Same as Cane 10 (fixed ends, uniform b
load) except that P is tenaion z - . . .
) 4 Max y = - ML Lmug!_:osl?gm*uajdu;%,d
BPUZ sink 2
2,26 - 1~
19. Pesm with enda pinned to rigid supports E ? LANSTY I E!; [SERNERT BN tanh 3 o % tanh?® 1?] where k= J;L
sp horizontal displacemaont is prevented wy 8 4 z 2
Uniform tranaverse load and unknown
axial tension
This equation is sulved fur U, and P determined thereirom
4 S N 5
- & R b2 Y
When G = —2E g chell (1Uss than 4, P o= %}- B E el
1EAK? L? s

- 2., 7
DI G 1
When C is large (grealer than 13, P - ETE?_L vy TRl

When P has been found by ane of the above lormulas, M and v may be fvend by the foreulas of Case 16

20. Continuoue beam, spans | and 2 unequa

ML Uy cosec Uy - | Miylp , U cosec Uy - 1
and unequally loaded I4L o mpEFsre s Loy, Sy )
L Uyt / 2N U, !
Pl l-upeotty L Lelpeotty Ly
VAl = R e R T A i o R
L ok v, " Iz \ iy -

1 N \»:sz s lanmU; - =z
BT ST A A ™ T R

{Theotern of Three Moments: Subscripts with P, Ly w, 1, and U refer to lirst avd second spans. Al

acts on span 1, Mz or span 21

combined axial and transverse loading. Although these formulas should be
used 1f P > 0. 125 EI/L2 for cantilever beams, P > 0.5 EI/L2 for beams with
pinned ends, or P > 2 EI/La for beams with fixed ends, they may be used for
beams with smaller axial loads. In these formulas, U = L/P/EI. The quan-
tity U may be found rapidly through the use of the nomogram in Figure 1-40.
The formulas for beams under a compressive axial load may be modified to
hold for a tensile axial load by making the following substitutions: -P for P;
U/-T for U; /-1 sinh U for sin U: and cash U for cos U. This has been done
for some of the more common loadings and the resulting formulas given in
cases 13 to 18 of Table 1-12.

-
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1.

4, :

Sample Problem - Deams Under Combined Axial and Transverse
L.oads - Beam Columns

Given: The beam column shown in Figure 1-41.

- 30 ——————emf

20 1b. fin.

25001, 1Y 4 | l’ 1

TR A4 Y AN

2 in. square aluminum bar
E=10x 106 psi
L= 1.33 in.4

Figure 1-41. Cantilever Beam Under Combined Axial and
Transverse Loads

Find: The maximum bending moment, M, vertical deflection,
y, and angular deflection, 8, of the bar.

Solution:

6
0. 125 EL _ g 125 (10x10°)(1.33)

1% (302

= 1, 850 lb.

According to Section 1. 4.2, the exact method must be used
for cantilever beams if P < 0. 125 EI/L% as is true in this
case. From Figure 1-40,

5 2500 -
U = Lijf— =30 (j[—&*—— = 0.41
\/EI 1/(10x106)(1_33)

From Table 1.12, Case 2,

Max M = .:\i_L_' [__‘L‘.._(l-sec U>+ LtanU]
U U

_ -20(30.0)[30.0(I-sec 0.41) . 0.41] - 8200 in. 1b.
0. 41 0. 41
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Max y = ‘_W_-Ii-[_ls_. (1 +-;_ U? - sec U) + L (tan U—U)]
PU U

2
~ =20(30.0) [ 30 (l R 0.417 cec 0. 41 )]
2500(0. 40) LL0.41 2 .

4 730 (tan0.41 -0.41)]} = 2.92 in.

pp—

_ 20 7 _30 30 s l-cos0.82 ):] - 5.0095 rad
2500 L .915 0.41\ gin 0.82
= 0.55°.

1.5 Introduction to Beams in Torsion

For purposes of discussion, beams in torsion are broken into two
categories: circular beams, which are treated in Section 1. 5.1, and non-
circular beams, which are treated in Section 1. 5.2. Circular beams are
further divided into those with uniform cross sections (Section 1.5.1.1)
and those with nonuniform cross sections (Section 1.5.1.2). Noncircular
beams are divided into open noncircular beams {Section 1.5.2.1} and closed
or hollow ones {Secticn 1.5.2.2), and the effect of end restraint on non-
circular beams is treated in Section 1.5.2. 3.

Section 1. 5.3 treats the membrane and sandheap analogies for beams
in torsion. Since the loading of the wires of helical springs is primarily
torsional, they are listed under beams in torsion and treated in Section 1.5. 4.

1.56.1 Circular Beams in Torsion

This secction considers the torsion of solid or concentrically hollow
circular beams.

1.5.1.1 Uniform Circular Beams in Torsion

Figure 1-42 shows a uniform c¢ircular beam in pure torsion. If
the stresses in such a beam are in the elastic range, the stress distribution
at a cross section is as shown in Figure 1-43,

1 - 65



i

| . ]

Figure 1-42. Uniform Circular Beam in Torsion

A

Figure 1-43. Stress Distribution of Circular Beam in Torsion

The shear stress at a distance r from the center is given by

Tr

£ = {1-45)
g
I‘ﬂ
The angle of twist of the beam is
g = LL (1-46)
GI,
Inserting the value of I, for a circular cross section into Equations (1-45) -~ -
and (1-46) gives
2T
£, = —w-—% (1-47)
m (ru4 -, )
and
g = 2TL (1-48)
m (ro4 - r14)G



In order to treat solid circular shafts, r, may be set equal to zero in
Equations (1-47) and (1-48).

it should be noted that Equations {1-47) and (1-48) apply only to
beams with circular cross sections.

The maximum shear stress occurs at the outside surfaces of
the beam and may be computed by setting' r equal to r, in Equation (1-4T7),
The maximum tensile and compressive stresses also occur at the outside
surface and both are equal in magnitude to the maximum shear stress.

If a circular beam is twisted beyond the yield point until the
outer portions are at the ultimate torsional stress, a stress distribution
such as that shown in Figure 1-44 is obtained. The maximum torque that
such a beam may sustain in static loading is given by

T, = (1-49)

where F_, is designated as the torsional modulus of rupture. This torsional
modulus of rupture is shown graphically for steel beams in Figure 1-45,

—

FSLl

|

Figure 1-44., Plastic Stress Distribution of Circular Beam in Torsion
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Figure 1-45, Torsional Modulus of Rupture for Steel Beams

In many cases, the torsional modulus of rupture of a material may
not be available. These may be treated by assuming the uniform shear stress
distribution shown in Figure 1-46,

4

Figure 1-.46. Assumed Plastic Stress Distribution
of Circular Beam in Torsion

The magnitude of the uniform shear stress may be assumed to be
equal to the yield shear stress (F,,) for conservative results or the ultimate
shear stress (F,,) for nonconservative results., In the first case, the maxi-
mum forque in the beam may be expressed as
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4 P
T == (1-50)
ma.
max 3 ro
and in the second case, the maximum torque in the beam may be expressed
as
T _ 4 Tl
max 3 v (1-51)

L]

It should be noted that the possibility of crippling in thin-walled
tubes was not considered in the previous discussion. Crippling of circular
tubes is treated in Chapter 8. This tubes should be checked for crippling.

1.5.1.2 Nonuniform Circular Beams in Torsion

When a circular beam of nonuniform cross section is twisted, the
radii of a cross section become curved. Since the radii of a2 cross section
were assumed to remain straight in the derivation of the equations for stress
in uniform circular beams, these equations neo longer hold if a beam is non-
uniform. However, the stress at any section of a nonuniform circular heam
is given with sufficient accuracy by the formulas for uniforrm bars if the
diameter changes gradually. 1If the change in section is abrupt, as at a
shoulder with a small fillet, a stress concentration must be applied as ex-
plained in Chapter 10,

Figure 1-47 shows a nonuniform circular beam in torsion.

- L

Figure 1-47, WNonuniform Circular Beam in Torsion

If its diameter changes gradually, its angle of twist is

.

_ T dx
8=z f (1-52)

I

3

o

This equation is used to obtain the formulas for § for various beams of uni-
form taper that are shown in Table 1-13,
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TABLE 1-13

Formulas for the Angle of Twist of Nonuniform Circular Beams in Torsion*

Type of Beam

Angle of Twist

TT
i
==

|
|
1
|
|
i
I
!
I
i
!

inside taper,
putside uniform

. Dy -

g = 8TL [ 2 arctan gt )
301 \D
mG(D, - D1)D3 3

/D . Dy4D,y +Da-Dy - -
-2 arci.ank—r—lr>+ Log L 3 2Ny 3 J) o
Ly L\Dy - Dy \Dy+D;/ !

L
solid beam,
outside taper

__327TL ;1 U T
313D Dy \Dlz 5D, b2 )

inside uniform,
cutside taper

. D
I = _&&__2 } 2 arctan (-1-)—2~>
had - L
“G(DZ Dl)D3 3
D /Dy + Doy fDg~D -y

- 2 arctan {~41~> + Logg; \ )K \ I
\D3 il D3 - D2 D3 | Dl /1

thin tapered tube with
uniform wall thickness

2TL(D; + D))

2 2
T.'GtDl Dz

= Griffel, William, Handbook of Formulas for Stress and Strain
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Sample Problem - Circular Beams in Torsion

Given: The circular beam shown in Figure 1-48.

Aluminum - G = 4x 106 psi

10000in.1b.$
o D2:3

Flo000in. 16
Dy =2.3 —— _

‘ |

20

Figure 1-48. Tapered Circular Solid Beam in Torsion

Find: The angle of twist and maximum stress in the beam.

Solution: rrom Table 1-13.

_— 312 TL Aol N _Lu_ , 1 \
v 3?TGD1D2 \ DLZ DIDZ -DZZ /
- RRUIEDL (1o Ly LYy s 0.0001 rac,
IT(4x 10°)2.5)(3) N2.5 2.5(3} 3

= 0.52°

dpplving Equation (1-47) to the nutside of the thin end of the beam

. 2 Tr 201000001, 23
zsmq.,f_ = 4 ) = 1 I = 3, 260 pSL
e o h -2 Lo%
1.35.2 Noncircular Bearmns in Torsion

in the derivation of formulas for circular beams in rorsion, it was
assumed that plane sections remain plane and radii remain straight in the

Since these assumptions no longer hold for non-

deformed configuration.
The

circular sections, the equations for circular sections do not hold.
warping of plane sections of a square bar under torsion is illustrated in

Figure 1-49.

Figure 1-49, Warping of the Sections of a Square Bar in Torsion
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In this section, open beams are treated first and closed beams are
treated second. Closed beams are those with hollow sections, and other heams
are called upen beams. Since plane sections remain plane for round beams in
torsion, the end constraint of such a beam does not effect its behavior. How-
ever, end constraint can be an important factor in the treatment of noncircular
beams in torsion andis treated in Section 1.5.3.3. At a sufficient distance
from the application of the load, however, the stresses depend only on the
magnitude of the applied torque according to Saint-Venant's principle.

1.5.2.1 Noacircular Open Beams in Torsion

This section deals with noncircular beams whose cross sections are
not hollow. Section 1.5.2.1,1 gives the stress distribution in elliptical beams
in torsion, and Section 1.5.2. 1.2 treats beams with rectangular cross sections.
Section 1.5.2.1.3 treats open noncircular beams with thin sections with for-
mulas {or thin rectangular sections. Table !1-151in Section 1.5.2.1.5 gives
formulas for stress and deformation ian noncircular beams with various sections.

All of the material in this section is based upon the assumption that
cross sections are free to warp.

1.5.2.1.1 Elliptical Beams in Torsion

Figure 1-50 shows a cross section of an elliptical beam in
torsion and the two components of shear stress that are present. The
shear stress components shown are given by

2 :
mab

ex2z

and
2 Tz

foey = 73— (1-54)
m™a’h

where T is the torque applied to the beam. The maximum shear stress
occurs at {z = 0, y = b} and is given by

__eT {1-55)

1'rab2

anax

Figure 1-50. Cross Section of Elliptical Beam in Torsion
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The angle of twist of an elliptical beam of length, L, is

T f+vY) L

[ ]

mas b3 G

l.5. 2, 1.2 Rectangular Beams in Torsion

Figure 1-51 shows a rectangular beam in torsion.

The maxi-

mum stress i such a beam occurs at the center of the long side and is

given by
T
amax 2

abt

where o is a constant given in Table 1-14. The angle of twist of a rectangu-

lar beam in tension is
TL
9 =
g bt? G

where § is given in Table 1-14,

T

Figure 1-51. Rectangular Beam in Torsion

TABLE 1.14
Constants for Equations {1-57) and (1-58)

b/t] 1.00 1.50 1.75 2.00 6 8

N Sag !

B |0.14110.196 |0.214|6.229

1 - 73

S I —

a [0.208 {0.231 ;0.2390.246 [0.258 .0 367 0. 282 0.299 1 0.307 17.313

0.26310.281 0.299|0.30?

hD.BIBJ:).BZSS

1o
i

{1-56)
(1-37)
(1-58)

G.333



The maximum stress and angle of twist of a rectangular beam
in torsion may also be computed with satisfactory accuracy {(error less than 4
from the following equations:

T

%)

- t
fawe = 7 (3+1.8w6-> (1-59)
3
g - ( (TL . (1-60)
30y 0,630 () t ]
bt bV 12 pt )
1.5.2.1.3 Noncircular Beams with Thin Open Sections in Torsion
if a rectangular beam is very thin relative to its length (b>>t)
Equations (1-59) and (1-60) become
37T
fonax = - (1-61)
and 37L
g = —5 (1-62)
bt? G

From Table 1-14, it can be seen that these expressions are correct within
10 percent if b/t = 8.

Although Equations (1-61} and {1-62) have been developed for
rectangular beams, they can be applied to the approximate analysis of shapes
made up of thin rectangular members such as those in Figure 1-52. If sharp
corners exist, however, large stress concentrations may result so that
Equation {1-61)} is not valid. The effect of sharp corners is explained by the
membrane analogy in Section 1.5. 3. 1. Egquations (1-61) and (1-62) may be
applied directly to sections such as those at the top of Figure 1-52 if b is
taken to be the developed length of the cross section as shown,

If 2 thin section is compesed of a number of thin rectangular
sections as are those at the bottom of Figure 1-52, the following equations
may be applied:

o 3TL 3 TIL
GY bto Glby b3 +byty” & .00)
3T 3T,
$max -
1 3 3 3
2 bt bltl +b2t2 + ...
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37 t. 3TtZ

fsmax - 3 = (1-65)
2 3 ptd but 3+ byt,> 4L
3Tt 3T ¢,
s = - (1-66)
e S:st b1t13+bzt23+...

In the above equations, fipaxn +8 the maximum stress in the nth rectangular

portion of the section, L is the beam length, and T is the applied torque.

If a section is composed of thick rectangular sections, the
equations in Section }.5.2.1.5 should be used. The advantage of the equa-
tions in this section is that they may be applied to specific shapes for which

a more exact formula mav not be available.
/—\ t
b

2 “I—ftz i—-—b3—————-- rt3

- |

o/ 1 o tl
] @@5 1

e L—-bl —-1 t_‘tl

L

T T

Figure 1-52. Beams Composed of Thin Rectangular Members

1.5.2.1.4 Sample Problem - Noncircular Beams with Thin Open Sections
in Torsion

Given: A 50-in. -long beam with a cross section such as that
shown in Figure 1-53 under a torsional load of 500 in. lb.

1 - 75



1.5.2.1.5

e

- t=0.125 G=4x1070 psi

Figure 1«33, Thin Open Section

Find: The maximum shear stress and the angle of twist of the

beam.
Solution: The developed length of the section is

b=3+3+2+mn0=11.141in.

Equations {1-61) and {1-62) may now be applied to obtain
3T 3(500) - 8,610 psi
haA % 2 2
bt (11.14)(0.125)
and

3TL 3{500}{50)
bt3 G 11. 14{0. 125)5?;:‘:10 )

Noncircular Open Beams with Various Cross Sections in Torsion

Table 1-15 gives formulas for the defoermation and stress of open

noncircular bearns with various cross sections in tersion. The formulas for
Case 1 are based on rigorous mathematical analysis, and the remaining for-
mulas are obtained either by approximate mathematical analysis or the mem-
brane analeogy and are normally accurate within 10 percent.
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TABLE 1-15

Formulas for Deformation and Stress of Various Open Section in Torsion

Form of Angl ¢ . Magnitude and Lo iun of
Cross Section ngle of Twist Maximum Shear “icss
(1)
a
. B0 TL _ 207 . .
< 4 = — amax - 3 2t the mid-
B 3Ga a
il
Equ% ateral point of each side
Triangle
{2)
a
o 38.31TL _lB.05°7
v T fsrnax T
Ga
Right
Isosceles
Triangle
(3) F ‘ 3 inclusi {
v 161 or cases (3} to (9) inclusive, I .«
TL {1+ _TX ) occurs at or very near ore of the
a \ AU points where the larges: mscribed
ay - - X v 41.G circle touches the boundary, unlegs
® there is a sharp reeculvant angle at
-t U —_——

1. 77

some other point on the roundary

causing high local str.

oo
N

QOf the

points where the largest inscribed
Cary,

circle touches the bouy

f

smax



TABLE 1-15

Formulas for Deformation and Stress of
Various Open Sections in Torsion {continued)

Form of : Magnitude and l.ocaticn of
- Angle of Twist .
‘Cross Section Maximum Shear Stress
{4) t .
occurs at the one where the houndary
curvature is algebraically least. {Con-
vexity represents pasitive, concavity
negative, curvature of the boundary.
At a point where the vurvature is posi-
) 4r tive (boundary of section straight or
Any elongated section 3(1 * 5 ) L ; e ie
. 3AU“) convex) the maximurn stress is given
or thin tube. a8 - . . elv b
~F approximately by
dU = elementary length
along median line Che
WhEI"E‘ {Smax = _‘L
t = thickness normal to _
median line ] U 5 where
F=1 tdu
A = area of section 0
D i 1
o= - +
n2p4 L
Lo =g
(5) 16 A
;72 pd D -
.15 { —— — = )
1\ 16 A?‘ or _l
Any solid, fa'u.'ly oI~ 40 TLI
pact section without 5= —— B
.4 where
reentrant angles. GA
D = diameter of largest inscribed
lp = polar moment of circle
inertia about cen-
troidal axis r = radius of curvaturc of boundary
at the point {positive for this
A = area of the section case)
A = area of the section
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TABLE 1-15%

Formulas for Deformation and Stress of
Various Open Sections in Torsion (continued)

Form of . o Magnitude and Location of
. Angle of Twist .
Cross Section Maximuam Shear Stress
6
(6) b
{
2R b .
y At points where the boundary of a
- r ] P, § P section is concave or re-entrant,
d < GL2K | + ¥ g - 2an’ the maximum stress is given
] approximately by
b
{ ¢ _ G8c
smax L
where
I section, flange thick-
ness. b b where
4 ;ab3[L70,Zl——— 1. 4)-]
r = fillet radius L 1 2 v 1za
D= (.:hame:ter of- largest K, - %cdl c - _STW [1. - 0.118 Log, {1 _ 29“\,
inscribed circle L. B -
and 16 a4
t=bif b<d, t=4dif u:-:—liﬂ‘l')~ﬂrl%]
d<b, t; = bif b>4g,
tl:dlfd>b 70'2139}(3\15%&]
(e a e i
N ] b PR, o ¥ . where D, A and r have the same mean-
D GiK) +Ka+aD ing as before and () = angle through
- r . which a tangent to the boundary rotates
e ) TR in turning or traveling around the re-
. 3 o212 - = .
< TR S J] entrant portion, measured in radians.
l . o | (Here r ie negative.)

cead[E e e =S
Kp-ed® [ 3 7 @40y gzt - .
o a

a s :—L(o,nsd.o‘lu o
T section, flange thick-
ness aniform: r, D, t
and ty as for Case {6)
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TABLE 1-15

Formulas for Deformation and Stress of
Various Open Sections in Torsion (concluded)

Form of
Cross Section

Angle of Twist Magnitude and Location of
Maximum Shear Stress

TL

—
Gtk -K,-aD

where
vl Lok U
I S G P S
g ! 45
. Kpoocatfg m 0005l 1T
L section
r and D as for Cases (6) and
and (7)
o= P Dy
" [ [
— ey

GEM) - K3 -abh

— where the summation is
for the constituent L sec-
tions computed as for
case (8}

1.5.2.2 Noncircular Closed Beams in Torsion

Closed beams have one or a number of hollow portions in their

cross scction. This type of beam is much more efficient in torsion than
open beams.

Section 1.5.2.2.1 treats single cell closed or box beams in tor-
sion, and Section 1.5.2.2.7 treats multicell closed beams in torsion.

1.5.2,2.1 Single Cell Noncircular Closed Beams in Torsion

This section treats box beams with a single hollow portion in
their cross section. Section L. 5.2.2.2 treats such beams having uniform
cross section, and Section 1.5.2,2. 3 treats tapered box beams. The effect
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of stiffeners and cutouts in box beams are treated in Secticns 1.5,2.2.4 and
1.5.2.2.6, respectively.

1.5.2.2.2 Single Cell Noncircular Clesed Beams with Uniform Cross
Section in Torsion

Figure 1-54 shows a cross section of a thin box beam. The
angle of twist of such a beam of tength, L, due to an applied torque, T, is
given by

T
6 = zL [ U (1-67)
4A° G ¢ ¢t
In this equation, A is the area enclosed by the median line, t is the thickness
at any point, and U is the length along the median line. The shear flow in
such a tube is uniform at all points and is given by
T
= = 1-68
1= 55 ( )
If the shear stress is assumed to be uniform across any thickness, itis
given by
T
= S (1-69)

From this expression, it can be seen that the maximum shear stress occurs
where the thickness is minimum.

Figure 1-54. Cross Section of a Single Cell Closed Beam
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If the thickness of the tube is uniform, Equation (1-67} becomes

TLU

§ = i (1-70)

4A% Gt

and Equations (1-68) and (1-69) remain the same.

1.5.2.2.3 Single Cell Noncircular Tapered Closed Beams in Torsion

Figure 1-55 shows a tapered box beam under a torsional load, T.

Since all four sides are tapered in such a way that the corners of the box would
intersect if extended, the equations in Section 1. 5.2.2.2 may be applied to
this beam if A is taken to be the area at the cross section in guestion.

Figure l-55. Tapered Box Beam in Torsion

However, these equations no longer apply for box beams for

which the taper ratio of the horizontal webs is not the same as that of the
vertical webs since the shear flows will net have the same distribution for all

webs.

Such a beam is shown in Figure 1-56., Although the equations in

Section 1.5.2.2.2 are not valid for a box beam such as that shown in Figure
1-36, they are quite accurate for the common airplane wing structure with

ciosely spaced ribs,

The ribs divide the web into several smaller webs and

serve to distribute shear flows so that they are approximately equal in the
horizantal and vertical webs.

- € e it

AN

// ~
\.é'____ﬂ———f—

- |
/

— |

—_—

— \
— ~N
~ N

Figure 1-56. Box Beam with Nenuniform Taper
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1.5.2.2. 4 Effect of Stiffeners on Neoncircular Closed Beams in Torsion

Thin-walled airplane structures usually contain longitudinal
stiffeners spaced around the outer walls as shown in Figure 1-57. If the
open-type stiffener, as shown to the left in Figure 1-57, is used, the tor-
sional rigidity of the individual stiffeners is so small compared to the tor-
sional rigidity of the thin-walled cell that it is negligible., However, a
closed-type stiffener is essentially a small tube and its stiffness is thus
much greater than that of an open section of the same size. Thus, a cell
with closed-type stiffeners attached to its outer walls could be treated as a
multicell closed bearn with each stiffener forming an additional cell, 3ince
the analysis of a beam with a large number of ceils is difficult and, in gen-
ceral, the torsional stiffness provided by the stifieners is small compared to
that of the overall cell, an approximate simplified procedure may he used
with sufficient accuracy.

- L L L L j U5 Sl W e TN b N
e LS I i Y s WO o S o PP
Open-Type Stiffener Closed -Type Stiffencr

Figure 1-57, Types of Stiffeners

In the approximate method, the thin-walled tube and closed
stiffeners are convertfed inte an equivalent single thin-walled tube by modi-
fying the closed stiffeners by one of two procedures. This equivalent tube
is then analyzed according to the material in Section 1.5.2.2.2., The two
procedures for modifying the closed stiffeners are:

1. Replace each closed stiffener by a doubler plate having an
effective thickness given by

£, =t, s/d -7

This procedure and the necessary nomenclature are illustrated
in Figure 1-58.

2. Replace the skin over each stiffener by a "liner" having a thick-
ness given by

t =t d/s (1-72)

£ E
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This method and the necessary nomenclature are illustrated
in Figure 1-59. The first of these procedures slightly over-
estimates the stiffness effect of the stiffeners, whereas the

second procedure slightly underestimates this effect.

fastener centerline

K a ’-| rts l—te- tsys/d rts
I " -

j 1

.

1]
r,__i_.J ’

| S—
tst—— ?
d ]
=/
s

Figure 1-58. First Method of Transforming Closed Stiffeners

fastener centerline
( d ‘ r ty oy —— d i-l
rd Fd

"
e — = 5 . ———

Original Stiffener Transformed Stiffener

.

Y
—
b

Figure 1-59. Second Method of Transforming Closed Stiffeners

Since the corner members of a stiffened cell are usually open
or solid sections such as those shown in Figure 1-57, their torsional re-
sistance can be simply added to the torsional stiff ness of the thin-walled
overall cell,

L.5.2.2.5 Sample Problem - Noncircular Closed Stiffened Uniform
Section Beam in Torsicn

Given: A 120-in. -long beam under an applied torque of
10, 000 in.1lb., with a cross section as shown in Figure 1-60.

Find: The angle of twist and maximum shear stress in the

beam.
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8
s=4

tst=

Stiffener Detail

I - @ "
1x1x 1/8 angles at corners
) q s
G = 4x190
' P o WY P e W P g, Sy
- 24 o

Figure 1-60. Cross Section of Stiffened Single Cell Open Beam

Figure 1-61. Doubler Equivalent to Beam Stiffeners

Solution: From Section L. 5.2.2.4, a doubler plate equivalent
to a stiffener may be drawn as shown in Figure 1-61. The
area enclosed by the median line of the transformed section

is thus

A= (24x16) -8 (tz ) (d) -4 (%) (2)

where the last term takes into account the effect of the corner

angles. Thus,

A= (24x16) -8 (0'233 ) (1.5) -4 (_%_)(2) - 381.5
16

Applying Equation (1-67) to the equivalent beam gives
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TL 0 qu _ 10%(120) 8d

4A2 G 4(381.5%)(4x 100 "ttt
N 4(2) 2(24+16) -18d + 4(2)]J1,
1 1
b+ T T

where the terms in the parenthesis represent integration over
the deubler, angles and skin, respectively. Thus

10%

4{38152)(“106) (0.33+0.0625) [0.0625+0.125)

. 12.0) 8(1.5) N 4(2)

20244 16)-18{L. 0) +4@) % = 5. 35%107% rad = 0. 03067
0.0625 :

From Equation {(1-69)

T 10% 13.1
2A¢ 2(381. 5)t t

Thus, the maximum shear stress occurs at the point of mini-
mum thickness and

13,1
fo=—— 21T =210 psi
* 90,0625
1.3.2.2.4 Effect of Cutouts on Closed Single Cell Beams in Torsion

Typical aircraft structures consist of closed boxes with longi-
tudinal stiffeners and transverse bulkheads. [t is necessary to provide m=ny.
openings in the ideal continuous structure for wheel wells, armament instal-
lations, doors, windows, etc. These cutouts are undesirable from a struc-
tural standpoint but are always necessary. A closed torque box is necessary
for most of the span of an airplane wing but may be omitted for a short length
such as the length of a wheel well opening. When a portion of the skin is
omitted for such a region, the torsion is resisted by differential bending of
the spars, as indicated in Figure 1-62, since the open section has low tor-
sional rigidity. If the torsion is to be assumed to be resisted by the two side
webs acting independently as cantilever beams, as shown in Figure 1-62({b},
one end must be built in as shown in Figure 1-62(a),
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Note: Bottom Skin

Remaved {2) . {k)

Figure 1-62. Illustration of the Eifect of a Cutout

The existence of a cutout and the resultant axial leoads ia the
ilanges also tncrease the shear flow in closed portions of the box adjacent
to the cutouts.

k
AV A
=
~

Multicell Closgsed Beams in Teorsion

Figure 1-03 shows the internal shear {low pattern on a multicell
tube consisting of n cells under a pure torsional load, T. The torgue applied
to this tube is given by
+2q. A (1-73

=2 =2
T qlA _qu

l 2'!'...

where A through A, are the areas enclosed by the medium lines of cells 1
through n. The line integral, . ds/t, where s is the length of the median of
a wall and t is the wall thickneyss._ may be represented by a. Then a, 1is
the value of this integral along the wall between cells K and 1., where the
area cutside the tube is designated as cell (0), Using this notation, the fol-
lowing equations may be written for cells (1) through (n):

) L o . _ - .
celLtli—A—[qlamfiql - aylayy) = 2GE (1-74

=l

[Sh}

o
H

1 . n
cell {2} “‘—[(qz - qy) ajp t Gpazy +iq, - a3) a23] = 203 {
A
2

—
-
1
-]
T

1 o
cell (3) —[q3 - gp)azy tqiazy v gy - Gy) a4l = 2G8
A
3
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cell (n-1) (9321 = 9n-2) 3p-2,2-1 7 9a-12,-1,0
A, o
T
+{a, _qn)an—l,“}:268 (1-77)
cell (n) — [(q, - Gy _1)80 1.5 - 9a2e0] = 2 G8 (1-78)

n

The shear flows, q, through q_, may be found by solving Equations {1-73)
through (1-78) simultaneously. From these shear flows, the shear stress
distribution may be found since f, = g/t.

CELL (0}

91 qz a3

=
} Ay A2 f
t Cell (1) Ceil (2)
—— e’ ==
g
Figure 1-63. Multicell Tube in Torsion
1.5.2.2.8 Sample Problem - Multiceil Clesed Beams in Torsion

Given: A multicell bearmn with the cross section shown in
Figure 1-64 under a torsional load of 5, 000 in.1b.

Cell (0} wall (1) wall {1, 2)
| / /

.
lL—t1 = 0.1875

Cell {2) T G=4x106psi
iz = 0.125 [ .

Cell {1} . 0,250 .
1,27

\ N
6.5 b 4 e \wall {3}

Figure 1-64, Two Cell Closed Beams

Find: The shear stress in each of the walls,

Solution: Assuming the cell corners to square gives

il

Ay = (2.5)(6.5) = 16,25 in. ”

(2.5)(4) = 10 in. ~

£2

1 - 88



apg = [2(6.5} + 2.5]/0.1875 = 77.3
ajp = 2.5/0.250 = 10
azg = {2(4) +2.5]/0.125 = 84

Applying Equations (1-73), (1-74), and (1-75) to the given
beam gives

T = 2q A, + 29,4,

1
S + ) = 2Gh
Ay 91210 ¥ 9y - 92) ™12 7 ,

and
1 1= 20
> [{ap - 1) agy + apazgl = 2Ga.

Inserting numerical values into these equations gives
5000 = qu{lé. 25) + 29, (10),

1
16.25

%10,

f9,(77.3) + (q] - q2)(10]] = 2(4x 10

and

. [(qZ - ql)(lo) + q2(84]] = 2(4'}(106

0 6.

Solving these equations simultaneously gives

qq = 78 1b/in. , q, = 123 1b/in. and

§=1.345%x10"% yad = 0.0077°
The shear stress in wall (1) 1s
q; 78
I = = = 415 psi
N 0.1875 Pt
The shear stress in wall {2) is
9
f3 __2._ = —1.%3)_._m = 984 ps;_
ty 0.125
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The shear stress in wall (1.2) is

q; -9
oo hit%e 12378 e
t 5 0.250

1.5.2.3 Effect of End Restraint on Noncircular Beams in Torsion

The equations for noncircular beams in torsion in previous sec-
tions assumed that cross sections throughout the length of torsion members
were free to warp out of their plane and thus there could be no stresses
normal to the cross sections. In actual structures, restraint against the

free warping of sections is often present at the point of attachment of a beam.

For example, the airplane wing cantilevers from its attachment to a rather
rigid fuselage structure and is restrained against warping at its point of
attachment. The effect of end restraint is greater at points close to the
restraint than those further removed. Sections such as [-beams are more
effected by end restraint than compact sections such as circles and squares.

Figure 1-65 shows an I-beam with one end restrained under a
torsional load, T. The maximum flange bending moment is

T
N[max = " a tanh ——
where
,.h T2iyFEg
2 TL

and § is the angle of twist of an I-beam with unrestrained ends given in
Table 1-15. The angle of twist of such an I-beam with restrained ends is

9,:9(1— tanh =)

2
L

From this equaticn, it can be seen that the end restraint has a stiffening
effect on the beam.

1.5.3 Analogics for Beams in Torslon

Two analogies for heams in torsion are useful both for visualiza-
tion of stress distributions and magnitudes and for experimental work. The
membrane analogy, which is described in Section 1.5.3.1, is valid for open
beams for which the shear stress is in the elastic range. The sand heap
analogy {Section 1.5.3.2) may be used to treat open beams under torsjonal
‘loads for which the plastic shear stress is the same at all points on the
cross section.

I -390
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1.5,.3.1

v

Figure 1-65. I-Beam Restrained at One End

Membrane Analogy for Beams in Elastic Torsion

The equation for the torsion of a bearn in the elastic range is

analogous to that for small Jeflections of a membrane under uniform pres-
sur :. Figure !-66 shows such a membrane. The pressure on the membrane
is designated as p, and S is the uniform tension per unit at its boundary. The
membrane znalogy gives the following relationships between the deflected
membrune and a heam of the same cross section in torsion:

(1)

{2}

{3

{4}

Lines ef equal deflection on the membrane {contour lines) corre-
spond to shearing stress lines of the twisted bar.

.The tangent ta a contour line at any point on the membrane surface

gives the dircction of the resultant shear stress at the corre-
sponding point on the c¢ross section of the bar being twisted.

The maximum slope of the deflected membrane at any point with
respect to the edge support plane is proportional to the shear
stress at the corresponding point on the cross section of the
twisted bar. Thus, the shear stress is greatest where the con-
tour lines are closest.

The applied torsion on the twisted bar is proportional to twice
the volume included between the deflected membrane and a plane
through the supporting edges. Ii p/5 = 2 G5, this torque is equal

‘to twice the volume,
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i, .}

Figure 1-66. Membrane Under Pressure

The membrane analogy may be used to experirmnentally measure
quantities for beams in torsion. However, passibly the main advantage of
the membrane theory is that it provides a method of visualizing to a con-
siderable degree of accuracy how stress conditions vary over a complicated
cross section of a bar in torsion. For exarnple, consider the bar with rec-
tangular cross section shown in Figure !1-67(a). A membrane may be
stretchec over an opening of the same shape and deflected by a uniform
pressure. Equal deflection lines for the deflected membrane will take the
shape as shown in Figure 1-67{b}. These contour lines tend to take the
shape of the bar boundary as it is approached as does the direction of shear-
ing stress. The shear stress is maximum where the contour lines are closest
(center of long side). Since the applied torsion is praportional to the mem-
brane volume, the more elongated of two rectangular bars of equal area has
the smaller torsional rigidity, Also, it is obvious that bending a long thin
rectangular section will not appreciably change the membrane volume and,
thus, the tcrsional rigidity of a bar of this shape.

2S)
| &2

(a) (b)

Figure 1-67. Rectangular Bar in Torsion
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The membrane analogy also makes it apparent that stresses are
very low at the ends of outstanding flanges or protruding corners and very
high wherc the boundary is sharply concave., For example, Table 1-16
gives the stress concentration factor for the concave side of the shape in
Figure 1-68. Multiplying the maximum stress obtained from the formula
for thin rectangular sections in torsion by this factor gives the maximum
stress on the concave side of a thin bent section.

TABLE 1-16

Stress Concentration Factor for Thin
Sections in Torsion

e

Figure 1-68. Thin Curved Section

1. 5. 3.2 Sand Heap Analogy for Beams in Plastic Torsion

The maximum ultimate torque that an cpen beam may withstand
in torsion is given by
T =2V F,, (1-82)
where V is the volume of a sand heap with a maximum slope of unity, piled
on a plate having the same shape as the beam cross section. Table 1-17
gives the volume of sand heaps with various bases of various shapes.

1.5.4 Helical Springs

The primary stresses in the wire of a helical spring are due to
torsion. Section 1. 5.4.1 treats helical springs composed of round wire,
and those composed of square wire are treated in Section 1. 5.4, 2.
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TABLE 1-17

Sand Heap Volumes for Equation (1-82)

Type Section Sand Heap

YVolaoame

Rectangle
! t>(3b-1)
1 V= — b = t
* 12
bct——— b —
Circle

D
24

Triangle

arca of triengle

radius of inscribea circle
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1.3. 4.1 Helical Springs of Round Wire

Figure 1-69 shows a helical spring made of round wire under an
axial load, P. 1If the spring radius (r}is much greater than the wire diam-
eter (D}, the wire may be treated as a straight round beam under a tor-
sional load, Pr, as indicated in Figure 1-69. Superposing the stress due
to tersion of the wire on the uniform shear stress due to direct shear
(-’LP/v-:DZ], the following equation for the maximum shear stress in the spring
may be obtained:

fegax = (1 + = (1-83)

In the cases of heavy coil springs composed of wire with a relatively large
diameter, D, in comparison to r, the initial curvature of the spring must
be accounted for. This is done in the following equation:

16 Pr (41’1‘1-1 0.615

£y aar + (1-84)
where
m = 2% (1-85)
)
This equation reduces to Equation (1-83) as /D becomes large,
The total deflection (8) of a round spring of n free coils is given by
3
5 -04Prn (1-86)
Gp*
This equation neglects the deflection due to direct shear which is given by -
5, - 2ERa (1-87)
Ga?

This portion of the deformation, however, is generally negligible compared
to the value of & given by Equation (1-86) and is thus generally ignored.

All of the equations in this section apply to both compression and
tension springs, and in both cases the maximum shear stress cccurs at the
inside of the wire.
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Figure 1-69. Helical Spring of Round Wire

l.5.4.2 Helical Springs of Square Wire

Figure 1-70 shows a helical spring made of square wire under an
axizl load, P. The maximum shear stress in the square wire is given by

¢ ; 4. 80 Pr (4m—l . 0.615 \\J (1-88)
2nax b?) 4 -4 m ;
where
m = 5}-— {1 8(3\
i 5 -89

The total deflection of such a spring is given by

3
& = w (1-90)
_ Gb
where n is the number of active or free coils in the spring. This eguation
neglects the deflection due to direct shear as did Equation {1-86). However,
the deflection due to direct shear is normally negligible compared to that
given by Equation (1-90).

IJ

’:2-1 o ?"*
e

Lapii

I s

Figure 1-70. Helical Spring of Square Wire
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2. COLUMN ANALYSIS

2.1 Introduction to Column Analysis

The stresses that a structural element can sustain in compression are
functions of several parameters, These parameters are:

(1) the length of the element along its loading axis,

{2) the moment of inertia of the element normal to its loading awis,
(3} the cross-sectional variation of the element with length,

{4) the eccentricity of the applied load,

{51 the continuity of the integral parts of the element,

(6) the cross-sectional characteristics of the element,

(7) the homogeneity of the element material,

{8) the straightness of the element, and

{9} the end fixity of the element.

The effects of these parameters can be categorized by first establishing
certain necessary assumptions. For the following analysis, it is assumed
that the material is homogeneous and isotropic. It is further assumed that
the element is initially straight and, if it is composed of several attachedparts,
that the parts act as integral components of the total structural configuration.

The remainder of the previously mentioned parameters dictate more
general classifications of compression elements. If a compression element is
of uniform cross section and satisfies the previously mentioned assurnptions,
it is referred to as a simple column and is treated in the first part of this
chapter. On the other hand, compression members having variable cross-
sectional properties are called complex columns and are covered in the latter
part of this chapter. Stepped and latticed columns are included in the treat-
ment of complex columns.

The possible basic types of failure defined for columns are primary and
secondary failure. Primary failure occurs when a column fails as a whole
and may be defined by the fact that cross sections of the element retain their
original shape although they may be translated and/or rotated with respect té”
their original position. If cross sections are translated but not rotated, the
primary fallure is of the bending type. Failures for which ¢ross sections of
a column are either rotated or rotated and translated are treated in the sec-
tion on torsional instability.

If a column experiences a failure due to lateral bending at a stress level
below the elastic limit of the material, it is defined to he a long column while
failures at a maximum stress greater than the elastic limit are characteristic
of short columns.

Secondary failures occcur when buckling or crippling occur in sections
of a column before it is loaded enough to produce a primary failure.
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A column failure of a selected element is influenced by the eccentricity
of the applied load and by the end fixity of the element. BRoth of these dictaie
boundary conditions that modify the solutions to the differential equations
governing column response.

In general, a column must be designed to prevent both the bending and
torsional types of primary failure as well as crippling. Crippling is likely
to occur in columns having thin portions in their cross sections, The tor-
sional type of primary failure is likely to occur at a lower load than the bend-
ing type in columns having cross sections of relatively low torsional stiffness.
Closed sections have enough torsional stiffness to insure that any primary

failure will be of the bending type so they must only be designed against this
and crippling.

2.2 Nomenclature for Column Analysis

= area

a = linear dimension as indicated in diagrams

. = subscript, allowable

I = linear dimension as indicated in diagrams

b* = b+h/2 in Section 2.3.2.4 )

C = coefficient of constant = (L/L")

Car = torsion - bending constant

G = distance from neutral axis to the concave side of
loaded column

ot = subscript, critical

D = diameter

E = modulus of elasticity

I, = reduced modulus of elasticity

E, = secant modulus of elasticity

E, = tangent modulus of elasticity

e = eccentricity of loading

e = strain

. = subscript, for Euler's equation

ec/pz = eccentric ratio -

scol = working concentrically loaded column stress

I, = working bending stress

F, = allowable compressive stress

F = working compressive stress in bending

F.e = allowable crippling stress

F., = empirical constant in Johnson parabolic equation
{column yield stress)

Foo1 = maximum fiber stress for primary failure of a
column

F = proportional limit in compression

F = compressive yield stress

FS = factor of safety

f = calculated stress

A



f = calculated compressive stress
£y = stress at which the secant modulus of elasticity
is equal to 0.7

G = modulus of elasticity in shear

h = height

1 = moment of inertia

1, = pelar moment of inertia

J ~ torsion constant

K = spring constant

K = empirical constant

k = empirical constant

L = length

L’ = effective length = L/\/T

L/p = slenderness ratio

L7p = effective slenderness ratio

(L°/ pl,, = critical effective slenderness ratie
M = empirical constant in straight line column equation

= empirical constant in straight line column equatiun

N
n empirical constant in Ramberg-0Osgood equation
P = axial load

b = allowable load

P = crippling load

P = critical load

P = Euler critical load

r = radius

T = torque

= thickness

rectangular coordinates
= Ee/fl where e is strain

=
®
)

= Poisson's ratio

= torsional spring constant

radius of gyration = /IJA

= summation

= f/f

= apngular deflection ~
= angular deflection

8 ®aA MDETL o ¥
1l

2.3 Simple Columns

A simple column acts as a single unit and has a uniform cr.:: - otion
along its length. Such columns are treated in the following mater..

2.3.1 Primary Failure of Simple Columns

A simple column has a primary failure when its cross seriions are
translated and/or rotated while retaining their original shape, that = -when
the column fails as a whole without local instability. If the columu .:.z5



scctions are translated but not rotated as shown to the left of Figure 2-1, it
is said to fail by bending while pure rotation or a combination of retation and

translation are characteristic of torsional failures.

~
.y
{____.r_l.-_ —— -9 [..—._.l // .
1 1 "_-_J rd <
"L 7 N
s r “ ~
| N7 S ~ N
I \ LY £ ’,
| ~ A e
[ T p /<
H 1 - P
i\ A <07
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Figure 2-1. Modes of Primary Failure

2,3.1.1 Column Data Applicable to Both Long and Short Columns

A stable section {not subject to crippling) testing for various lengths
will generate data of the form shown in Figure 2-2. The stress F_, is the
stress at failure, and 1. /pis the ratio of the effective column length to the
radius of gyration of the section. This L “/p ratio is called the effective
slender=_ss ratio of the column.

Fuler Column Curve

col

or

Figure 2-2. Typical Column Failure Curve

From the figure, it is apparent that the Fuler column curve is quite
accurate beyond a critical L /p which defines the separation between long and
short columns. A great amount of test data, collected for particular materials
is available and eliminates the need to determine whether a long or a short
column curve is applicable. A summary of column allowable curves that are
applicable to both long and short columns is outlined and presented on the fol-
lowing pages. These curves are based upon the tangent modulus equation which
is discussed in Section 2. 3.1.11.1. The column allowables are based on mini-
mum guaranteed properties, Basis A, or probability properties, Basis B, if
the latter are available. The pertinent basis is indicated in the figures.
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INDEX OF COLUMN ALLOWABLE CURVES

Figure
Aluminum Alloys
2014 EXLrusion - -« - v v v v v v v e e e e e e e e e e e e 2.3
2024 Bare Sheet and Plate. . . . . . .. ... ..o 2_4
Bare Plate . . . . . . . . . . . oL, i... 2-5
Extrusion - . . - . -« . o e e e P 2-6
Clad Sheet and Plate . .« . . . . o v v v v v e e 2=7
Clad Sheet. . . . . . . . . . oo 2-8
7075 Bare Sheetand Plate. . - . . . . . .. . . .. ... ..., 2-5
Extrausions. - .« . -« « o o o Lo oo i e e e 2-3
Die Forging. . . - . . . . ... . ... 2-9
Clad Sheet. . . . . . . . . . . oo e 2-8
7178 Bare Sheet and Plate, (Clad Sheet and Plate, and
Extrusions . . . . . -« . o0 o e e e e e e e e 2.10
356 Casting. . . v v v v e e e e e 2-11
Magnesium Alloys
AZ6O3A-TE  Casting. . . . . 0 e e s e e e e 2-12
ZK60A-T5 Extrusion . . . .« . . . . oo e . 2-12
AZ3IB-H24 Sheet « « « v v o vt e e e e e e e e e e e 2-13
HMZ21IA-T8  Sheebt . . . . . . . . e e e 2.14
HM31A-F  Extrusion, Arca< 1.0in% . ... . ... ..... 2-15
HM31A-F  Extrusion, Area: 1-3.99 inZ. . . . .. ... .. . 2_16
Steel Alloys
Heat-treated Fy = 180-260 Ksi. . .. ... ..o o0 2-17
Heat-treated Tty = 90-150 Ksl . . . o . .. oo 0. Z2-18
Stainless Steel
18-8 Cold rolled - with grain. . . . . . . ... ... .. 2-19
Cold rolled - cross grain. . . . . . . . .. .. .. 2-20
AM 350 Sheet . . . . . . oo 2-21
PH 13-8 Mo Plate and Bar . . . . . . . . o v v v i . 222
PH 14-8 Mo Sheel . . . o . 0 v v v i e i et o d e s 2-22
FH 15-7 Mo Sheet and Plate . . . . . . . . . .. ... . ... 2-23
17-7 PH Sheet and Plate - . - . . . . . . . .. 0. 2-24
17-4 PH Bar . . . e e e e e e e e e e e 2-21




INDEX OF COLUMN ALLOWABLE CURVES (Cont'd.)

Titanium Alloys

Commercially Pure Sheet . . ., . . ... ... ... ...
8 Mn Annealed Sheet . - . . . . . . ..o L.

4Al-3Mo-1V

5Al-2.58n
6 Al-4V

§Al-1Mo-1V
I3V-11Cr-3Al

Solution Treated and Aged Sheet and

Annealed Sheet, Plate, Bar and Forging.
Annealed Extrusion. . . . . . . .. . ... ..
Annealed Sheet. . . . . . ..., .. ..
Solution Treated and Aged Sheet . . . . . .
Solution Treated and Aged Extrusion . . .
Single Annealed Sheet and Plate . . . . ..
Solution Treated and Aged Sheet and
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F.gl - Column Stress - Ksi
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2014 AND 7075 EXTRUSIONS
1 1 | I 1
Thickness
(E)) Curve Designation and Area Basis
7 L 2014-Té .125-.499 B
2 2014-T6 -500-.749 B
3 2014-T6 Z .750, As25 B
5 \ 4 2014-T62 2 125, A=32 A
i X 5 <.250, .750-1.499 B
8 6 1075-TH510 .250-.499 B
\ PN 7 and -TH511 .500-.749 B
3 8 1.500-2.999 B
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Figure 2-3. Column Allowable Curves




F.o1 - Column Stress - Ksi
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2024 BARE SHEET AND PLATE
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I )
\ f;) Material
\ \é Curve Designation Thickness Basis
| N 1 2024-T42 <. 250 A
\ 2 2024-T4 501-2.00 B
2024-T3 <.250 B
\ 3 2024-T36 <. 500 B
4 2024-Té <2.00 A
(3)
o 5 2024-T86 <.063 . A
§ 6 2024-T86  >.063,<.5 A
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Figure 2-4. Column Allowable Curves




Fcol - Column Stress - Ksi

90

20

10

| ] T LI - ll L}
2024 BARE PLATE
7075 BARE SHEET AND PLATE
Material
Curve Designation Thickness Basis
1 2024-T42 .250-3.00 A
2 2024-T4 .250-.500 B
3 7075-T6 . 016-.039 B
4 7075-Th .040-. 249 B
5 7075-T6 .501-1.00 B
250-.500 B
6 7075-T6 1.001-2.00 B
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Figure 2-5. Column Allowable Curves
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Feol - Ceolumn Stress - Ksi
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Figure 2-6. Column Allowable Curves
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2024 EXTRUSION
Material Thickness —
Curve Designation and Arvea Basis
1 2024-T4 <.Z250 B
2 2024-T4 L250-.749 B
3 2024-T4 .750-1.499 B
2024-T4 21.50, A<25 B
@ 4 2024-T42 2.250, AS32 A
5 2024-T62 All A —
& 224-T81 <_750 A
6
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Feol = Column Stress - Ksi
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2024 CLAD SHEET AND PLATE
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Fcol - Column Stress - Ksi
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2024 CLAD SHEET

Figure 2-8. Column Allowable Curves
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7075 CLAD SHEET
Material
Curve Designation Thickness Basis

1 2024-T42 <. 063 B

2 2024-T3 <.063 B

3) 3 2024-T36 <063 B

7 4 2024-T6 <. 063 A

9 5 2024-T81 <. 063 A

= \\ 6 2024-T86 <. 063 B
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9 7075-T6 .063-.187 B
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Fool - Column Stress - Kst
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Figure 2-9. Column Allowable Curves
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Feol - Column Stress - Ksi
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Figure 2-10. Column Allowable Curves
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F.o1 - Column Stress - Ksi

45

40

35

30

25

20

15

10

1 | 1 | T
CASTING - ALUM. ALLOY

Basis - A
Curve Material Designation
1 356-Th Sand Casting
2 356-Tb FPermanent

Mold Casting

l
\
\
‘\
\\N\>
~A.
‘\\ _
TN

20 40 60 80 100 120
' L'/p

Figure 2-11, Column Allowable Curves
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F.o1 - Column Stress - Ksi
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Figure 2-12. Column Allowable Curves
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- Column Stress - Ksi
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Figure 2-13. Column Allowable Curves
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Fcol - Column Stress - Ksi
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Figure 2-14. Column Allowable Curves
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Feol - Column Stress - Ksi
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Figure 2-15. Column Allowable Curves
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Fcol - Column Stress - Ksi
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Figure 2-17. Column Allowable Curves
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Fool - Column Stress - Ksi
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Figure 2-18. Column Allowable Curves
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Fcol - Column Stress - Ksi
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Figure 2-19, Column Allowable Curves
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ol Column Stress - Ksi
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Figure 2-21. Column Allowable Curves
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Fcol - Column Stress - Ksgi
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¥ - Column Stress - Ksi
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Figure 2-23. Column Allowable Curves
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Fool - Column Stress - Ksi
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Figure 2-24. Column Allowable Curves
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Fool - Calumn Stress - Ksi

180

160

140

120

100

B0

60

40

20

] 1 | | | | {
4A1-3Mo-1V TITANIUM ALLOY

SOLUTION TREATED AND AGED SHEET AND PLATE —]
ts 250
\\
A\ \\
— \\\ \ Basis - B —
\\\\\ \ ) Curve Temperature
\v \\ \ 3 1 Room T
300°
\\ \\ ; 400:F -
‘* Q% 5 L
6 700°F
ANN\EG
\ ‘]
AN\
\
AN
AW
\\
N
]
0 20 40 60 . 87 100 120

L'/p

Figure 2-26. Column Allowable Curves

2 - 30




L - Column Stress - Koi
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Figure 2-27. Column Allowable Curves
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Fcol - Column Stress - Ksi
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Figure 2-28. Column Allowable Curves
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Column Stress - Ksi
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F.y1 - Column Stress - Ksi
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Fegl - Column Stress - Ksi
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ool ® Column Stress - Ksi
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Figure 2-32. Column Allowable Curves
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Figure 2-33. Column Allowable Curves
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Fcoi - Column Stress - Ksi
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2.3.1.2 Sample Problem ~ Column Data Applicable to Both Long and
Short Columns

Given: The 0.6 in. square concentrically loaded column
shown in Figure 2-35,

4 y

P )] - P
4 Lo

2014-TH aluminum alloy extrusion

Figure 2-35. Pinned End Column in Axial Load

Find: The critical load, ¥_,, by using column curves appli-
cable to both long and short columns.

Solution: Since the column is pinned at both ends, L = L = 6 in.
For a square, I = b%4/12 and A = b%. Thus,

i 2 2

- = oz = {-6) = 2,173 in
T8 12 12

L' i

T . R VI

From Figure 2-3, curve 2, find F,,, = 56,200 psi. Thus,
P__ = F__,A= 56,200 (.6)%=20,2001b.

2.3.1.% Pending Failure of Concentrically Loaded Long Columns

I the process of describing column behavior in this c¢hapter, the
simplest cases are covered first and then various complications are covered.
Historically, the first type of column to be successfully studied was the long
concentrically loaded one for which Euler developed an equation giving the
buckling load in terms of column parameters. This is also the simplest case,

The Kuler formula, which is perhaps the most familiar of all col-
umn formulas, is derived with the assumptions that loads are applied con-
centrically and that stress is proportional to strain. Thus, it is valid for
concentrically loaded columns that have stable (not subject to crippling) cross
sections and fail at a maximum stress less than the proportional limit, that
is, concentrically loadga long columns. The form of the Euler formula is
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Pc!‘ - CTTZE or PGT _ TTZE (2-1)
A (LY A (LY
\O / \ o

Here, P/A is the ratio of the axially applied load at failure to the cross-
sectional area of the column. ¥ is the modulus of elasticity of the column
and I./¢ is the ratio of the column length to the least radius of gyration of
its section. The radius of gyration is defincd to be equal to¥I/A, where ]
is the moment of inertia of the section. The constant, C, which is cailed
the coefficient of constraint, is dependent upon end restraints and is dis-
cussed in Section 2. 3. 1.4 . In the second form of Equation {2-1}, L is
an effective length which takes into account end restraint conditions.

2.3.1.4 Copefficient of Constraint for EEnd Loaded Columns

In the discussion of columns, the coefficient of constraint C often
occurs. As was menticned before, this coefficient depends upon the manner
in which the ends of a column are restrained, which, in turn, determines
the boundary conditions that must be satisfied by the equations describing
the column.

Sometimes, the use of a coefficient is avoided by using an effec-
tive length L” instead of the actual length L in formulas derived for a
column with both ends pinned of length 1.. The term 1.7 is then the distance
between points of inflection of the loaded column curve. For example, the
effective length of a column of length L that is rigidly supported at both ends
is I./2 as can be seen in Figure 2-36,

| TTTTT

Figure 2-36. Example of Effective Length

The relationship between L" and L, and C is

2
(LY -c (z-2)

>

O T
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By assuming various combinations of idealized end restraints, a
table of theoretical end constraint factors may be constructed. This is
shown in Table 2-1. -

TABLE 2-1
Coefficients of Constraint for Idealized End Conditions
Type of Fixity C Type of Fixity C
A 2. 05
-
1.G0 4.00

The end restraints of an actual column are never exactly equivalent
to pinned or fixed ends, but lie somewhere between the two extremes. This
discrepancy is due to the fact that a pinned joint is never euntirely frictionless
and a member to which a column is fixed is never perfectly rigid.

Cases for which one or both of the ends of a column are fixed to
nonrigid members may be treated by considering these ends to be restrained
by a torsional spring of spring constantiy. The constant 4 is defined tc be
dT/dd where T is a torque applied to the support at the point where the col-
umn is attached and § is the angle of twist at this point. Given this definition,
U may be calculated by applying formulas from strength of materials to the
member to which the column is attached before attachment. For example,
consider the column shown in Figure 2-37. The torsional spring constant for
the end is found by considering the beam supporting the column and calculating
dT/ds where T and § are as shown in the middle diagram. dT/dA is a constant
for small defiections so T/8 may be found from beam formulas. The column
is then redrawn with the attached beam replaced by an equivalent torsional
spring. o |
7 LT
/ L/ dg

A
v

Figure 2-37. Example of Equivalent Torsional Spring
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Equations have been developed that give the end fixity coefficient, C,
as a function ofy, L, E, and I for columns equally elastically restrained at
both ends and for those pinned at one end. These equations are given and
plotted in Figure 2-38. From these plots, it can be seen that C approaches
the value corresponding to a fixed end rather than an elastically restrained
end as | increases. Likewise, C approaches the value corresponding to a
pinned end as the spring constant approaches zero,

1.0 | I D
Foru==, C=4.0
= —
//
3.6 g Both Eunds Equaily Restrained
3.4 / lf[é .Zf[l
2 / m
L
3.0 / v b
o
- : [
Lo . Ul /T Cot “2/_
o EI
C 6 i i 1
s / C = fixity coefficient
,g 2 E = modulus of elasticity
:j I = moment of inertia
2 L = length of column
-2\ <. - u = bending restraint coeificient -
= spring constant (in-lb/rad)
oo R
- // One End Restrained
b A }19,} 2 A
/ L —-I
- sl mec R ~
El nJ/C Cot n/T -1
g = = 2.05
1.0 For W= o=, C
T T I
G 10 20 30 40 50 60 72 80 90 100 119
u L
FI

Figure 2-38. Fixity Coefficient for a Column with End Supports Having
a Known Bending Restraint
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At times, a column may be supported along its 1.ngth as well as at
the ends. For example, the column shown in Figure 2-:" (= supported at its
midsection by ancther member.

&

AN

Figure 2-39. Simply Supported Column with Intermediate Support

In order to treat such a case, namely that ilivsirated in Figure
2-39, we may consider the member supporting the coluirnn at its midsection
to be a spring of spring constant K lbs/in. which may ¢ found by applying
strength of materials to the support. Charts that give the coefficients of
restraint of a pinned column with a single lateral supp. rt along its mid-
section or two lateral supports symmetrically placed v i's midsectian are
available. Figure 2-40 shows a simply supported colurin with one lateral
restraint and gives the coefficient of constant of such 2 column as a function
of column parameters. Figure 2-41 shows a simply supported column with
two symmetrically placed lateral restraints and gives the coefficient of con-
straint as a function of column parameters.

The previous discussion of coefficients of constraint was limited
to relatively simple cases. At times, however, a column may bhe attached ™
to members for which an equivalent torsional spring constant 1s not easily
found or it may be attached in more complicated ways than those previously
discussed. In such cases, certain general rules may be applied.

In normal practice, the coefficient of constraint is less than two
and the effect of end fixity is smaller for short columns than for long ones.
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Figure 2-40. Fixity Coefficient for a Column with Simply Supported Ends
and an Intermediate Support of Spring Constant, K
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= P .
KZ K
where K = spring
a --l-q— b -——b-l-ﬂ— a j constant Ib/in
L
9
™

é 3 ‘-"-.\ \ \\\ \k z%C?-"-
FEEESNAN
e
0 1 2 -3 4 5 . -7 - . 1.

b/L

Figure 2-41. Fixity of a Column with Two Elastic, Symmetrically
Placed Supports Having Spring Constants, K

The ends of a compression member in a welded truss of steel tubes,
like those that are often used in aircraft structures, cannot rotate without
bending all of the other members at the end joints. Such a truss is shown
in Figure 2-42, It is difficult to cbtain the true end fixity of a compressive
member in such a truss since the member may buckle either horizontally cr
vertically and is restrained by the torsional and bending rigidity of many
other members., It is usually conservative to assume C = 2.0 {or all mem-
bers. A smaller cocfficient of constraint might be used for a heavy com-
pressive member restrained by comparatively light members. Likewise, a
larger cocfficient of constraint may hold for a light compressive member
restrained by heavier members. A coefficient of constraint of one should be
used if all of the members at a joint are in compression. Steel tube engine

mounts are usually designed with the conservative assumption of a coefficient
of constraint of unity.



— —— |

—— om ————
\ N |
l \‘\‘

ey

-—-———--——

Figure 2-42. Welded Truss

Stringers which act as compression members in semimonocoque
wing or fuselage structure, such as that shown in Figure 2-43, are usually
supported by comparatively flexible ribs or bulkheads. The ribs or bulk-
heads are usually {ree to twist as shown so that their restraining effect may
be neglected and the value of C is taken to be unity, where L is the length
between bulkheads. If the bulkheads are rigid enough to provide restraint

and clips are provided to attach the stringers to the bulkheads, a value of 1.5
is sometimes used for C.

e P

—— —

e =

P ———y — — h T 1;4—-——-13

Ut 'L

Figure 2-43. Semimonocoque Structure

2.3.1.5 Distributed Axial l.oads

Columns subjected to distributed axial loads may be treated by
formulas developed for end leaded columns if a coefficient of constraint is
used that takes into account beth the load condition and end fixities. Fig-
ure 2-44 shows columns under z unifermly distributed axial load of P/ L
Ibs/in. with various end restraints and their corresponding coefficients of
constraint. The values P, L, and C are used in the formulas for end loaded
columns.

P P ' P P

i g f {

)
!

C=3.55 C=17.5 C=1.87 C = .794
P/L lb/in P/L ib/in P/ 1b/in P, L lb,/in

N
S
A
N
N
N

{

-
—
c
SN S
-

N = sy
[ratf——
-

Figure 2-44. Coefficients cf Constraint for Columns Under a Uniformly
Distributed Axial Load
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2.3.1.6

Sample Problem - Concentrically loaded Long Columans
in Bending

Given: The concentrically loaded rectangular bar shown in
Figure 2-451is fixed at one end and attached to a round bar
at the other end. Both bars are made of steel for which

E =30 x 10° psi and G = 11.5 x 10° psi.

1 in. diameter
round bar

2 1/2

40 - in. bar

|

P

Figure 2-45. Example of Constrained Column

Find: P, .

Solution: From elementary strength of materials, § = TL/L,G for
a torsion bar. In effect, there are two 7.25-in. -long bars
attached to the end of the column sc that the equivalent tor-

sional spring constant is

u:?LAZJG
9

L
Substituting the appropriate values into the expression for y gives

i
(2)'—"%12)— (11.5x100)

- = 3.12 x 10° in. -
") T X in. ~1b/rad
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The column may now be redrawn as Figure 2-46.

Figure 2-46. Free Body Diagram of Constrained Column

------- S = 20

From Figure 2-38, we find that € = 1.88. Solving Equation
(2-2) for L gives

= = = 29.2 in.

.
A® L.

I =

jos]
o

The radius of gyration of the bar is

=13
I/A = /Ezl—;}—- f2(.3) = 0.144 in.

The slenderness ratio

s Tt =212

From Section 2, 3.1.11.7, itis found that a steel column for
which L/p is greater than 120 1is a long column. Thus, the
Fuler formula, Eguation {2-2), becomes

o Fa T.TZ E

ar -
( L' Z
p

Substituting the values for the given column into this equation
gives

2 6
4 5x2m7(30x107) _ 43 100 Ib.
150°

P

er
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In general, a column such as this must also be checked for
buckling in the plane through the bar and the column. In this
case, however, the column will not fail by this mode.

2.3.1.7 Bending Fajlure of Eccentrically LLoaded Long Columns

A theoretically correct formula that holds for eccentrically loaded
columns is the secant formula:

F 1
* P 2-3)
. /
1+ EC secrL' _;f—E—]
0l ~2p ¥ AE

in this formula, P, A, o, L, C, and E are defined as before, and e is the
eccentricity of the load. The distance between the central axis and the con-
cave side of the loaded column is designated as ¢. In the case of a long eccen-
trically loaded column, FWI may be taken to be the _value of Pc,-"A found from
the Euler formula in Section 2. 3. 1.3, 1f a factor of safety, ¥5, is applied,

the corresponding formula for allowable load, P,, becomes

(FS)P, ¥t (2-4)
e,
A L4 &S Sec[ L’ (ESIP, ]
0l 20 ¥ AE

The sccant formula may also be used for short columns by finding F_, dif-
ferently as will he shown in the material on short columns.

All physical columns have some accidental initial curvature due to
imperfections and some eccentricity of loading. In these cases, an cquivalent
eccentricity may be used to approximate the effects of the imperfections. Data
may also be found foer the equivalent eccentric ratio which is the ec,’cz term in
the secant formula, Values for these may be found in Section 2. 3. 1. 8.

The secant formula applies when the eccentricity is in the plane of _
the bending.

Unfortunately, the secant formula is difficult to solve and must be
solved by either trial and error or charts.

2.3.1.8 Equivalent Eccentricity for Imperfect Columas

As was mentioned previously, no column is perfectly straight and
concentrically loaded. In order to allow for these initial imperfections in a
column whose loads are concentrically applied, an equivalent eccentricity of
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loading may be asssumed. The column may then be treated by methods used
for an eccentrically loaded column.

Opinion is divided as to whether the equivalent eccentricity assumed
for imperfections is dependent upon or independent of the length of a column.
If we assume that it is independent of column length, an equivalent eccentric
ratio c—zc/p2 ranging from 0.1 to 0.25 may be used. The mean value of such
an eccentric ratio is approximately ecqual to 0.2. We may also assume that
the equivalent eccentricity, e, is proportional to the effective length of the
column. If this procedure is used, e may be taken to be equal to KL where K
is a constant. Values of K ranging from 0.001 to 0.0025 may be used with the
latter yielding conservative results.

2.3,1.9 Sample Problem - Long Eccentrically Loaded Columns and
Equivalent Eccentricity

Given: The round column shown in Figure 2-47 with norminally

concentric loading.

50004 ——®= /K + —p——— S0004#
7 [N

Steel - E = 30 x 10° psi

Figure 2-47. Column Loading for Study of Eccentricity

Find: The column diameter, D, for a factor of safety of 1.5, con-
sidering the initial imperfections of the column.

Solution: For a round section, [ = TTD4/64 and A = TTDZ/4. Thus,
o =vV1/A = D/4. Since the column is pin ended, I. = L.” = 50 in.
Try D=1.215.

- U PV -
. 1.215
4

According to Section 2.3.1.11.7, steel columns for which L /2
is greater than 120 may be treated as long columns. Thus F_,
in the secant formula may be found by the Euler formula;

E 1 (30 x10%)
L' (164.5)2

= 10, 920 ps.
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The secant formula, Equation (2-4), may now be written as

(FS)P,

¥

col

A

1+ =5 sec L L
o2 \_ 20 N AR
16, 950
e
» FS) P
1+ 5 gec[ L \/‘( i 2
o 't 2-0 ¥ AE A

- [(FS) P, :

A

According to Section 2.3. 1.8, equivalent eccentric ratio due to

initial imperfections i's between 0. 1 and 0, 25.
servative side, use an equivalent eccentric ratio of 0.25.

To be on the con-
Sub -

stituting this and column parameters inte the secant formula, the

expression below is obtained.

(1. 5) (5000)
m{l.215)%
4

or 6450 = 545D

Thus, the original guess of D = 1.215 was correct.

10,950
{_ 50 {1.5) (5000} A]
2{1.215)  / m(1.215)2 | 6, |
—— A= 30 x 10
1 + .25 sec L P s 1 {30x ) J

If this were

not true, different values of D would have te be chosen until one
was found that would make both sides of the secant formula equal.

2.3,1.10

Bending I'ailure of Short Columns

In the previous discussion of long columns, it was assumed that the

column material was in the elastic range at the time of buckling.

This assump-

tion, however, is not true for columns having an effective slenderness ratio

of less than a certain critical value for a given material.

This value of the

critical effective slenderness ratio, L /0, is discussed in Section 2.3.1.11. 7.
Since the Euler formula no longer applies for short columns, one of the for.
mulas used to fit short column data must be used to treat them.

Z.3.1.11

Bending Failure of Concentrically Loaded Short Columns

Several formulas are available to treat short columns.

These have

no theoretical justification as did the Fuler formula, but fit column data to a

degree of accuracy depending upon the material and column parameters.

The

equations most commonly used for short columns are the tangent modulus,
Johnson Parabolic, and straight-line equations.
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2.3.1.11.1 Tangent Modulus Equation

If the slenderness ratio of a column is low encugh that some of
its fibers are no longer in the elastic range at the time of failure, the Euler
formula no loenger holds. However, this case may be treated by defining a
tangent modulus of elasticity, E,, to be the slepe of the stress-strain curve
at a given point., This tangent modulus of elasticity may then be substituted for
the modulus of elasticity in the Fuler equation to obtain the tangent modulus
equation {modified Euler equation}.

2
m= E;)
i TZ (2-5)
(LY
S /

Since E; is equal to E in the elastic range, the tangent modulus equation reduces
to the Euler equaticn for long columns and is thus valid for both long and short
columns. '

The value of stress at which E; is found is the maximum stress
in the column. In the case of a concentrically loaded column, this is equal
to P/A. GSince E,; is a function of loading, the tangent modulus equation must
be solved by trial and error if E; is found from stress-strain diagrams or tables.

The tangent modulus equation has been solved for a number of
different materials and these sclutions are shown in Section 2. 3. 1. 1.

The main disadvantage of the previously degcribed procedure
for solving the tangent modulus equaticn is the trial and error method required,
This disadvantage may be eliminated if ar equation for the stress-strain curve
is available. Such an eguation is the Ramherg-0Osgood equation,

-5+ o gh
7

Here, ¢ = Ee/fl and 0 = fc/Jf1 where e is the strain, f, is the compressive stress,
and f; is the stress at which the slope of a line from the origin to a point on the
stress-strain curve is 0.7. E and n are constants determined experimentally
for a given material. The Ramberg-0Osgood equation may be used to obtain the
following expression for the tangent modulus of elasticity.

E, - e (2-6)

14377 ot

This expression may in turn be substituted into the tangent modulus equation

with { equal to F_, to obtain
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F T E 1 (2-7)
i s 2N n-1

(L Y 14 3/7 no

N

In the case of 2 column under concentric loading, F,,, is equal to PfA, A
nondimensional plot of this equation is shown in Figure 2-48. Values of n,
fj, and F that arc needed for the Ramhuerp-Osgood equation are shown in

Table 2-2.

E(ol
1
e,

L'/s
T E/,

Figure 2-48. Nondimensional Plot of Tangent Modulus Equation with
E, Obtained from the Ramhberg-Osgood Equation
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TABLE 2-2

Properties of Various Materials for Ramberg-Osgood Equation

Material E, Ksi n f. Ksi

Aluminum Alloys

24 5-T Sheet 10, 700 10 41
24 5-T Extrusion 10, 700 10 37
755-T Extrusion 10, 500 20 71
Clad 2024-T3 Longitudinal 1o, goo 10 38.1
Clad 2924-T4 Longitadinal 10, 000 15 16.5
Steel
Normalized 29, 000 20 75
Fy, = 100,000 29, 000 25 BO
F,,= 125000 249, 002 315 100
Fy, = 150,000 29, 000 40 135
Fy, = 180, 070 29, 000 50 165

Titanium 6Ai-4V Bur Stock,
Longitudinal F,,, = 145 Ksi
at room temp., 1/2 hr.
expusure to temperature

at room tempe rature 17, 500 1g 164
at 500°F [é6, 000 17 108
at T00°F i35, 000 10 93.4
at 900°F 13, 800 ki §3.7

One great advantage of using the Ramberg-Osgood relation
is that the necessary constants may be obtained for new materials without
extensive testing.

In general, the tangent modulus theory will yield conservative
results. However, this theory yields values for the critical load that are too
high for very short columns for which E, may be less than 0.2 at failure,

2,3, 1.11.2 Sample Problem - Use of Tangent Modulus Eguation for
Concentracally Lozded Short Columns

Given: The l-in. square concentrically loaded column
shown in Figure 2-49,

Find: The maximum value of P by using the tangent modulus
equation, with E, obtained from the Ramberg-Osgood relation,






15 hﬁ,

ot
t g
P ———t L . —-f——— P
1 b 24 S-T Extrusion

Figure 2-49. Column Loading Used for Illustration of Tangent-
Modulus Equation

Solution: Ultimately, Equation (Z2-7) must be solved. This
equation is shown é_{raphically in Figure 2-48. From Table 2-2,
find 2 = 10.7 x 10” psi, n = 10, and {] = 37,000 psi for the
given material. Consulting Section 2.3. 1.4, find that C = 2,05
for the given end constraints, Solving Equation {2-2), find that

L™= L/ C. Ilathis case,

. 15

L = —2Z = 16.5%in,
J2.05
4 2
For a square, I = b /12 and A = b",
I 1 2
0 o= r!.ﬁ_m. = N e
N A 12 .
In this case,
i1
p = J—— = .28
\; z 9
Thus,
Lo 10.55/0.289

WE/f /10, 7x10%/3.7x10%

From Figure 2-48,

F
ot - 0,88
31

Thus,

¥ = :0.88f1
A

P, =0.88 A £ = 0.88(1) (37,000)

cr

P, = 32,600 lb,
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2.3.1.11.3 Reduced Modulus Equation

An equation that is theoretically more correct than the tangent
modulus equation is the reduced modulus equation., In this case, a reduced
modulus of elasticity, E_, is used to replace E in the Euler equation. This
reduced modulus is a value between ¥ and E,, one suggested value being

5 - LEE,

S ——— (2-8)
VE+/5,)

It can be seen from this equation that E, approaches E as E, approaches E
so that the reduced modulus equation reduces to the Euler equation for long
columns as doces the tangent modulus equation.

The reduced modulus equation is accurate for specimens in
which extreme care in manufacturing and testing is used but yields high values
of critical load for other columns., The more conservative tangent modulus

equation is preferred to the reduced modulus equation [or this reason as well
as for its greater simplicity.

2.3.1.11.4 Johnson-Euler Equation

For many materials a parabela may be used to fit column test
data in the short column range. The equation of such a parabola mavy be

written as
LN\
) (2-9)
0O

where I, and K are constants chosen to fit the parabocla to test data for a
particular material. The Johnson-Eulexr column curve consists of the Euler
curve for high 1."/o ratios combined with a parabola that is tangent to this
curve and covers short column ranges. If Equation (2-9)is adjusted so that
it is tangent to the Euler curve, we obtain the Johnson equation

chl = ch - K <

- N2
F. () | -
Fcal = Fcn L - 2 l (2-10)
4 g B
Here, F_,, is the maximum column stress which is given as P/A for concen-

trically loaded long columns and by more complicated formulas for eccen-
trically loaded columns. The single experimentally determined constant, I .,
is called the column yield stress but has little physical significance for col-
umns with stable cross sections since very short columns for which L7 /p is
less than approximately 12 fail by block compression. In cases where local
crippling and primary bending failure interact, F_, may be taken to be equal
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to the section crippling allowable. This case will be discussed more v

tensively in Section 2.3.2. A typical Johnson-Euler curve is shown i+ g-
ure 2-50., The coordinates that are marked show the point of tangen<y .-l nen
the Johnson parabola and the Euler curve. Thus, the critical effect . siander-

ness ratio separating long columns from short columns is N Ry, E/}'v ‘ur the
Johnson-Euler curve.

Feol Johnson Parabola
FCO
Yeo | _ _ __ ____ 7 Euler Curve
2
|
|
1 <
1 2
f
Sz /_b_:___
FCD
Figure 2-50. Typical Johnson-Euler Curve
The main advantages of the Johnson-Euler curve are its
ability to fit data when there is an interaction between crippling and nrivory
bending failure and simplicity of computation. For columns having stz
cross sections, one of the other short column curves is normally perirred,

2.3.,1.11.5 Straight Line Equation

Short column curves for most aluminum alloys and se: o+l
other materials are best represented by straight lines. A typical straight
line is shown in Figure 2-51.

Feol

Euler Curve

L
P

Figure 2.51. Typical Straight Line for Short Columns
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As can be seen from Figure 2-51, the straight line is not neceséarily tan-
gent to the Euler curve as is the case for the Johnson parabola but this is
often the case. The straight line shown may be given by the equation

FoI:N-M(

. ;‘ ) (2-11)
where N and M are constants chosen to best fit column data for a given mate-
rial. As in the case of the Johnson parabola, this straight line does not

always hold for very short columns that fail by block compression so it is

cut off at I, as shown . in the figure.

The critical effective slenderness ratio may be found by
equating F_ , as found by the Juler formula to that value as found by Equa-
tion {2-11). This procedure involves solving a cubic equation and will not
be presented here since values of the critical slenderness ratio are tabulated
in Table 2.3,

Values of the constants N, M and the corresponding critical

slenderness ratio (L'/p)cr are available for a large number of aluminum
alloys and manufacturing processes. These values are shown in Table 2-3.
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TABLE 2-3
Constants for Straight Line Equation

Extruded Rod, Bar and Shapes

Alley and Temper Thickness, In. Nksi) Miksi) (IQJ—')
cr
2014-0 All 9.9 0.037 t60
2014-T4 All 35.2 0.251 89
2014-TH Up thru 0.499 61.4 0.410 50
2014-T6 0.500-0,749 67.3 0.471 48
2014-Té 0.750 and aver
Area 25 sq in. max. 69.7 0.496 47
Area 25 to 32 sq in. 67.3 0.471 48
2024-0 All 9.9 0.037 160
2024-T4 Up thru 0.249 43.6 0.300 65
2024-T4 0.250-0.74% 44.8 0.313 64
2024-T4 0.750-1.499 50.9 0.379 60
2024-T4 . 1.500-2.999
Area 25 s5q in. max. 58. 4 0.466 56
2024-T4 3.000 and aver
Area 25 sg in. max. 5B.4 0.466 56
2024-T4 1.500 and over
Area 25 thru 32 sq in. 53.4 0.407 59
3003-0 All 5.4 0.015 222
3003-H1ili2 All 5.4 0.015 222
5454-0 Up to 5.000 13.3 0.058 142
5454-H112 Up to 5.000 13.13 0,058 t42
5454-H3ll Up to 5.000 20.4 0.111 121
5456-0 Up to 5.000(;) 2L.6 0.1290 111
5456-Hl1i2 Up to 5.DOO(\3D 2i.6 0.120 111
5456-H311 Up to 5.000® 25.3 0.153 106
6061-0 All 5.4 0.015 222
6061 -T4% All 15.7 0.074 128
6061-T6 All 38.3 0.202 63
6061.-T6H2 All 28. 1 6.127 74
6062-0 All 5.4 0.01I5 222
6062-T4 All 15.7 0.074 128
6062-T6 all 38.3 0.202 63
6062-T62 Al 28.1 0.127 74
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Extruded Rod,

Bar and Shapes {Cont'd.)

2 - 60

Crs
Alloy and Temper Thickness, In. Niksi) Miksi} t.“li )
P ‘cr
0063-142 Up thru 0.500 11.0 0.043 149
6063-TS Hp thre 0,500 17.5 0.076 163
6063-T6 Up thru 9. 124 28.0 0.1565 81
6063-T6 0.125-0.500 24.0 0.155 g1
075-0 All 13.3 ¢.058 142
7075-Th Up thru 0. 249 19.3 0.602 44
7075-T6 0.250-0.499 87.8 0.859 46
T075-T6H 0.500-1.499 H7.H 0.859 46
7075-Té 1.500-2.999 81.7 0.629 43
7075-76 3.000-4.499% 85.2 0.821 47
7075-Té 3.000—4.499_ 79.3 0.602 44
7075-Th 4.500.5.0009 6.9 a.575 45
7178-T6 Up thru 0-249_ B6.5 0.686 42
T178-T6 0.250-2.999@ BR. 9 0.714 42
b - e - —_ RISV S -
Rolled and Cold-Finisubed Rod and Bar
— e e e s S
Diameter ) .
Ailoy and Temper ar N{ksi) Miksi) (E)
Thickness, In. 0 ‘fer
EC-C All 3.2 G.006 241
EC-H12 Up to I in. B.7 0.030 165
EC-HIL3 Up to 1 in. 13.3 0.058 142
EC-HI7 Upto 1/2 in. 16.8 0.082 124
L100-G All 4.3 0.01¢ 221
1100-F 0.375 and over 7.6 0.025 186
2011-T3 0.125-1.500 45.4 0.368 79
2011-T3 1.501-2.000 40.3 0.308 85
2011-T3 2.001-3.000 33,2 0.251 89
2011 -TH D.125-3. 250 48.0 0.400 17




TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Rolled and Cold-Finished Rod and Bar {Cont'd.)

—  — _,_,____“__‘_____

Diameter (L.'
Alloy and Teruper or MNksi) Mikai) P-)cr
Thicknesa, In.

. S —d
2014-0 Up thru 8,000 9.9 Q.637 160
2014.-T4 Up thru 6.750 EX g.278 86
2014-T6 Up thru &.750 64.7 0.543 54
2017-C Up thru B. 000 9.9 D.037 160
2017-T4 Up thru 8.000 7.7 0.278 86
2024-0 Up thru 8.000 9.9 0.037 160
2024-T4 Up thru 6.500 48.0 G.400 77
3003-C Al 5.4 0.015 222
L003-H12 Up thru §.374 12.2 0.051 148
1N03-Hl4 Up thru 0.313 16.8 .082 124
3003-H16 Up thru 0.250 22.8 0.131 liz
3003-HI8 Up thru 0.204 26.5 0.164 103
5052-0 All 11.0 0.043 149
5052-F 0.375 and over 12.2 0.051 148
6061-0 Up thru 8.000 5.4 0.015 222
6041 -T4 Up thru 8.000 1.0 G.092 128
6061 -Th Up thru 8.000 38.3 0.202 63
7075-Q Up thru 8. 000 12.2 0.051 148
7075-Th Up thru 4.000 8.1 0.729 49

Standard Structural Shapes {Rolled or Extruded}
- e B s T —
LI -
Alloy and Temper Thickness, In. N{ksi) Mikai) (‘““)
P
— . e
2014-0 All 9.9 0.037 160
2014-T4 All 35.2 0.251 89
2014-T6 Ali 64.7 0.543 54
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TABLE 2-3

Constants for Straight IL.ine Equation (Cont'd.)

Standard Structural Shapes (Rolled or Extruded)

Alloy and Temper Thickness, In. MN{ksi} Miksid (E‘m)

cr
5456-0 All 21.6 0.120 111
5456-H112 All 21.6 0.120 111
5456-1{311 All 2.3 0.153 106
6061-0 All 5.4 0.0&5 222
6061-T4 All 15.7 0.074 128
6061-Té Al 38.3 0.202 63
6061-T62 All 28.1 0.127 74
6062-0 All 5.4 0.015 222
6062-T4 All 15.7 0.074 [zy
6062-T6 All 38.3 D.202 63

Die Forgings
. L!
Alioy and Temper Thickness, In. Niksit Miksi) “5”)
er
}__.—_L

1100-F Up te 4 in. 4.3 0.010 221
2014-T4 Up to 4 in. 35.2 0.251 89
2014-Té6 Up to 4 in. 61.4 0.410 50
2018-Tét Up to 4 in. 48.0 0.400 71
2218-TH! Up to 4 in. 45.0 ¢.400D 77
2218-T72 Up to 4 in. 33.9 0.237 91
3003-0 All 5.4 c.015 222
3003-F All 5.4 0.015 222
4032-T6 Up to 4 in. 50.6 D433 15
6061-T6 Up to 4 in. 38.3 0.202 63
6151-T6 Up to 4 in. 40.6 0.2290 61
1075-T6 Up to 3 in. 73.3 0.535 46
7079-Té6 Up to 6 in. 72.1 0.522 46

2 - 62




TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Drawn Tube

Wwall

. I‘l
All d W(ksi) i -

oy and Temper Thickness, In. 1 Miksi) (p )Cr
2024-0 All 8.7 0.030 165
2024-T3 0.018-0.500 50.6 0.433 15
3003-0 ALl 5.4 0.015 222
3003-Hi2 All 12.2 0.051 148
3003-H!14 All 16.8 0.082 124
3003-HL6 All 22.8 D.131 P12
3003-H18 All 26.5 0.164 103
Alclad 3003-0 0.014-0.500 5.4 0.015% 222
Alclad 3003-H12 0.014-0.500 12.2 06.051 148
Alclad 3003-H14 0.014-0.500 16.8 0._082 124
Alclad 3003-HI16 0.014-0.50¢C 22.8 0.131 112
Alclad 3003-HI18 0.014-9.500 26.5 0.164 103
5050-0 All 6.5 0.019 185
5050-H34 All 20.4 0.111 121
5B50-H38 All 25.3 0.153 106
5052-0 All 11.¢ 0.043 149
5052-H34 All 26.5 0.164 103
5052-H38 Al 33.9 0.237 91
6061-0 All 5.4 0.015 222
6061-T4 0.025-0.500 18. 0 0.0%2 128
6061 -T6 0.025-0.500 38.3 0.202 63
6062-0 All 5.4 0.015 222
6062-T4 0.025-0.500 18.0 0.092 128
6062-TbH 0.025-0.500 38.3 0.202 63
6063-T83 All 32.6 0.159 69
6063-T831 All 27.0 0.120 75
6063-T832 All 38.3 0.202 63
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Extruded Tube

Atley and Temper

Wall

. . !
Thickness, In. N(kesi) Mlesil Em)cr
2014-0 All 9.9 0.037 160
2014-T4 0.125-0.499 30.2 0.200 100
2014-T4 0.500 and over 35,2 0.251 89
2014-T6 0.125-0.499 61.4 0.410 50
2014-T6 0.500-0.749 67.3 0.47t 48
2014-T6 0.750 and over —
Area 25 sg in. max. 69.7 0.496 47
Area 25 to 32 sq in. 67.3 0.471 48
2024-0 All 9.9 0.837 160
2024-T4 0.499 and less 41.1 0.275 67
2024 -T4 0.500-1.499 50.9 0.379 60
2024-T4 1.500 and over —
Area 25 sg in. max. 53.4 0.407 59
Area 25 to 32 sq in. 50.9 0.379 60
3003-0 All 5.4 0.015 222
ano03-F All 5.4 0.0t5 222
5154-0 Alt 2.2 0.051 148
6061-0 All 5.4 0.015 222
6061-T4 All 5.7 0.074 128
6061-Th All 38.3 0,202 63
6062-0 All 5.4 0.015 222
6062-T4 All is.17 0.074 128
6062-TH AlL 38.3 0.202 63
6G63-T42 Up to 0.5G0 11.0 0.0473 149
6063-T5 Up to 0.500 17.5 0.076 103
6063-T6 Up to 0. 500 28.0 0.155 81
7075-0 All 13.3 0.Q58 142
7075-Th Up to 0. 249 79.3 0.6062 44
2075-T6h G.25G-2.999 81.7 0.629 473
1178-T6 Up to 0.249 86.5 0. 686 42
7178-TE 0.250-2.999 88.9 0.714 42
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Vipae
Adley and Teniper Siie ar N{ksi} Mksi (1—" )
‘Thickness=, In. 1 ol .
Nn3-Q All 5.4 0.015 222
iei-ifl12 Tin. and over 6.5 0.019 185
3003-H14 Under 1in. size 26.5 N. 164 193
Inn3-F I in. and over E) n.01s 222
———— R [N N — — e — S |
L051-TG Under 1 in. sive 8.3 0.202 £3
66L-TH P, and over i3 0.2n2 3
6063-T5 Adl 17.5 N.076 103
H063-Th AT 28.0 0,155 81
HDG3-TB32 All 5.3 0.202 63
N S S S 1
Sand Castings
Alloy and Temper Thickness, in. Niksi) Miksi) (-i:—)
-+ Ny
43T 7.6 0.025 186
122-T6! 35.2 0,251 a9
P . T
142-T21 15.7 0.074 128
142-T571 35.2 G.251 89
142-7177 18.0 n. 092 128
. The values to the right
195-T4 - 15.7 0.074 123
; are based on tests of
195-T6 . . 24.0 0. 341 167
. standard speciumens in-
195-TH2 . 33,9 0.23%7 o]
oo dividually cast.
197-T7 19.2 n.101 120
| S— J— e —-
214-F 11.0 3.043 149
NZ2l4-F 12.2 N.051 148
F214-F 1.0 0.043 143
220-T4 15.9 0.076 131
3t19.F 11.5 0,047 163
319-T6 14.4 0.065 134
— — pE———
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Alloy and Temper

Sand Casatings {Cont'd.)

Thickness, In.

L(
Niksi) Mksi) (=)
Par
355-T561 12.2 0.051 148
355-T6H 14.4 0. 065 134
355-Th1 23.4 0.136. i0g
355-T7 24.2 0.143 107
355-T71 15.9 0.076 131
The values to the right
356-T51 are based on tests of i1.5 0.047 163
356-Th standard specimens in- 13.7 D.061 144
356-T7 dividually cast. 18.8 0.098 123
356-T71 13,0 0. 056 143
AB12-F 14.4 0.065 134
Permanent Mold Castingsa
Alloy and Temper Thickness, In. N(ksi} Miksi) (£
Plr
43.F 7.6 0.025 186
Cl13-F 24.0 0.141 107
122-T551 37.7 0.278 86
122-T65 15,2 0.251 89
Fl32-T5 --- - -
. The values Lo the right
142-T571 e med on e ol 13. 0.237 91
142-ThH1 slandarc spoolmens an 44,1 0.352 80
dividually cast.
B195-T4 16.8 0.082 124
B195-Té Z5.3 0.153 106
B195-T7 18.0 0.092 128
AZl4-F 14.5 0.066 135
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TABLE 2-3

Constants for Straight Line Equation (Cont'd.)

Permanent Meld Castings {Cont'd.)

(DArea up thru 20 sq in.

®Area 20 thru 32 sqin.

E)

.~
Area up thru 30 sq in.

@The values shown for this alloy are valid for
any location in the casting.

2 - 67

Alloy and Temper Thickness, In. N{ksil Mikei} /I‘;”’)
Lr
333-F 18.0 0.092 128
333-T5 25.3 0.153 106
333-Té6 29.0 0.188 100
333-77 26.5 0.164 103
359-T51 The values to the right 25.3 0.153 106
385.T6 are based on tests of 26.5 0.164 103
355-T6H2 standard specimens in- 44.1 0.352 80
355-T7 dividually cast. 31.4 G.212 98
355-T71 31.4 0.212 98
c355-T61® 35.2 0,251 89
—
356-T6 25.3 0.153 106
356-T17 24.0 0.141 107
A356-T61® 31.4 0.212 98
C612-F 15.7 0.074 128
750-T5 8.7 0.030 165
B750-T5 - --- ---




2.3,1.11.6 Sample Problem - Use of Straight Line Equation for
Concentrically Loaded Short Columns

Given: The concentrically loaded rectangular bar shown
in Figure 2-52.

et 12 —ne]
¥
I"{).5

6061-T4 Aluminum Alloy Extruded
Bar, Width = 1.0 in.

!
SIS
BRANNNNN

4o

Figure 2.52. Concentrically Loaded Short Column

Find: The critical load, P,

Solution: Siace the column is made of aluminum alloy, a
straight-line equation should be accurate if the column is
short. From Section 2.3.1.4, C = 4 for columns having
both ends fixed. Since C = (L/L°}%, L’ = L/2. The radius
of gyration,

I bh3
= /L _ /bbb’y
3 \/; 2/
3 2
_/n s
p - S = 0,144,

LT_ 6 416

o . 144

Thus,

From Table 2-3, we find that (L'/D)G, = 128 for this material.
Since L”/p is less than this critical value, a straight line
equation may be applied. Substituting the values of N and M,
given for 6061-T4 extruded bars in Table 2.3, into Equation
{2-11), we obtain

120 [15.7 - .074 (DL )]Ksi
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Thus,

i“ = Fog = [15.7 - . 074(41. 6)] Ksi
or
P.. - 12.55A = 12.55(.5) = 6.27 kip
P, = 6,270 lb.
2,3.1.11.7 Critical Effective Slenderness Ratio

So far, long columns and concentrically loaded short columns
have been discussed. It has been mentioned that a long column is one for
which the Euler egquation holds in the concentrically loaded case. This equa-
tiocn holds for columns having an effective slenderness ratio greater than a
value called the critical effective slenderness ratio of the column. In some
cases, this critical effective slenderness ratic need not be determined. For
example, the tangent modulus equation, reduced modulus equation, or plotted
data may be applied to either long or short columns. In other cases, this
ratio must be known in order to decide which of two egquations is to be applied
to a column. A critical efiective slenderness ratio must be found if the
Johnson-Euler or a straight line equation is to be used.

The critical cifective slenderness ratio is, in general, a func-
tion of the column material. I the Johnson-Euler formula is to be used, we
obtain

- i
(._L Voo 2E (2-12)
0 A‘Cr .‘-;'. IF::::

as pur critical effective slenderness ratio. If a straight line formula is to
be used, the critical slenderness ratio is the slenderness ratio for which
the Euler curve and the straight line either intersect or are tangent. A gen-
cral formula is not given here since the critical effective slenderness ratio
for each straight-line equation whose parameters are given in Table 2-3 is ..

also given there,

In general, a steel column having a critical effectiva slender-
ness ratic of greater than 120 or an aluminum column having one of greater
than 220 may be immediately treated as a long column. Columns having
lower effective slenderness ratios must be checked by Equation {(Z-12) or
Table 2-3 or treated by a method applicable to both long and short columns.
if Fguation {2-12) is used, ¥, may be assumed to be approximately egual
to F,, for a rough estimate of L /0.
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2.3.1.11.8 Bending Failure of Eccentrically Loaded Short Columans

The column formulas in the previcus section do not apply if
a column is eccentrically loaded or if initial imperfections are large encugh
to have the effect of an appreciable initial eccentricity. In such cases, either
anocther formula must be used or adjustments must be made to existing equaticons.

The secant forrmula that was given in Section 2.3, 1.7 may also
be applied to short columns if its parameters are chosen correctly. This
equation is given again below for convenient reference.

(FS)P, Feal
A = I (2-13)
1+ EE sCC [ .T;) (FS)Pa j|
02 20 \\/ AR

¥
sfloglgest various ways of choosing F_,,. Reasonable results rmay be obtained
for very short columns if F_,, is assumed to be equal to the compressive yield
point for steel or the compressive yield stress for light alloys. In the case of
intermediate length columns, F_,, should be taken to be the stress obtained
from one of the formulas for a concentrically loaded short column. If the for-
mula used for this purpose is the tangent modulus equation, E should be re-
placed by E, in the secant equation. The secant equation must either be
solved by trial and error or through use of a chart such as that shown in
Figure 2-53.

is the maximum fiber stress at failure as before. Different references

Unfertunately, the secant formula is inconvenient for computa-
tion., A simpler approach may be used if the column deflection is small com-
pared to the eccentricity of loading. This assumption is true for very short
colurnns and to a lesser extent for intermediate length columns.

Using the previously mentioned assumption, the basic design
equation for an eccentrically loaded short column becomes

Fcol _ P pac
FS A 1

(2- ) -

Here ¥, is the maximum column stress as computed from one of the equa-

tions for a short concentrically loaded column.

A more refined design equation based on the assumption of a
small column deflection relative to the eccentricity of loading is




where F__, is the working concentrically loaded column stress and I, is the
working compressive stress in bending.

In conclusion, the secant formula is theoretically more correct
and yields better results for eccentrically loaded short columns. However,
due to the difficulty of applying this formula, Equation {2-14) or (2-15) may at
times be applied, especially for shorter columns.

_ ESP, e :
col = 7 A \ 3 sCc ‘j
1.00
o | N
jas -=0.1 =
90F A%
1 ™
-
T
7] RN
e _ N
=0.3 \
— 1 \
7ok =0.4 \\ LY
=005 NN\ A
o 60t SNNSAN
Eli -—i%'h\\\\\\\ \
Wl s "-:0'8 . SNy A
1’1&4-50""‘:1'3 PRy SO A AT
FI--‘.I.'Z\\\ \P \\‘ \
B = "\':'t, \\\‘
<|p? -Zﬂ-%"\\\ RN
EICEEYY MR el NN N
G - Mo ™
il
.20
10
1)
0 i 2 3 4 5 6 K 8 9 10 il 12 13 14

Figure 2-53. Graphical Presentation of the Secant Column Formula
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2.3.1.11.9 Sampie Problem -~ Eccentrically Loaded Short Column |
in Bending

Given: The eccentrically loaded round column shown in i
Figure 2-54. |
- 1z -+
~Z |
l in. diametcr

6061 -T4d Aluminum Alley Extrusion
Eccentricity of Loading , ¢ = 0.1 in

I'igure 2-54. Column Loading Used for [1lustration of Secant-
Modulus Fquations

Find: The allowable locad, P, if a factor of safety of 1.3
is used, Use (a) the secant modulus equation, and (bl
Equation {2-14).

Solution: (a] The secant modulus equation may be written as

(FS) P, F.,,
A - PR
. . FESYP, 1
E+Esecl_L \,;'( ) P |
.2 L2p o AR !

Since the column is made of aluminum alloy, the straight-line
column Equation (2-11) may be used to find F_,, if it is short.
From Table 2-3, find that B, D, and (L /o), for this material
are 15,700 1b, 15 1b, and 128 respectively. Thus,

F,, = 15,700 - 15 (1)
: &

Since the column is pin ended, 1. = 1. = 12 in. For a circular

section, o = D/4 = 0. 25, Inserting these values into the above

equation gives F_, = 14, 980 psi. Since L"/o is equal to 48

and (L’;’c)c? i1s equal to 128, the assumption of a short column

is valid. All of the parameters for the secant formula are now
known except P,. Inserting these values in the sccant modulus

- -

equation gives

L3P, 14, 980
2 - LTI T
mil) r / .3 p
T 1+ - 1(. 3) sec | 12 fl 5 s ‘l
. (.25) i2(.25) \/ (i} (10 x 106) l
4 ]
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Simplifying this gives

9, 0690
1 + .8 sec [0.00975/D,]

Pa:

Try P, = 5,000 lb. Substituting this value, we find that it

solves this equation. Thus, P, = 5,000. If cour original guess
was incorrect, other values of P, would have to be tried until
a value was found that solved the equation.

(b) Inserting the equation for ¥, from part (a) into
Tquation {2-14) gives

15, 700 - 15 (L /p)
S

- B
A

or

i5, 700 - 15(12/(}.25): P + P(C. L¥(0. 5
1.3 /4 n/64d

Solving this for P gives P __ = 6, 540 1b, Netice that
although this procedure eliminates the trial and error
methods used with the secant equation, it yields less con-
servative results,

2.3.1.12 Torsional Failure of Simple Columns

The previous sections discussed the failure of long and short col-
umns by bending. It was assumed throughout this treatment that the sections
of the column are transiated but not rotated as it fails. However, primary
failure may occur at loads lower than those predicted in the section on bend-
ing failure if the sections should rotate as well as translate as shown in Fig-

-

ure 2-55,

Figure 2-55. Section Subject to Translation and Rotation
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In general, columns whose cross sections have a low torsional
rigidity, GJ, must be examined for torsional instability. Columns having
closed sections or solid ones, such as round or square sections, have such
a high torsional rigidity that there is little possibility of them failing by tor-
sional instability. However, torsional instability must be considered in the
case of columns composed of thin sections. Failure by twisting is unlikely
for flanged columns whose cross sections are symumetrical about a peint such
as I, H, and Z sections. Twisting-type failures are most ant to cccur in the
case of torsionally weak sections that are unsymmetrical or have only one
axis symmetry such as angles, tees, and thin-walled channels.

The basic equation for a column that fails by a combination of bend-
ing and twisting gives the critical stress as

CBTTTZE

F_, - + (2-16)
co I '.2
P L{LY

In this case, Cg; is a sectional property defined below and the parameters
are defined as usual.

The torsion bending constant is dependent upon the axis of rotation
and defined as

Cor = wiaa-.L 7 wdA’ (2-17)
A A TA
where
Su
W= o1, d (2-18)
o

The parameters used above are shown on an arbitrary cross sec-
tion in Figure 2-56. Values of the torsional bending constant are given in
graphical form for various cross sections in Figures 2-57 through 2-60.
The torsion constant, J, may be obtained in Figures 2-61 for bulb angles or
from the following equation for formed sections:

J=st3/3 (2-19)

Here, s is the developed length of the median line.
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Figure 2-.56. Parameters Used to Defline the Torsion Bending Constant

If a column is not attached to a sheet, the twisting failure is by
rotation of sections about shear center of cross section. In this case, I
and C,, are taken about this shear center. If the column is attached to a
sheet, sections may be assumed to rotate about a point in the plane of the
sheet., This procedure gives rough resulls but unfortunately little specific
information is available on this subject. In general, columns are strongeF
when they are used as stiffeners than when they stand free. However, a
column having an unsymmetrical cross section may be weaker when it is
attached to a sheet.
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Sample Problem - Torsional Failure of Simple Columns

Given: A column with cross section and material properties
as shown in Figure 2-62.

Y
| o
1 G—?}-BD)&ID
E - 10 x 10% psi
L= 100
— pw—t = .|

Figure 2-62. Cross Section of Column Used for Illustration of
Torsional Failure

Fiand: ¥, , for failure by a combination of bending and
twisting,

Solution: Since t is small, the shear center may be assumed
to be at the corner of the angle.

The polar moment of inertia about the shear center is given by

I =1 41,

- [ ] [ .3)5 +<-*><3)(;..s)2_}}=.9

From Equation (2-19)

J = = — . = 1.5% 10"
3

From Figure 2-57,

3 (02 4 b3 (01727 + 3. 48)
36 - 36

-4

Coe = = 8.46 % 10
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Inserting these values into Equation (2-16) gives

_— (3.85% 109)(1. 5% 107°) , (8.46x 10" 1ox 10%)
cal 7

0.9 (0. 9)(10%)

Thus, F_,, = 6,419 psi.

c

2.3.2 Introduction to Crippling Failure of Columns

In the previous sections, the primary failure of simple columns
was considered., However, if a column has thin sections, it may fail at a
load well below the critical load predicted for primary failure. Thus, a
column must, in gencral, be checked for both primary failure and crippling.
Primary failurc may be assumed to be independent of crippling effects, in
which case, a failure curve such as that shown in Figure 2-63 may be used.
The right-hand portion of the curve describes the stress required for primary
failure of the column at various effective slenderness ratios. This curve is
cut off at the crippling stress level by the flat portion to the left.

L'/p

Figure 2-63. Failure Curve Based on the Assumption of No
Interaction Between Primary Failure and Crippliag

If the interaction between crippling and primary failure is to be
taken into account, the constant F_, in the Johnson-Euler egquation may be set
equal to the crippling stress F_ . Although this procedure is more correct,
it also introduces added complications, and only works for columns having a
crippling stress less than the primary failure stress as L “/p approaches zero.
Figures 2-64 and 2-65 show scts of Johnson-Euler curves for various materials.

The curve used in a given case 15 the one that intercepts the ordinate at the
value of F_, for that column,
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ALUMINUM ALLOYS

Johnson-Euler Formulas
For Aluminum Columns

\ Johnson Formula

5 L L2
F cc\p/—c')
4rr2E

10.3 x 108 psi

[
1

\ C = restraint ccelficient

Euler Formula

Allowable Column Stress - Ksi

FCO[

T

30

20

10

\ Feol " E \T)
\\
\\\\
:s\
\\§
o
L'/e = L/n/C

Figure 2-64a. Johnson-Euler Column Curve
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Fcol - Allowable Column Stress - Ksi

60

40

30

20

10

MAGNESIUM

ALLOYS

(Fcc)z P TR
\o /T /

2
47 E

= coefficient of restraint
= modulus of elasticity =
6.5 x 100

||

—

\ E

A L 1

Y v . _w'E

I -~ col T _ >

kof@)
\‘\
ﬁ_‘\\\
20 40 60 80 100 120
L/p = L."’CM/_(—:-

Figure 2-64b. Johnson-Euler Column Curve
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Allowable Column Stress - Ksi
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Figure 2-65b. Johnson-Euler Column Curve

2.3.2.1 Crippling Stress of Round Tubes

Steel tubes for which the diameter-to-wall thickness ratio is less
than 50 need not be checked for erippling. This gives us some general idea
of the thinness required if a tube is to fail by crippling rather than by primary
instability. A theoretically correct formula for the crippling stress of a
tube is

fojs
N — ==

VRO 20

where r is the mean radius and | = Poisson's ratio. If 1 is taken to be 0.3, as
is the case for steel and aluminum alloys, we obtain
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F,. = .605 E?L (2-21)

c

This equaticn, however, is extremely unconservative for small values of
t/r and should only be used for approximations in the early stages of design.

More conservative and accurate empirical methods are available
for the treatment of tubudlar columns. If L./r is less than J. 75, use the
cquation

P 2
ce L op o 2Kmor (2-22)

1.%¢

where the critical stress coefficient, K, is given in Figure 2-66,

4
19 b/t 1
Reconi-

led
560 rmendec

"4
1000 tor
/ 2000 design
3 A 3000 :
190 4

Theoretical-—-—/
102 A 1 /

\

1
10 7 —
72 | Simply Supported Edges
/ w—————— Clamped Edges
1 = I
2
1 10 1o 1o? o? 10°
2
Z = i‘t— o 1 —uz - -
I

Figure 2-66. Critical Stress Coefficients for Thin-Walled Short Circular
' Cylinders Subjected to Axial Compression

If L/r is greater than 0. 75, use the equation

P
= - g _-cE L {2-23)
A oc T

where C is given in Figure 2-67,
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Figure 2-67. Coefficient for Computing Critical Axial Compressive
Stresses of Indeterminate Length and Long Cylinders

.2 Sample Problem - Crippling Stress of Round Tubes

Given: The tubular aluminum column shown in Figure 2-68.

Figure 2-68. Cross Section of Column Used for [1lustration of
Crippling Failure of Round Tube

Find: The crippling stress if

(a) L
(b) L

51in.
60 in.
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Sclution: (a) In this case, L/r < 0.75 so we may use Equation (2-22)

2 2 — e
7= == /i = 8 /702 - qigs

rt 10{.02)

'rom Figure 2-66, K = 11. Substituting this value into FEquation
{2-22), we find that

2K e 2(11) 2 (10)

F_,= —s—— = ~—w—_——=—" = 1 350 psi

- L% (5)% (. 02)
(b) If L = 60 in., L/t > 0.75 so that Equation (2-23) may
be used

r

— = 500
t

From Figure 2-67, C = 0.22. Substituting this value into
Fquation {(2-23), we obtain

Et  0.22 (10x10°)(0. 02

F,, =0.22
: r 10

= 4,400 psi

1f the theoretically correct formula, Equation (2-20), is used for
either of these two columns,

F,. = 0.605 2L = 12,100 psi

This value may be seen to be much greater than those obtained
from the more accurate empirical formulas.

2.3.2,3 Crippling Stress of Qutstanding Flanges

Two idealized cases of edge restraint of long flanges are shown
in Figurc 2-59. In case (a), the flange is fixed along its edge and the equa-
tion for its crippling stress is

(2-24)
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The flange shown in {b) is hinged along its edge and the equaiion for its crip-
pling stress is

.416F 2
Py = =t (L) (2-25)
-y b

A column flange is neither rigidly {ixed nor hinged along it= edge so its crip-
pling stress lies between those given by Equations (2-24) and (2-25), the latter
giving more conservative results.

(a} (b)

Figure 2-69. Idealized Edge Constraints of Long Flanges

2.3.2.4 Crippling Stress of Angle Elements and Compi«v Shapes

The basic design eguations for the crippling stress and load of the
angle section shown in Figure 2-70 are

o C

e = e (2-26)
TFLE p_f_>0. 75
“ﬁt
and =
T gEE
L Co mm—m—— . A (2-27)

Here b is equal to {hib)/2 as seen in Figure 2-69 and C, is a constant dependent
upon the fixity of the edges, as shown to the right of Figure 2-70.
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hoaly

2
. C. - 316 (two cdees free)
v‘e
Ceo = 342 (one edge free)
fout h . Co = 366 (no edge free)

%
Figure 2-70. Angle Section

The area of this angle is given by

T o
A= jfo.zuaf\:—)

[~
—_

Ll

(2-28)

Nondimensionza! plots of Equations {2-26) and (2-27) ave shown in Figures
2-71 and 2-72, respectively. These plots may be used to facilitate the
solution of angle problems. It must be noted that Equations (2-26) and
{2-27) have no significance when F,, is greater than F,,. These cutoffs
are shown for two alloys in the following figures.
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Figure 2-71. Dimensionless Crippling Stress of Angles vs. b’ /t
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Figure 2-72. Dimensionless Crippling Load of Angle vs., b '/t

Many complex sections, such as those shown in Figure 2-73, may
be treated by considering them io be composed of a number of angles. The
crippling stress of these sections may be found by the [ollowing proucedure:
First, break the section up into a number of angles. Secondly, {ind the
crippling load and area of each of the angles, Finally, find ' _ [or the entire
section from the following equation:
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Z Crippli
F,, = rippling Load of Angles (2-29)
L Area of Angles

N\
C

Figure 2-73. Examples of Complex Sections

This procedure is illustrated in the following éxample.

Z2.3.2.5 Sample Problem - Crippling Stress of a Complex Shape

Given: Column with the cross sectional shape shown in Figure
2-74. It is composed of an aluminum alloy for which E = 1o’ psi
and F, = 50 kips.

. 863
-—§.431 e

}—ﬁ 1.128

___,____*{_ 2.457

L0255

T

Figure 2-74. Cross Section of Column Used for Illustration of
Crippling Fatlure of Complex Shape
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2.3.2.6

Find: The crippling stress F,,.

Solution: This section may be broken into three angle sections
as shown by the broken lines above. The calculation of the
crippling load and area of each angle scction is summarized
in the table below:

Edge ba+hy Poe A ! ‘

Section I h N -— —_— B = i A !
Condition 2t 1 "’FcyE ce (2 i !

I S SN S e e
i 0.425]10.431 { One Edge Freef 16,8 1.33 ]..33‘(2 VELE 3205 “ 32.51%

‘ L

2 0.43111.228 { No Edge Free |32.6 1.72 1.72t2\/Fc;f 640 Padndd

|

3 0.936 § 1.228 [One Fdge Froel42.5 paz bzt YFOE 80 83907 |

x : N S

The values of b and h in this table are as shown in Figure 2-70.
The values of P_, and A may either be found from Equations
(2-27) and (2-28) or from Figure 2-72 which shows these equa-
tions in graphical form. The crippling stress may now be found
from Eguation {(2-29) to be

(1.3% +1.72 + 1. 722 /F &

Foo = - 0.0264 /T, F
(32.5 + 64.0 + 83.9}t°

Substituting the material properties into the above equation gives

Fo=0.0265(5x%10%(30% 10%) - 32, 400 psi
cC p

Crippling Stress of I Beams

Figure 2-75 shows an I section.

by

Figure 2-75. I Section

2 -95



The crippling stress of a column of this shape is given by

o

a3

where k, is given in Figure 2-76.

kwrrzE t

12(1-u%h
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/
/
f

=

-
//\
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.6
.1
-8
il_ Q
C 0
: 3
- 61
l: .Ol.u
0 gty B ] ] | 1 1
0 -2 .4 .6 .8 1.
by
t

Figure 2-76.

k, for Equation {2-30)
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2.4 Complex Columns

The material in previous sections treated columns that have uniform
cross sections and may be considered fo be one piece. This section treats
of stepped and tapered columns whose cross seclion varies as well as of
latticed columns whose action varies [rom that of one-piece columns,

2.4.1 Stepped and Tapered Columns

Columas of variable cross section can be solved by numerical pro-
cedures. However, charts are available that vastly simplify the solution of
stepped and fapered columns,

These charts are shown in Figures 2-78 through 2-8!. The use of
these charts in finding a critical load is self-explanatory except for the fact
that the tangent modulus of eiasticity, E,, must be used in place of E if the
section is stressed beyond the proportional limit. Also, the coefficients of
constraint that were discussed in Section 2. 3. 1.4 no longer hold for stepped
or tapered columns. The columns shown in the charts have pinned ends,

2. 4.2 Sample Problem - Stepped Column

Given: The concentrically loaded pin ended, stepped column
shown in Figure 2-77.

Al:'4 Ay = .5

Figure 2-77. Column Loading Used for Illustration of Effect of
Stepped Columns

Find: The critical lcad P_,.

cal
2
equal to 11, 600/0.4 psi and 11, 600/0.5 psi, respectively.
Equation (2-6) gives E, as

Soiutioq:_ Assume P_ = 11, 6500 1b, Thus, Fcoix and ¥ are




Since T :'fcffl where { is the compressive stress which, in this

case, is F_,,,

o= E

el

F
1+ 3/7 n(_ﬁ._1>
‘ fl
Inserting values of f

] and n from Figure 2-46 into this equation
gives

10,7 x 106

F .\
1 +42'9(—ﬁ6?)_>

Inserting the values of F‘:Ull and FM‘_2 into this equation gives

EL_] = 1,86 x 106 psi
and
- I 6 H
Etz = b.b55x 13 psi
Thus
F..I 6
£+ .
: 1 - 1.80X106(025) = 0.142
Eirlz 0 6.55 x 10° (0. 50)
From Figure 2-78, P_ /P = 0.57 where
?‘ZEL I
=) 2 2
L2
Thus,
p.-p -0 57 12 (6. 55%10°)(0. 5)
(40)?

or P,_ =11, 600 psi. The original guess is thus correct. If it
were not, other values would have to be tried until the correct
value was found.
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Figure 2.79. Critical Loads for Unsymmetrical Stepped Columns
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2.4.3 Latticed Columns

Although it is customary to assume that a latticed column acts as
a single unit and develops the full strength of the section, a column is actually
less stiff if the buckling occurs in a plane normal to that of the lacing, This
fact is unimportant if a column is designed so that buckling occurs in a plane
normal to that of the lacing, but it must be taken into account for columns
that are laced on all sides,

In order to take the effect of lacing into account, a reduced modulus
of elasticity, KE, may be used in place of E in the equations for simple columns.
Fquations giving K as a function of celumn parameters are given in Figure 2-582
for various lattice configurations.

In designing latticed columns, care must also be taken to insure
that buckling of the individual members doces not occur between points of attach-
ment, In general, the slenderness ratio of a longitudinal member between
points of attachment should be less than 40 or two-thirds of the slenderness
ratio of the column as a whole, whichever is lower.
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Column Conliguration K
=]

NN

K - -

|+ ;.911
AL cas”8sind
Z—— 1
1 4.931 4,931
d . 2
Ang‘coszQs%nG AZL tan8
1
K = —————— P——

o

1 + 2I ( "‘_‘b + 2 )
L2 izi, = 241

B |

0@

= moment of inertia of entire column with respect to axis

of bending
L = length of entire column
Il = moment of inertia of a channel section about 3 central axis
paraliel to the y axis
I, = moment of inertia of a vertical batten plate section about a

central axis parallel to the x axis

Figure 2-82. Values of K for Various Lattice Configurations
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3. BAR ANALYSIS

3.1 Introduction to Bar Analysis

Bars are thin structural members. This chapter gives procedures for
determining the resistance to yielding of bars under static loads as well as
_ their resistance to fatipue failure under varying loads. Tensile loading of
hars is considered in detail, and information applicable to the compressive,
bending, and torsional loading of bars appearing in other chapters is ref-
erenced in this chapter.

3.2 Nomenclature for Bar Analysis

A = cross-sectional area, in.

f = tensile stress, psi

fya = alternating stress, psi

frm = mean stress, psi

Fey = vield stress in tension, psi

f3e = endurance limit in torsion

¥. = stress concentration factor

K, = effective stress concentration factor
Ky = theoretical stress concentration factor
n = factor of safety

e = load, lbs

P, = alternating load, lbs

P, = mean load, lbs

g = notch sensitivity factor

3.3 Static Tensile Loading of Bars

The basic formula for stress in a member of cross-secticonal area A
under a static tensile load P is

This equation, however, is somewhat limited. In order for it to be wvalid,
the member must be centrally loaded, the section at which 0 occurs must
be well removed from the point of application of the load, and no stress
raisers may be present near the section where 0 occurs.

-

Bars are normally designed so that tensile loads are applied cen-
trally. If this is not the case, they may be considered to be beams under
combined tensile and bending loads and treated with the material in
Chapter 1. Although the end portions of a bar are as critical as the cen-
tral ones, they are not considered here since information about them more
properly belongs in a treatment of connections, for example, the chapter on
lzg analysis in this work. According to St. Venant's principle, stress
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patterns become regular at a distance from the point of application of a load.
In this case, the stresses become uniform at a distance from the point of
application of an axially applied tensile load. Stress raisers will be con-
sidered here and when they are present, Equation (3-1) no longer applies.

If a stress raiser is present in a bar loaded in tension,

ft:K(%> (3-2)

where K is a stress concentration factor. FEquation (3-2) indicates that the
siress at the discontinuity is K times the stress that would occur if no stress
raiser were present. The stress conceutration factor may be determined
theoretically by the theory of elasticity, the photoelasticity method, etc.,
where it is designated as K,. These values are not normally accurate, how-
ever, and are not in general used directly as will be discussed later. The
following figures give values of the theoretical stress concentration factor
for various cross-section and discontinuity shapes.

The theoretical stress concentration factor may be quite high as can
be seen in the following pages; however, this value is usually in agreement
with experiment. To account for this discrepancy, an effective stress con-
centration factor K, is defined to be the one that holds in the actual situa-
tion encountered. The notch sensitivity factor, q, is used to relate the two
and is defined by Equation (3-3):

q = —e =" (3-3)

The value of the notch sensitivity factor is a function of the material and the
size and shape of the discontinuity.

For ductile materials that are statically loaded to near their limit, the
yielding in the vieinity of the discontinuity may necarly eliminate stress con-
centration there, so that K, is approximately equal to one and ¢ is quite low.

Brittle homogeneous materials are not as capable of localized yielding,
so that K, is approximately equal to ¥, and consequently g is approximatély -
equal to one according to Fquation {3-3). Cast iron of less than 45, with its
flakes of graphite, however, is effectively saturated with stress raisers, so
that the addition of another discontinuity seems to have little effect on its
fatigue strength. Thus q is approximately equal to zero for cast iron,

The design equation for a bar under a static tensile load P that is not
to be subjected to large-scale yielding is thus

Fty = Ke (—E—- ) {3-4)
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For a ductile or cast iron bar, K, may be assumed to be equal to unity and
A is the reduced area at the secticn where the discontinuity occurs. For a
bar of brittle homogeneous material, K, may be assumed to be equal to K,
and A is either the cross-sectional area of the bar without the discontinuity
or the reduced area at the cross section where the discontinuity occurs.
Which of these areas is to be used is shown in a formula under each chart
of K, in Figures 3.1 through 3-12.
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Figure 3-1. Stepped Round Bar with Radial Fillet
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Note;

A= bt

Wb = 1'1\
s

r/b

The values of K, may be used as a close approximation for any
type of V notch with a small fillet or radius r at the root of the notch.

Figure 3-9. Rectangular Bar with Hyperbolic Notch (One Side)
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Note: The values of K, may be used as a close approximation for any

type of V notch with a sall fillet or radius r at the root of the notch,

Figure 3-10. Rectangular Bar with Hyperbolic Notch (Each Side)
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The previously described procedure yields conservative results for
brittle homogeneous materials and the opposite for cast iron and ductile
materials. If a low margin of safety is desired for ductile materials and

cast iron, a value of q equal to 0.2 is usually sufficient to account for the
effects of stress raisers.

The previously discussed material on bars in static tensile loading
is summarized in Table 3-1.

TABLE 3-1

Design of Bars Under Stalic Tensile Load

fp N
Design Equation F,y = K, \;E_/

Material Type Ke A

ductile 1.0 reduced area of cross section
at the discontinuity

homogenecus K, as found in Fig- either reduced or total area of
brittle ures 3-1 thru 3-12 cross section as indicated by
formulas in Figures 3-1 thru 3-12.

cast iron 1.0 reduced area of cross section

at the discontinuity

3.4 Sample Problem—Bar Under Static Tensile Loads

Given: A circular bar is to be made of a homogeneous brittle material
for which F,, = 45,000 psi. It is to support a static tensile load of
50,000 1lbs with a factor of safety of 1. 5. It is to have a U-notch of
the eection shown in Figure 3-13.

r=, 1" -

P = 50,000 lbs

-
£/
PN

Figure 3-13. Bar with U-Notch under Static Tensile Load

—-
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Find; The diameter

Solution: Inserting the safety factor into Equation {3-4) gives

v _ 45000
1.5 1.5

P
= —— = 30,000
K, =

From Section 3.3, K, = K,. Thus,

30,000 = K —=
- K,
Since P = 50,000, .6 = it
A
From Figure 3-2, h=.2, r = .1l thus, hosa
and furthermore, T
2
A= {D-. 4)
4
Thus,
4 K
0.6 = t
T (D-.4)°
Assume D= 1,05, Thus,
oo .2 - 190
D 1.05

From Figure 3-2, K, = 2.0. Substituting these values gives

4K, 4 (2.
_ (2. 0.6
2 (1,05 - . 412

m (D-. 4)
Thus, D is equal to 1.05 in. If the assumed value of D does not
satisfy the equation, other values must be tried until a value of

D satisfying this equation 1s found.

3.5 Cyclic Tensile Loading of Bars

The case to be considered now is that for which an alternating axial
load is applied to the bar. A diagram of this loading is shown in Figure 3-14.
The mean load is designated as P, and the alternating component is des-
ignated as P,.
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time

Figure 3-14., Cyclic [Loading of Bar

For a brittle homogeneous material, a stress concentration factor
must be applied to both the alternating and the mean stress in equations
for failure under alternating loads since a static load is affected by stress
concentration, Thus, the Soderberg relation becomes

Ke f =
.i_. = ¢ -+ Ke ftn (3—5)
n Sy S

kUl

where S, and 5, are equal to Py/A and P_/A, respectively, and nis the
factor of safety. In this case, K, may be taken to be equal to K;, so that
the basic design equation becomes

P K P K, P,
= + (3-6)
n AF,, Al

where the A is elther the reduced area at the discontinuity or the full area
of the bar as given in Figures 3-1 through 3-12.

For a ductile material, a stress concentration factor need only be
applied to the alternating stress in equations for failure since ductile
materials under static loading have an effective stress concentration
factor of one. In view of this, the Soderberg relation becomes

. K, fa
n F, f

¥ aB

where f,, and [, are equal to P,/A; and P,/A,, respectively, and nis the
factor of safety. Here, A; is the reduced area of the bar, and A, may be
either the reduced or the full area of the har as given in Figures 3-1 through
3-12. Thus, the basic design equaticon for ductile rods under alternating
tensile loads is

p K. P
.0 s (3-8)
n A, Ty, Mg fge
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where K, is equal to q (K¢ - 1) + 1. Here, K, is the theoretical stress con-
centration factor as obtained from Figures 3-1 through 3-12, and q may be
obtained from Figure 3-15 for steel. For aluminum, magnesium and titanium
alloys, fatigue data is scattered to the extent that a value of one is suggested
for q.

1.0
0.9 /— ‘d:f"_-—
= | _Quenched and Tempered Steels
o D.8
3
E 0.7
= //\/"- Annealed or Normalized Steels
06
- T
= 0.5% /
c
w 0.4
e
2
2 0.3 - .
z
0.2
0.1

0 0.02 0.04 O0.06 0D.08 0.10 0.12 0.14 0.16 0.18
Notch Radias r, Inches

Figure 3-15. Average Notch Sensitivity Curves. Applicable Particularly
to Normal Stresses; Used Also for Shear Stresses
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Since cast iron is insensitive to stress raisers, stress concentration

factors need not be applied in any formula governing alternating stresses.

Thus, the Soderberg equation may be used in its basic form

1 _ ftm fta

a Fey f:e
where f,, and {,, are equal to P, /A and P, /A, respectively, and A is the
reduced area of the rod. Thus, the design equation for cast iron bars
under an alternating tensile load becomes

1 P, Fe

_ = +

n AF,, Af,

The previcus discussion of bars under alternating tensile loads is

summarized in Table 3-2.

TABLE 3-2

Design of Bars Under Cyclic Tensile Load

Material Type

Design Equation Explanation of Terms

ductile

! P, . K, P,

— A, = reduced area of section
n An Ft?

A, £, K. =g (K, - 1)+ 1 where q is
obtained from Figure 3-15 for
steel or set equal to 1 for
aluminum, magnesium, and
titanium alloys, and where K,
is obtained from Figures 3-1
through 3-12. A, = reduced
or full area of section as given
in Figures 3-1 through 3-12,

homogeneous
brittle

1 Ky Pq K, P,
—_— = + K,
n AF,, Af

= theoretical stress concen-
tration factor as obtained from
Figures 3-1 through 3-12. A =
reduced or full area of section as
given by Figures 3-1 through 3-12.

cast iron

P P
o= o+ . A = reduced area of section.
AT,
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3.

Sample Problem—Bar Under Cyclic Tensile Load

Given: A stepped circular bar with a fillet of . 02 in. radius is to
support a cyclic tensile load that is given as P = 20, 000 1lbs +

10, 000 sin wt. 1bs, This bar, as shown in Figure 3-16, is made

of an annealed steel for which F¢, = 45,000 psi and {,, = 35, 000 psi,
Use a factor of safety of 1. 5.

P = 20,000 lbs +
10, 000 sin wt. lbs

T r= .08"
D p—-—— - P d
L P = 20,000 lbs +
10

10, 000 sin wt. lbs

Figure 3-16. Bar Under Cyelic Tensile Load

Find: The diameter d,

Solution: From Secticn 3.5, the basic design equation for a ductile
material is

1 K. P,
n An Ft b Ag_ fss

Pa, P,, and n are equal to 20,000 lbs, 10,000 lbs. and 1.5,
respectively. By checking the explanation of terms in Section 3.5
and checking the figure referred to there, we find that both A,
and A; are the reduced area nd2/4. This explanation of terms
also tells us that K, = q (¥, - 1} + 1, where qis given by Figure

3-15. Consulting this figure, q = .89 and thus K, = .89 {K, - 1}+1.

The above values mav now be substituted into the basic equation
to obtain

b 20000 L L89 (K - 1)+1] 10006
1.5 2 ‘ Z
e (45000) md” (35000)

Simplifying this equation gives

605 + .323 K,
0.66 =

a2

3 - 20
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Try d = 1.33. Since d/D and r/d are equal to . 870 and L0601,
respectively, K, = 1.75 according to Figure 3-1. Substituting
this in the above equation gives 0.6 = 0.6, Thus the guess for
diameter is correct. If it were not, other diameters would
have to be chosen to see if one satisfies the equation.

3,7 Compressive Loading of Bars

Bars that are subjected to compressive loads may be considered to
be columns. The behavior of columns may be obtained by referring to
Chapter 2.

3.8 Bending L.oads on Bars

Bars that are subjected to bending loads may be considered to be

beams and treated with the material on beams in bending appearing in
Chapter 1.

3.9 Torsional Loading of Bars

Bars that sustain a torsional load may be studied by using the infor-

mation on beams in torsion in Chapter | or that on shafts in torsion in
Chapter 10.

3.10 Lacing Bars in Celumns

The functicon of lacing bars in a column composed of channels or other
structural shapes connected by them is to resist transverse shear due to
bending. Although these lacing hars resist shear as a group, each indi-
vidual bar is loaded in either tension or compression if its ends may be
considered to be pinned. For example, the type of loading on each of the
lacing bars in Figure 3-17 is indicated by a "T" on that bar if it is in tension
or by a "C'" if it is in compression.

wav.l

Figure 3.17. Example of Lacing Bars

SAONNN N
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These lacing bars may be studied by the information given early in this
chapter if they are in tension, or they may be considered as individual
columns and studied by the information given in Chapter 2 if they are in
compression., [n addition to the strength of lacing bars as individual mem-

bers, their effect on overall column behavior must be considered. This
effect is treated in Chapter 2.
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4. TRUSSES

4.1 Introduction to Trusses

A truss is a structure composed entirely of two-force members; that is,
the members that have two equal and opposite forces applied at two points.
Thus, since the members do not exert any torque on each other at the joints,
they are considered to be pin connected. However, welded and riveted joints
may be considered to be pinned joints if the member is so long compared with
its lateral dimensions that the connection can exert little restraint against
rotation.

Section 4.3 discusses statically determinate trusses, and Section 4.4
treats statically indeterminate trusses.

4,2 Nomenclature for Trusses

= cross-sectional area of truss member

= modulus of elasticity

= length of truss member

force in truss member

= reaction force

= forcein truss member due to a unit load
= fprece in redundant member of a truss

= deflection

SRR <A ~s B vl il €5
0

4.3 Statically Determinate Trusses

4.3.1 Introduction to Statically Determinate Trusses

The forces carried by the members of a statically determinate truss
may be determined by passing sections through certain members and applying
the equations of statics. The method of joints {Section 4. 3. 2} consists of
choosing these sections so that they completely surround a single joint. If the
sections that are chosen do not surround a single joint, the procedure used is
referred to as the method of sections (Section 4. 3. 4). This method is espe-
cially useful if it is desired to determine the load in only certain members.

In many cases, a combination of the method of joints and the method of sec-
tions may be advantageous in the analysis of a given truss.

Before either of these methods may be applied, the reaction forces
on the truss should be determined by the equations of statics.

Deflections in statically determinate trusses are treated in Sec-
tion 4. 3.6,




4. 3.2 Application of the Method of Joints to Statically Determinate
Trusses

If a truss as a whole is in equilibrium, each joint in the truss must
likewise be in equilibrium. The method of joints consists of isclating a joint
25 a free body and applylug the equilibrium equations to the resulting force
system. Since the forces in the members at a truss joint intersect at a com-
mon point, only two equations of equilibrium may be written for each joint in
a planar truss. Thus, only two unknowns may exist at a joint and the pro-
cedure is to start at a joint where only two unknowns exist and continue pro-
gressively throughout the truss joint by joint. This procedure is illustrated
in Section 4. 3. 3.

4.3.3 Sample Problem - Application of the Method of Joints to Statically
Determinate Trusses

Given: The truss shown in Figure 4-1.

B C D

Figure 4-1, Planar Truss
Find: The forces in all of the members.

Solution: Applying the equations of statics to the entire truss gives
Rj = 1667 1b. and Ry = 1333 lb. Free body diagrams may be drawn
for the joints in the order shown in Figure 4-2 and solved for the
forces in the members. Summarizing, if tensile forces are taken
as positive, the forces in the members are

P,, = ~1925 ]b. Py = -3821b.
P = 962 1b, P.s = 382 lb.
P,, = -1925 Ib, Py = -1541 1b.
P, = 1925 1b. Py = 1541 1b,
P, = -1541 Ib. Pege = 770 lb.,

Pee = 1734 1b.
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R, = 1667

P
B
A B Pgc
60°
Puy = - 1925 ib. 60 Pgg = 1925 1b.
(1) Pag = 962 1b. (2) Ppc = -1925 Ib.
60° B
A 3
AG Pap = -1925 Pic
Ry = 1333
PpE
Pee = 382 L. P = 1541 1b.
Prg = 1734 1b. (4) Ppp = 770 1b.
_ 60°
Prp E
cDh 60°
b0 Ppp = 1541 1b.
{5) _ (6} - _2un
PCD - .1541 b, - 82 lb,
PoF Php - -1541

Figure 4.2. Free-Body Diagrams of the Joints in the Truss Shown in Figure 4-1

4.3.4 Application of the Method of Sections to Statically Determinate
Trusses

The method of sections consists of breaking a truss up by a section
and applying the equilibrium equations to the resulting portions of the truss,
This method is preferable to the method of joints if the force on some interior
member is desired, since the necessity of calculating the forces on other
members may bhe eliminated. This advantage of the method of sections is
illustrated in Section 4. 3. 5.

4.3.5 Sample Praoblem - Statically Determinate Trusses by the
Method of Sections

Given: The truss shown in Figure 4-1.

Find: The force in member FG.

Solution: From statics, R} = 1667 1b. and Ry = 1333 lb. By draw-
ing a section through members BC, CG, and FG, the free body

shown in Figure 4-3 is obtained. Summing moments about point C
gives P, (30 sin 60%) -1667(45) + 2000(15). Solving gives P,y - 1734 1b.
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30 ——

Figure 4-3. Free-Body Diagram of Part of the Truss Shown in Figure 4-1

4,3.6 Deflections in Statically Determinate Trusses

The basic equation for the deflection of statically determinate
trusses is
5 -y PuL (4-1)
AL

In this equation, 1., A, and E are the length, cross-sectional area, and
modulus of elasticity of each of the members of the truss., P is the force
due to applied loads of a member of the truss, and u is the force in 2 mem-
ber of the truss due to a unit load applied in the direction of the desired
deflection at the point whose deflection is desired. The application of this
eqguation is illustrated in Section 4. 3. 7.

£,.3.7 Sample Problem - Deflections in Statically Determinate Trusses

Given: The truss shown in Figure 4-4.

A 500 1b. 1000 Lb,
~ T ..
E=10x10" psiforall A, 5559 Ls 1000
members C
Area of members /// - .

o2
AR = App- Agp= 1 in

) . _ a2
AapsApes ApgT 2an.

- 20 - 10 —

Figure 4-4, Cantilever Truss
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Find: The vertical deflection of joint D.

Solution: The forces in the members may be found to be:

t

Pug = 3500 1b., Py, = 1000 1b., Py, = 1414 1b., P, = -2121 1lb.,
Pey = -14141b., and P, = -2000 lb. The truss may be redrawn
with a unit load in the direction of the desired deflection at joint
D as shown in Figure 4-3. The forces in the members are again
calculated with the results shown in Figure 4-5. Equation (4-1)
may now be solved as shown in Table 4.1,

-

1 u = 2 1k/1lb u = {0 1b/lb
/

2 upp = 1.414 1b/1b
-~

-~

//j U'BE: —1.4[4 1b/1b uCD:OIb/lb
1

j upp = | ib/1lb

_F ’

1 11b
-

Figure 4-5, Cantilever Truss with Unit Load Applied at the
Point Whose Deflection is Desired

TABLE 4-1

Solution of Equation (4-1) for the Truss Shown in Figure 4-4

Mem- | p 1y | a, b, /1b. Lo s s, Pul. .
ber AE AE
' P 6 -6 0 e L -3
AB 3500 2 107210 %109 = .5x%10 3.50 x 10
b -6
EC 1000 0 20/{0(10x 107y =2 x 10 0
BD 1414 1.4.4 L4.14/(1)(10 x t0b) = 1.414x 107 2.82 % lp~3
BE -2121 -1.414 4. 14/{2)(10x 106) = . 707 x10-6 2,12 x 1073
CD | -1414 0 t4.14/(1){10x 106} = 1.a14x 100 0
) 6y _ _6 -3
DE | -2000 -1 20/(2}(10x 109 = 1 x 10 2.00 x 10
P
b= Ful 9.44 x 10 3 in




4.4 Statically Indeterminate Trusses

4. 4.1 Introduction to Statically Indeterminate Trusses

If a truss is statically indeterminate, deflection equations must be
applied in addition to equilibrium equations to determine the forces in all of

the members. Section 4.4, 2 treats trusses with a single redundancy, and
trusses with multiple redundancies are treated in Secticon 4. 4. 4,

4.4.2 Statically Indeterminate Trusses with a Single Reduhdancy

Trusses with a single redundancy may be treated by removing one
member so that a statically determinate truss is obtained. This member is
replaced by the unknown force exerted by this member, X, One equation
may be written for the deflection of the statically determinate truss due to
the applied loads including X, and another equation may be written for the
deflection of the removed member due to the unknown force, X. These twa
equations may then be solved simultaneously to find ¥. Once ¥ has been
found, the forces in the other members of the truss may be obtained by the
equations of statics. This procedure is illustrated in Section 4. 4. 3.

4.4.3 Sample Problem - Statically Indeterminate Trusses with a
Single Redundancy

Given: The truss shown in Figure 4-6.

-30000 1b.

E = 10x 108 psi

el

—
=}

pt——— 2.5 e 25

Figure 4-6. Statically Indeterminate Truss With a Single Redundancy
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Find: The force on member AC,

Solution: The truss may be redrawn with member AC replaced
by the force resisted by this member, X, as shown in Figure 4-7.
The force in any member of the truss, P, may be obtained by the
superposition of the force due to the vertical loads alone, P_, and
that due to the horizontal loads alone. This latter force may be
given as X, where u is the force in a member of the truss due to
a unit horizontal load applied at points A and C. Thus,

P:PG'I'XU

By substituting this expression for P into Equation {4-1), the hori-
zontal deflection between points A and C is

P uL 21,
6=Z ——+qu (4-2)
L AE AE

P_ul 2
The termsz 2 and? 2L are computed in Table 4-2. Thus,
AE ~ AR

5 = -0.5645 + 47.63 x 10-°
From the deflection equation for bar AC,

SXT
5 - 28 2XB0) 3335 10°0 %

AR 1.5(10x10%)

Solving the last two equations simultaneously gives

X =12730 tb.

30000 1b.

C

15000 1ib. 15000 b

Figure 4-7. Truss From Figure 4-6 Redrawn With Member
AC Removed
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TABLE 4-2

Computation of Summations in Equation (4-2)

MEn P ib. futb/lb. & i /b, PQAL;:L in. "L n. b,
AB | -32000 | 1,785} 1.600x10°® -0.0915 5.11 x 1078
AD | 26900 | 3.0 | 1.795x10°® -0. 1450 16,15 x 10-6
BC | -32000 | 1.785| 1.600%x 10 -0. 0915 5.11 x 1078
BD | 20000 | -2.23 | 0.67x10"® -0.0292 3.32 x 10°°
CD | 26900 | .3.0 | 1.795x10"® -0. 1450 16.15 x 10-°
Z Poal. _ -0.5150 z u’L - 47.63 x10°% in/b)
AE AE
4.4. 4 Statically Indeterminate Trusses with Multiple Redundancies

The analysis of trusses with more thar one redundant is similar

to that for a truss with one redundant. The first step is to remove redundant
members or reactions in order to obtain a statically determinate base struc-
ture. The deflections of the statically determinate base structure in the
directions of the redundants may then be calculated in terms of the redundant
forces, and equated to the known deflections. ¥or example, consider the
truss in Figure 4-8. Members a2 and b may be removed to obtain a statically
determinate base structure. The final force, P, in any member may be

obtained by superposing the forces due to the applied loads and redundant
forces. Thus,

PP, + X u + X u (4-3)

where P_ is the force in a member of the statically determinate base structure
due to the external load and u, and u, are the forces in a member of the stat-
ically determinate base structure due to unit loads applied in members a and b,
respectively. Applying this equation to members a and b, respectively, gives

5 :Z——Pu“L (4-4)
* AE
and
Pu L
b =) he -3
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where L., A, and E are properties of the members of the statically determinate
base structure and P is the force in a member of the base structure. Substi-
tuting Equation {4-3) into Equations (4-4) and (4-5) gives

P u L u, u o L
6a:>:w—-9—_3-w—+XQY~————m- + X Z (4-6)
AE =
and )
P L u, u L
@b:Z_z_":;_era?_u_ 4-7)
AE
Figure 4-8. Statically Indeterminate Truss With Two Redundancies
In addition,
. -X, L,
2 —— 4_8
. AE ( ]
and
5. = i) (4-9)
- A“bE
Equations {4-6) through (4-9) may be solved simultaneously to obtain the
forces in the redundant members. Once this has been done, Equation (4-3)
may be applied to obtain the forces in the other members.
P u L uﬂubL ugu,lL. B
& ._.:E‘ XZ hz—_—_—_-‘-“'-{-xﬂyw‘
a : AR 4 AR
PubL usz Tu,bunL
ébzz Xz by bk X ) " (4-10)
= AE AL
and
P u L . u L u u, L u 2L
by =y St X,y lela ex, Yoy R Y
*  fu AE * AR AR AE
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Also,

%I

* 7 AFE
-X, L

\ S (4-11}
AR

and

_XnLn

§ =

n AE

These equaticons may be solved simultanecusly to obtain the forces in the
redundant members.
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5. FRAMES AND RINGS

5.1 Introduction to Frames and Rings

Frames and rings are statically indeterminate structures. A frame is
such a structure composed of prismatic elements joined rigidly at points of
intersection while the element or elements of a ring are curved,

Section 5.3 treats the method of moment distribution for solving frame
problems. Sectlon 5.5 treats symmeirical rectangular frames under vertical
loading. Section 5.7 gives‘ formulas for simple rectangular, trapezoidal, and
triangular frames under various simple loadings. Circular rings and arches
are treated in Section 5. 9.

5.2 Nomenclature for Frames and Rings

= c¢crogss-sectional arca

>
1

area under the moment diagram of a simply supported beam
= linear dimension

2

= linear dimension
= linear dimension
= diameter

b
1

distribution factor

= linear dimension

= distance to centroid of load
= modulus of clasticity

fixed end moment

|
<

= horizontal reaction

= height

= momeént of incrtia

= stiffress factor = I/L

= length

= morment

= applied concentrated load

radius

length of upright of a trapezocidal frame
= tensile force

FonEEAeADgo oW
|

= shear force -
= wvertical reaction

= applied concentrated load

= applied distributed load

X, ¥, 2 = rectangular coordinates

$ 2<<dv YT HRT
1

X = angular distance from the bottom of a circular ring

A = increment or difference

B = angle

8 = rotation of the tangent to the elaslic curve of a moment
at its end



o = angle

! = rotation of the chord joining the ends of the elastic curve
of a member
€, ) = moment of the M portion of the moment diagram of a

member (Figure 5-1) about point A,

5.3 Solution of Frames by the Method of Moment Distribution

This section treats {rames composed of prismatic members whose joints
do not translate, All members of such frames are assumed to be elastic,

The five basic factors involved in the method of moment-distribution are:
fixed-end moments, stiffness factors, distribution factors, distributed moments,
and carry-over moments.

The {ixed-end moments are obtained by the use of the following equations:

2Kl 2 .
My, = T (28, + 84 - 3Y,) + 7 [, - 20,0, ] (5-1)
and
2EI 2
Man = 220 (285 + 6 = 3y} + = [2(0, ) - (Q, )] (5-2)
L L
where;
M, q = the moment acting on the end of member AB labeled as A
Mgs = the moment acting on the end of member AB labeled as B
= = the modulus of elasticity of member AB
L = the moment of inertia of member AB
L = length of member AB
9 = rotation of the tangent to the elastic curve at the end of
the member
Yy = rotation of the chord joining the ends of the elastic curve
referred to the original direction of the member
i, ba = sgtatic moment about a vertical axis through A of the area
under the M, portion of the bending moment diagram
(Qo is = static moment about an axis through B

This terminology is illustrated in Figure 5-1.

1f both ends of the member are completely fixed against rotation and
translation, the member is called a fixed-end beam and §,, By and 71’,.5 are
all equal to zero. Thus, the last terms of Equations {5-1) and (5-2) are

equal to the so-called ""fixed-end moments.' Denoting the fixed-end moments
~as FEM,
S 2 5.3
FEM,, = Tz FQ 0 - 202, )p] _ {5-3}
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and

FEM,, = -—-f;z—[zman -2, ] (5-4)

Fixed-end moments for various simple types of loading were calculated and
are given in Table 5-1,

Equations {5-1) and (5-2) may be represented by one general equation
by calling the near end o¢f a member "N and the far end "F."* The stiffness
factor of member NF is given by

I
Ky = - (5-5)
I“NF

Thus, the fundamental slope deflection equation becomes

My = 2EKy (284 + 8, - 3 4,,) + FEM,, (5-6)

Any Loading

MAB( ) )MBA
i B
El
- L -+
M
Mag M,
Mpa
Original Position -
Al B'
A )
JAB
L B
8
/"15-, L Elastic B
Curve

Figure 5-1. Illustration of Terminology for Method of Moment Distribution
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TABLE 51

Fixed-End Moments for Beams

1. Z.
L P P
2 1 - A | -
A/ ;B A : : ~ B
2 2
L  PL _ Pab _Pa’b
FEMAB = —= FEMpa- 5 |FEMap i FEMg, = 2
N w ib. fin. L w ib. /in. j
A,//HJHLHMT‘HmlTﬂfﬁB AEHHTHHI}‘- /B
L~
g D R m———
2 2 2 2
wi w L 11wl 5w L
Map = X FEMp 4 = = - EMap g =
FEMABT T3 BAT 1o | FEMABT Tor— FEMBATTIG
5. w lb. fin. 6. w 1b. [/in
ZiiisiiERaiEEE] - y
A i C ol Al ~ B
A
” 2 - Z Z L L F
" 1. [~ A= = [~
_ \Vaz Z 2
FEMusp = > (6L° - BaL + 3a%)
W.Z Z I‘.‘EMAB: 96 FEMBA—" (,'E\
FEMgp = ——3 (4aL-3a%)
12L
1o e w 1b. /in. | w lb. /in. B
~ > |~
/WV / ] .~
A7 B A " B
o~ S T—
L L T L
2 5
FEMpp - ——5 (10L° - 10aL +3a9
FEM wL? FEM wL? 60L
AB T 20 BAT 30 FEMpBA = —eae (5L-32)
601.2
9. 1o,
M in-1b. g f';—wl
A D L B | A e 23
’//-—-a 4‘—— | ST P "'_‘—2_"['*“2 - ‘JV’
L =
~ Mb a _ .
FEMgp - 22 (32 - 1) y L2
L FEMan = Y FEMp, = - %
b AB ~ BA~ - 3
FEMnpa = 242 32 1) 32 32
BA i 1.
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TABLE 5-1

Fixed-End Moments for Bearmns (continued)

1. 12. P P P
p P P . . L L L L—o-]’
2 T S 1 3 4 4 3 ¥
A - B | A7 B
1 L - ] L
a
TEMap = Pa(l-t) IsPL
o = FEMnpa=M
FEMp = -FEMap |° -V AB BA™ ™A
13-) . 14. f—a — wlb. fin. le—a —ey
Ajl[lﬂl]tw HIIIH:B A1 CB
:-«—-——-a ———t—l |-.—4a_...-.-f 4 L. -
r L # A\
= =% (Li-alL+4a3)Mp=-M
FEMap Ma uL( ) Mp A
v ——y e ,
Zj w - 3 S L #
A4 ¥ B A B
A L - ] L #
r'2 a 32
M, = Y27 (10-151+ + 6 —5
AT Ty (do-lrTreTy) w L2 _ awLd
2 Ma = 55 MB= -5
Wa a
Mp= - 50 (5-4+1)

hY
A3

17 o~ elliptic load 18, W= =]
AT T :Tﬂm
e —

. : L E . X ———J——-—— L-x —_—..E
Fe L 2
_ LZ J %(L-%)2E(x)dx
2
v w2 Mo - w L I o
AT 13 52 BT 95 86 1oL
Mp = #—Z—J (L =M {x)dx
Q

The conditions to be met at a joint of a frame are: (1) the angle of
rotation be the same for the ends of all members that are rigidly connected
at a joint, and {2) the algebraic sum of all moments be zero. The method
i moment distribution renders to zero by iteration any unbalance in moment
ab 2 joint tec satisfy the second condition.

A distribution factor which represents the relative portion of the un-

balanced moment which is reacted by a member is used to distribute the
unb~lanced moment. This distribution factor is given for any member bm by
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where the summation includes all members meeting at joint b.
The distributed moment in any bar bm is then
M,, = - DF,,M (5-7)
This cquation may be interpreted as follows:

The distributed moment developed at the "b'" end of member bm as
joint b is unlocked and allowed to rotate under an unbalanced moment, M,

is equal to the distribution factor DF,, times the unbalanced maoment, M,
with the sign reversed.

The "carry-over! moment is obtained by applying Equation (5-6) and
considering 8, = ¥,, = 0 as in Figure 5-2. The "carry-over' moment is
. equal to half of its corresponding distributed moment and has the same sign.

My, = 4 EBK,_ 9, {5-8)
and

M., =2 EX ., 8 (5-9)
Thus,

M, = %Mbm' (5-10"

N e

Figure 5-2. Illustiration of Carry-Over Moment

The sign convention for moments in the method of moment distribution

is to consider moments acting clockwise on the ends of a member as positive.
This convention is illustrated in Figure 5-3.

. y Z
%)(I%Cg

N
M

Figure 5-3. Positive Sense for Bending Moments
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The following procedure is for the process of moment distribution

analysis:
(1)

(2)

(7

(&)

{2)

Compute the stiffness factor, K, for each member and record.

Compute the distribution factor, DF, of each member at each
jolint and record.

Compute the fixed-end moments, FEM, for each loaded span
and record.

Balance the moments at a joint by multiplying the uabalanced
moment by the distribution factor, changing sign, and recording
the balancing moment below the fixed-end moment, The un-

balanced moment is the sum of the fixed-end moments of a joint.

Draw a horizontal line below the balancing moment. The
algebraic sum of all moments at any joint above the horizontal
line must be zero.

Record the carry-over moment at the opposite ends of the
member, Carry-over moments have the same sign as the
corresponding balancing moments and are half their magnitude.

Move to a new joint and repeat the process for the balance and
carry-over of momenis for as many cycles as desired to meet
the required accuracy of the problem. The unbalanced moment
for each cycle will be the algebraic sum of the moments at the
joint recorded below the last horizontal line.

Obtain the final moment at the end of each member as the alge-
braic sum of all moments tabulated at this point. The total of
the final moments for all members at any joint must be zero.

Reactions, vertical shear, and bending moments of the member
may be found through statics by utilizing the above mentioned
final moments.

The use of this procedure is illustrated in Section 5. 4. It should be
noted that simpler methods may be found for the soluticn of rectangular,

trapezoidal, and triangular frames in Sections 5.5 and 5. 7.

5.4 Sample Problem - Solution of Frames by the Method of Moment

Distribution

Given: The {rame shown in Figure 5-4,
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LLLL
D

=2 [ 10000 1b.

5000 1b. 25¢
A 2000 tb/it.
A0 o |
-1 El/
A 1=2 BB I=3.5 c 1=5 b
"'_‘_ZSIA«L—\BF\‘ 40|‘§“

Figure 5-4, Frame

Find: The end rmmoments and draw the moment diagrams for this [rame,

Solution:

(1) From Equation (5-53), the stiffress factors of the members arec:

_j: .
2
K, = —— = = = 0.08
LBA 5
laa
K, = B““:_B‘S:OI
LBC 35
I..
Kee = 5 =2 -0.125
L., 40
I
ot} 2
Ke, = === =0.08
i LCD 25

These are recorded in line 1 of Table 5-2.
TABLE 5-2

Soiution of Frame Shown in Figure 5-4

AB BA RC DC|] CB CE ChD EC -
1] K D.0810.1 0.1 0.125] 0.08
2l DF 0.44|0.56 0.3310.41 0.26
3t FEML} -104 +104 [ -18 0 | +25 -50 0 +50
4 -34 -48 +8 +10 +7
5 -19 +4 b3 -24 +3
b -2 -2 +8 +19 +6
I -1 +4 +32 +5
8 -2 -2
9 2 -124 +6H2 -62 +6 417 - 30 +13 60




(2} From Equation (5-6), the distribution factors of the members are:

Koy 0.08
DF,, = = . = 0.44
K, + K, 0.08 + 0.1
K
at
DF,, - i 0.1 o 56
K, + K, 0.08 + 0.1
DF,, = e = g.1 = 0.33
- - -
P K tKp K.,  0.1+0.08+0.125
DF,, = e - 9.1 = 0. 41
K +Ky +K,  0.1+0.08+0.125
K 1
DF,, = —————— = Q.1 - 0.26

Kep tKpp +Kee  0.1+0.084+0.125

These distribution factors are recorded in line 2 of Table 5-2.

{3V From Table 5-1, case 3,

2 b er2
FEM,, = wL™ _ -2000(25)" _ -104, 000 ft.1b.
12 12
and
2 - 2
-l 20 25
FEM,, - le - 0052” = 104, D00 ft. Lb.

From Table 5-1, case 2,

2 2

FEM,, -~ - ZP000R0IBL 15 000 . 1b.

L (35
and
_Pazb 5000(20 2'1*)
FEM,, = 2 = 2900000 115) - 55 400 ft. 1b.
: 2 -2

L {33)



From Table 5-1, case 1,

FEM.. = 2L - -10000{40) - 5p,000 ft.1b.
(43 g g ’
and
FEM,, = —o = 10000020) 50 400 fe.1n.

8 8

Since member CD is unloaded,
FEM., = FEM,, =0
These results are summarized in line 3 of Tablte 5-2.

{4) The unbalanced moment at joint B is
LZFEM = 104 - 18 = 864

The moments at joint B may be balanced by multiplying this unbalanced
moment by the distribution [actor and changing sign. The result is
recorded in line 4 of Table 5-2.

{5) A horizontal line may be drawn below the balancing moments in
line 4 of Table 5-2. The algebraic sum of all the moments at
this joint above this line is znero; that is,

-104 + 18 + 38 + 48 = 0

(6) The carry-over moments at the oppesite ends of the members
are recorded as shown in line 5 of Table 5-2. These carry-over
moments have the same sign as the correspoending balancing mo-
ments and are halfl their magnitude.

(7} Steps 4, 5, and 6 may be repeated for joint C to obtain the rest
of the values shown in rows 4 and 5 of Table 5-2. The process
for the balance and carry-over of moments may be repeated for- .
as many cycles as desired to meet the required accuracy of the
problem. The unbalanced moment for each cycle will be the alge-
braic sum of the moments at the joint recorded below the last

horizontal ltine. This process is shown on lines 6, 7, and 8 of
Table 5-2.

{8} The final monrent at the end of each member may be obtained
as the algebraic sum of all moments tabulated in the first
seven lines of Tabkle 5-2. This summation is shown in line 9
of Table 5-2.
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Now that the moments in each of the members at the joints are known,
the moment diagrams may be drawn for the members with the aid of the
equations of static equilibrium. These moment diagrams are shown in
Figure 5-5,

M(ft.1b. )
100, 000

. 65000 55000
50, 000 }
7 7000

A B C E
-{

30000

-50, 000
] -62000 -17000 -60000

-100, 000 1
-124, 000

M(ft.1b.)

13, 000

c.::=—~.d D

-6000

FFigure 5-5. Moment Diagram for Frame Shown in Figure 5-4

5.5 Rectangular Frames

This section considers symmetrical rectangular frames that are either
pinned or fixed at the ends of both of their uprights.

Figure 5-6 shows a symmetrical rectangular frame both of whose up-
rights are pinned under some arbitrary vertical leading. Sucha frame is
statically indeterminate and an equation, in addition to those of statics, must
he applied to determine the moments in its members.

Figore 5-6. Symmetrical Rectangular Frame Under Arbitrary Vertical
Loading With Both Uprights Pinned
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The free-body diagram of this frame may be drawn as shown in Fig-
ure 5-7.

The horizontal reaction is given by

3 A,
Hz ——— {5-11
hi.(ZK + 3)
where
I h
K= Ee (h-12)
Iij“

and A_ is the area under the moment diagram for a simply supported beam
under the same loading as the horizoatal member of the given frame. Once
the horizontal reactions have been found by Equation (5-11), the moment
diagrams of the frame members may be found by the equations of statics,

“\

e |

Figure 5-7. Free-Body Diagram of the Frame in Figure 5-6

Tigure 5-8 shows a symmetrical rectangular frame both of whose
uprights are fixed under some arbitrary symmetrical vertical loading. Such
a frame is statically indeterminate with two indeterminates, and two equa-
tions, in addition to those of statics, must be applied to determine the mo-

ments in its members.

- L

Figure 5-8. Symrmetrical Rectangular Frame Under Arbitrary Symmetrical
Vertical Loading With Both Uprights Fixed
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The free-body diagram of this frame may be drawn as shown in Fig-

ure 5-9. The horizontal reaction is given by
3 Am
H=s oo (5-13)
hi,(K+2)
where
Iz h
K=— (5-14)
L L
and'A_ is the arca under the moment diagram for a2 simply supported beam
under the same loading as the horizoutal member of the given frame. The
reaction moment on the ends of the uprights is given by
A
M lm (5-15)
L{K2}

where K and Am are defined as before. Once the horizontal reactions and

reaction moments have been found by Equations {(5-11} and (5-13), the
moment diagrams of the frame members may be found by the equations of
statics. This procedure is illustrated in Section 5.6.

M‘\g \_kM
D S - .

Figure 5-9. Free-Body Diagram of the Frame in Figure 5-8

It should be noted that solutions for rectangular [rames under varicus
simple loadings are given in tabular form in Section 5.7. The use of this

material, when applicable, is much simpler than using the material in this
section.
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5.

6

Sample Problem - Rectangular Frames

Given: The symmetrically loaded frame shown in Figure 5-10.

-5 10 - L et
‘ w=1001b. in.

n 1

Ny,

2=

h=10 \_11:3 \—1

1.

7777 77777

P 1= 20—

Figure 5-10. Rectangular Frame

Find: The bending moment diagram.

Solution:

To find A_, consider the simply supported beam shown in Figure 5-11
and draw its moment diagram. The area under this moment diagram
may be found to be

A, = 45800 in. “Ib.

Substituting this and K inte Equations {5-13) and (5-15) gives

3 A
H - I 3(45800) = 242 1b.

hIL{K+2) 10(20)(0.83442)

and

M = = _ _-%5800 = 795 in. 1b.

L{K+2) 20(0.834+2)

A free-body diagram may now be drawn for the frame and the vertical
reactions computed as shown in Figure 5-12. The equations of statics
may now be applied to sections of this frame to obtain the moment
diagram shown in Figure 5-13.
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e~ 5 —ef—— 10 ——=—5
_/“WT 00 1b.in
Y 1
M 3750 M = 500x - 50(x-5)%
@S0 — = o ] M = 2500 - 500{x-15)
' I
[ |
_ |
M = 500x 1
5 15 20 =
Figure 5-11. Determination of A
e 5 - 10 5 —
vw: 100 1b. in.
b
h=10
X

e ] —————
H-z4z M= 795 M= -795 H= 242
V = 500 V=500

Figure 5-12. Free-Body Diagram of Frame in Figure 5-10

1625 1625
-] ™~
/ M /(]/ N
1625 - 1625
\w/

-2125

\ £

-795 -795

Figure 5-13, Moment Diagram for Frame in Figure 5-10
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5.7 Formulas for Simple Frames

This section presents formulas for determining the reaction forces and
moments acting en simple frames under various simple loadings. The re-
action forces and moments acting on frames under more complicated loadings
may often be obtained by the superposition of these simple loadings.

Cases | through 9 of Table 5-3 give reaction forces and moments on
rectangular frames, both of whose uprights are pinned; and such frames with
both uprights fixed are treated by cases 9 through 18 of this table. Table 5-4
gives reaction forces and moments on trapezoidal frames. The first four
cases treat such frames with both uprights pinned at the ends, and cases 5
and 6 treat trapezoidal (rames with [ixcd-ended uprights. Table 5-5 gives
reaction forces and moments on triangular frames.

5.8 Sample Problem - Formulas for Simple Frames

Given: The traperoidal {rame shown in Figure 5-14.

7.5 7. 5]
1000
¢ ITO
lq‘
< \11 =1 in.4
11—.1'm.4 / i
5 15 5

Figure 5-14. Trape=moidal Frame

Find: The reaction forces and bending moments,

Solution: From the diagram at the top of Table 5-4,

I ra "h
F:_Z_{i‘\:ﬁ(ii):l_lz
Il S / 1 b 15 /
G=3+2F=3+2(1.12) = 5,24
I, = 1in. 4 a = 5in. h = 10 in.
I, = 1.5in. % b = 15in. s = 5/5in,



TABLE 5-3

Reaction Forces and Moments an Rectangular Frames *

L
I-h
« . l2h
<
Iy
\__11 \'IL d = distance to centroid of load
unless otherwise used
Hp Hp
L =
My MB\.FI Mp = Mg = 0 if uprights are pinned
v v
A B
(1} P
a4 —wpe— b ——ed v - bo \% =P -V
am AT T B A

3P

Ha - Hp -
A B 7 gh(ak=3)

For Spe.:ai Caser a3 = b = I.2

P i
Va=Vs © o I
AL
Hy = Hp = — —
A B Sh (2K «3)
{2) b
- a -*T*C whlb+2e)
l‘_ w Vg = —————éb Vp = whb - VA._

whbibac v b (3L - 2bY]

H,y = Hyp -
A B hL (2K +3) -

For Special Case: « = ¢ - 0, b= L

b
w "

H :H = — -
A B = TR

# Griffel, William, Handbook of Formulas [or Stress and Strain
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(3)

W

—{ a rb—.‘]
s

whbd wh
v - V., = — -~V
AT oL B 2 A
S 11 de_b_Z“dZJ
AT B T 4Lh(2K+3) \ 18

J& For Special Case: a= 0, b= 1, d= —E—J
B v Lo
Vo o= Y Vo=
2
L
%] H W
A B 7 Bh(2K+3)
{4) :
-
-M
V = =V -
3(b-1./2)M
H = H = -—vg—-—~—‘—‘~—‘—
A B Lh(2K +3)
- Pa
Va=-Vg =

Hp = P_a M‘EE4__+ b + IJ

2h ;Z(ZKJ}

HA:HB—P
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames {(continued)

{6) )
W bz—aZ
2L

w Va= -Vp =
a

%T“ g o wialob?) | Klwa? v?yen® a? b))
J——T~*—— B 4h gho (2K +3)

H

NS HF + w {b-a)

For Special Case: b - 0, a=h

wh K
Hp = 28 {1 . ]
BT C 30K

HA = HB - wh

(7) Va = -Vp = é%~(2a+m(b—a]

-VaL KX1g
Zh ¢ h(2K+3)

|€
€I
o}

11

a
j— Where:

Xig = [-30h7b{aZ-b2)

-
12002 (a-b)
+20h2(a2-b2)+15b(a4-b4)-12(a5-b5ﬁ

Hy - 1y - M)

For Special Case: b=z 0, a = L,

-wh?
3L

VA:-VB:

_ wh(4K+5
Hg = —
10 V2 K43

wh

Hp = Hy - >
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

Va=-Vpg= :6%— (a +ac - 22y
(B} . T r
c
_t Hp - oAl KX7
B =

+
Zh (2K +3)h
Whero:

T4 e
a . ‘_l
A

Xo o [3{4d% +c5) - 15h(3ad . o)

120h%(d-c)
+ 2002(2d%+e3) - 15ca2(2h-d)2]

For Special Case: b=c¢c -0, a=d-="h

2 ﬁ ,
VA: —\'B = :—.-\g%_

S I R
12 LO(2K+3)
(9}
4 M
s .
v’..‘\: -VB = L —
M
b o
3 [K(2ab he M
1 H, = Hp - [K(2ab-a®)

2h3 (2K +3)

5 - 20



TABLE 5-3

Reaction Forces and Moments on Rectaagular Frames {continued)

(10)

a(b-a)

Ve - P -V
L2(6K+])] B A

:EE]:I+

v
A,

_ FPab
ZLh(K+2)
! . fb-a) 7
JL{6K+1)

-

1 {b-a)

[ SR +2) 2LA6K +1}

Pah
L

Mp -

For Special Case: a = b= L/2

Va = Vp = P/2
— I ] . = __ELP_.__._L 1
TR T Bh(E+?) l

{11
— o ——

’FW

la—

b —ed

™ Xp+X2
AT ZK2)

X] -XZ
2(6K+1)

Xy -X3

(U XirX, X
Z{6K +1}

M
B 2K +2

ANy
L.

2447

I

Ttwe

241

z
+§£—Ar4c2—£4d2]
L

bl 3.3

L

wC
241,

+2¢? a48d2f—24dL]

+

3
X, - [24d b
L
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TABLE 5.3

Reaction Forces and Moments on Rectangular Frames (continued)

For Special Case: a=U, c¢=b=1L, d = L/2
L
Va = Vg = = P ¥4
2
L
H :H = _\i__._
ATER T Ynke2) prr
2
_ wkl
] Ma=Mp = 12(K +2)
X1 - X
wod 3 4 Wwe
= _ ¥ Ly
VA © S0 7 TR0 VBT 72 A
(12) |
d.._.,{ x H :H = M)
I'* ATEB T THKY2)

_eri 1] X3+X,  X3-Xg
My = - =
| l Z{K+2) 2{6K+1)

a C

X3+Xq4 = X3-X4
Mp = 2(K+2) 2{6K+1)

;7}7 Where:

x. = IWC _dj _c? . 51c3 c?b _dZ’J
3 2L L L 9 810L 6L

3 2
£ B —2d2+dL—_|

c2 . 5
IJ 6L

. :£[£+_ 51
4 2L L L 18 g1

For Special Case: a=0, ¢c=b=L, d=1/3

_ wl, 1
Vas g Ll- 10{6K+1)]

_wL 1
Ve =51+ 20(6K+1)J

L2
H. = H w
A B Sh(K+2)
2
L 5 I
M W
A*° 20 \kas Teral )

M :WLP-( 5 1 )
B 120 \ K+2 6K+l
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

(13}
1-a b 2
= - - 6(@b+LK)M
Va = -vg = 22d2 )
-, LA {6K+1)
M
HA = HB = ‘Zlg__@_L?l.a)M
: (K+2)
;—J My - M {6ab(K+2)nL[a.{7K+3)—b(5K-i)] .
7 mr L2 (K +2){6K +1)
Myp = M + Mp + VL
-3Pa’K
V = -V F——
(14) A B " fheK+1}
_ Pa l:h htb+E (h-a) |
H - Tz R S S &
? B 2n Lo h{K+2) |
81_.
Pa [ -b(h+b+LIK) 2a K
M = —-r - h —_
a AT LT bK+2) T OB(K+1)
i
MB _ E@_[ -b!h+b+-bK)r th . 3aK 7
2h h(K+2) 6{K+1}
Hy =-Hp - P
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames {continued)

M M 2_.2
A B W -
Vaz-Vn = +___(§_,E__l

L 2L
{15)

He - w(at.c2)  Xg L FeX-1)
B 2h 2h Zh{K+2)

HA = HB - W(&—C)

) L[ erhoxs]

-c-n}-——ﬂ..—-—-
1
p——m-.{l!—o“.{

1 3K

M — — —— -
2(6K+1) 2 [K+2+6K+1 X5

W aZ-CZ
(3x+1>[wL—J-x5]

Mp = Z VXer 1 L 3K
2{6K+1) 2 LK+2 6K+1_|

Where;

Xg = gx? [d3(4h-3d) - b3 (4h-3b)]

Xg = _iz [33(4h_3aj— c3(4h-30)1
12h

For Special Case: ¢ =0, b=90, a=d=h

A _ vV ,ﬂb_zu}.{_
AT TVYB T LEK+L)

1i

e

Hea - wh!2K+3[
B B(K+2)

HA Hp - wh

-whe [30K+7 L1 ]
24 L6K+1  K+2

MA:
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

_ My Mp l.s,"{a.2 +ac - ZCZ}
Ya = -VB= 1=+ - 6L,
o - ﬂa2+ac-2c2) _ i(__S_ 4 X9(K-1}
(16) i B = 12h zh ' Zn(K+2)
1 b
Ha = . wla-c}
d ‘ A * Hp 5

i} 6
f Ma = 26K+ 1)
_ E_a[_lm )
2 Lr+2 " 6K+t 8

(3w )[fo"rzeszeti.

2(6K +1)

_ Ei[L 3K ]
2 K+2 hK +1

Where:

Xg = -4’”——“ [15(h+b)d?-n%) - 12(a5-b5)
60n” {d-b

‘ZUbh(d3-—b3)]

Xg:__"y__

3 (10d202(2d-3b)+10bh{4d3 +b2h-b3)
60h*(d-b)

~a*(30h+15b) + 1245 + 357
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (continued)

For Special Case: bh=c¢c=0, a=d=h
2
. -whéK
Va=_vg - —-WhoK
A B ™ YLK+ I_Ai l
b
Hp - %h{3K+4)
B 40(K +2)
wh
Ha = Hp - —5
2
My = wh 27K +7 . 3K+7
60 Z{6K+1) K+2
2
. wh 27K+7 1
B~ "o 2(EK+1) Ks2 ]
M M
A B w(2a+ch{a-c)
= L z — —— -
Va VB L L 6L
17
17 . i Hn = W(Zaz-ac-cz) X1 . Xpp(K-1)
l b B 12h 2h  2h(K+2)
d }
N Ha = Hu - wla-c
Cl A B 2
1 7T i{ZaZ -ac - cz)
, -(3K+1)[ g - Xll]
MA = - .
2(6K+1)
) X12[ 1 3K 7.
2 LK+2  6K+1 i
r 2_ - 2
(3K+1)|:ﬂ3'a' ac-c} . X11
Me = &
B =
2(6K+1)
X2 13K
2 K42 6K +1
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames {continued)

Where;
4 5 3 4
Xy = ——— {5hd% - 3d° - 200db” - 12b%(d+h)]
1 onca-b) d-h)
Xyz = ‘; e {15(h+c){a4-c4)—12(a5-c5)
60h“{a-¢)

- 20 ch(a3-c3)]

For Special Case: b=c =0, a=d=h

-3Kwh2

Ho o whiTK+11)
B 7 T40(K+2)

wh

HA = }IB - T

M - -wh® [ 87K+22 3 ]
A S +
120 | 6K+1 Ki2

B wh?

Mo - TZIK+6 _ 1 1
B 40 | 6K+1 K+2
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TABLE 5-3

Reaction Forces and Moments on Rectangular Frames (coancluded)

(18}

} S
L

)

-6bKM
Va = -VB = BT (6K+1)
H, - Hp - 3bMZa(K+1)+b]
3
203 (K+ 2)
M

M, = 4a® + 2ab + b2y K(26a2 - 5b2)

2h2 (K +2H6K+1)

+ BaKz(Za—b)]

MB:“VAL—M“MA
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TABLE 5-4

Rectangular Forces and Moments on Trapezcidal Frames %

/

/,

2

h
-1y 11/ G = 3+ 2f
A MB .1
H e a——
A H
Va Vi P Mpa = Mp = 0 if uprights
* i @ are pinned
L.
() W
4 wb
Va=Ve= 5o
. wh L
Ha = He = oy i)
(2) P
e
Pla+d) _
Va = -'S—i:“ Vg = P-Vga
P 3ed
: H a R
Ha Y (\a bG )
{3]

Hp = Hg - wh

* Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 5-4

Rectangular Forces and Moments on Trapezoidal Frames (concluded)

(4) vV = -V = _—_P_C
; A B L
d
=] S ;
: Pc[ F ( - ]
H = 1 _— T - =—
BT 2,L° "G hz)
[ad
L I‘IA = HB - P
{5) w . b
A= Vs =
_ _wb b ]
Ha = Hp = 2h[a+ 452F
2
b
Ma = - Wb
A B " 12i2+F)
{(6) -
o Va = -Vp= 22 1y
- L
-P
Hp = -Hp = >
-PhZ
Mp = -Mp = — -
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TABLE 5.5

Reaction Forces and Moments on Triangular Frames

1
2
' Iy ‘ I)h
h - £
M 1L
L Ma B
Hy Hp
Va VB Mpa = Mp =0 if uprights
A ey b
!:— L are pinned
(1) .
Vg = -E;— Vp = P-Vp

(2}

2
wa, 4b 1
Ha = Hp = 5 (L * Tk )

(3) M M
m Va = -Vg = 7,
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{(4)

(5)

TABLE.5-5

Reaction Forces and Moments on Triangular Frarnes (continued)

SRk

Hp = E[.}.’_+ A{h+c) ]

L 2hé(K+1)

Hp = Hp - P

wh
2L

_wh(sb 1)
HB78 L+K+1

Hp = Hp - wh

(6)

Vi =

HA- HB:

Mapa =

5~ 32

-Pcd

Pcf, _ d(ard) VA-P- Vg
L 2a

Pcb , _ Ped ([-b(3K+4) -2L]

Lh  6La’h(K+l)

[a+d]+ 2(2L+b}(a+c) +3ac]

5 {{a+d){(3K+4) - 2{a+c}]
6a“(K+1)
Pczd

Mp = — o
2al(K+1)



TABLE 55

Reaction Forces and Moments on Triangular Frames (continued)

2

(7} w ( 3a ) 3wa
' = wal|l - —=— Vi =
A 8L B 8L

2
wa
= = ——e——— b L
Ha = Hp ZALh(KLT) (b(10+9K) + 2L + a]

2
My - -wa“{3K+2)

24 (K+1}

v _wa?
B 24{K+1)

_ 3M{a-bK)

Ha= He = S ko)

KM
AT ZIK+1)

M

Mp = 2%

9 -Pc d(h+d)
L{'- 2h ]

Lh 6hZ(K+1) -

}

d

I Hp= £25{p+ 4 [(h+d)(-3bK—4b—2L)
C

4

+ 2{2L+bH{h+c) + 3ac]}

[ (h+d}{3K+4) - 2 (h+c) ]

M. = -Qecd
AT Ghe{K+1)

Qcd
= h+2c+d
Mg 2 &) (mu{ +2c +d}
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TABLE 5.5

Reaction Forces and Moments on Triangular Frames {concluded)

{10}

2
-3wh
VA =-VB = L
h
H = _wh bl{3K +4
B = 3L(K+1) (b{3K+4} +a]

HA: HB - wh

Ma o Wh2(3K+2)
A 24(K+1)
z
h
Myp = —
B~ Z4K+1)
From Table 5-4, case Z,
v . Platdy _ 1000(5+7.5) _ 540 5,
A L 25
V, = P -V, = 1000 - 500 = 500 1b.

i'D—-(\a.+

Hy = Hp = 5y

3cd ) _
bG

1000 3(7.5)7.5)1
2(l0) v« 15(5. 24)

= 357 1b.

A free-body diagram may be constructed for a section of the frame leg,

as shown in Figure 5-15.

Equating the sum of the moment to zero gives

M = -500x; + 357(2xq) = 214

/WM -

Hp = 357

- %y

VA: 500

Figure 5-15.
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At the left frame joint,
M = 214x = 214(5) = 1070 in.1lb,

A free-body diagram may now be drawn for a section of the horizontal
portion of the frame to the left of the load as in Figure 5-16. Eguating
the sum of the moments to zero gives

M= 1070 - 500}:2

By considering symmetry, the moment diagram of the given frame
may be drawn as shown in Figure 5-17.

357 Mg = 1070
——{ }'—“' *2

M
500

Figure 5-16. Section of Horizontal Portion of Frame

1070

M= 214x

-2680
M=1070 - 500x

Figure 5-17, Moment Diagram for Trapezoidal Frame

5.9 Circular Rings and Arches

Table 5.6 gives formulas for the bending moments, tensions, shears,
and deflections of closed circular rings and circular arches of uniform cross
section loaded in various ways. Cases ] through 21 treat closed rings, and
cases 21 through 24 treat arches. By superposition, the formulas given by
Table 5-6 can be combined to cover a wide variety of loading conditions.

These ring formulas are based on the following assumptions: (1) The
ring is of such large radius in comparison with its radial thickness that the
deflection theory for straight beams is applicable. (2) Its deflections are due
solely to bending, the effect of direct axial tension or compression and that
of shear being negligible. (3) It is nowhere stressed beyond the elastic limit.
(4} It is not so severely deformed as to lose its essentially circular shape.

Since many of the formulas in Table 5-6 consist of a large number of

terms, each of which may be large in comparison with the end result, calcu-
lations should be made with extreme care in order to ensure accurate results.
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section

Mg = Mat x= 0, y = -R

H
I}

Tat x = 0, y = -R

0
V0= Vat x = 0, y = -R
I = moment of inertia of ring
cross section
M .
a = cos X e;cosd]
b = sinx f = sin¢)
c = coOs B
d = sing
ADy = increase in horizontal diameter
ADV = increase in vertical diameter
x = angular distance {rom bottom of
ring
b
M = PR{2.3183 - = }
(1) p
Max+M=0.3182PRatx=20
=
Max - M=~ -0, 1817 PR atx:T
T = -Pb
2
V - -Pa
P Z
'.‘5
aDy, = 0.137 2R
F1
PR
= 0.14
AD,, 149 FI
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

if (0< x <B;
(2}
M

I

PriD.3183(d-cp+ a - adc) - a+c]
T = P.3183 a(g- dc)-a]

P .' P Vv = P{0.3183b(dc-8) +b]

ifg<x<m)
B < 90°
M = PRID.3183(d-cB +aB - adc}]
T = P{0.3183u (- sc)]

v = pl0.3183b {dc-B}]

3
AL, = “%E%"— {0.6366({d-c8) + % {dc -8} ]

3 2
AD_ = —EEE‘I—— [0.6366 (d-cB) + ¢ +% - 1)

2

= M \(0.6366a - 3) if (0<x <7/2)

,—..,
w
—
=
i1

MA[O.6366a + &) if (M/2 < x <o)

‘ MA Max +M = Ma/2 just above My

Max -M = -MA/Z just below M 4

T

0.6366 MAa/R

i

V o= -0.6366 Mpa/R

ADh:ADV: 0
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section {continued)

if (0<x <B)

4
{4) M

M,l0.3183(2ad+g)-1 ]

T

i

0.6366 M ad/R

v 0.6366 M bd/R

if (B<x <)

M = 0.3183 MA(Zad+8}

T = (.6366 MAad/R

AD, = MR 6366

D = ~=— (0.63663 - d)
MpR%

AD, = —B— (0.63665 + c - 1)

if (0<x < n/f2)

5
) M= PR{0.3183a+b - 0.8183)

P P '
T = Pp(0.3183 a+1b)
! V - Pla-0.3183b)
if (mf2 < x < 1)

jzp M= PR {0.1817+0.3183 a)

T = 0.3183 Pa

V = -0.3183 Pb
3

AD, = -0.1366 —5~

3
- PR
aD, = 0.1488 o
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

{6)

4,

ap

8< 90°

if (0< x <8)

M = PRI0.3183(ac®-df-c)+d- 3]
. 2

T = 0.3183 Pac

V = -0.3183 Pbc?

if (8< x < 11/2)
M = PR[D.3183(ac’®-d3-c)«b -3}
T = 9(0-3183ac2+b)
2
V = Pla-0.3183bc)
m/z<x <m
M = PRD-3183 (ac® - dp-c) + %]
T = P{0.3183ac?)
2

Vv = -0.3183 Phe

N
aD, = PP;B; (% (d2 + 1) - 0.6366 {d3+ c}]

(7

PR’
AD, = = [d- % (dc+B)-0.6366{dB+c)+0.7854]
if (0< x <g)

M = PR[0.3183(d8+c+ad®_1)-a+b]
T = P(0.3183 ad® + b)

V = Pl(a-0.3183bd%)
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section {continued)

if (8 < x <)

M = 0.3183 PR{df+c +tas

2_1)

T = 0.3183 Pas®

V = -0.3183 Pbs?
ATH = _,1352 rid2+2) + n.6366(d3+c-1)-2§J1f5>90°
Er L 2
PR’ q
ADp = ——— [0.6366 (dg+c - 1) - d¢/27ifg < 90°
PR
AD, = E— [{dc+g}/2 +0.6366(1dgrc-1) -d]

(8)

if (0< x <B})

7
M - PRI0.3183(f §+e-ds-c-ad + af’) - f+d]

T - 0.3183 Pa (£2-d%)

V = 0.3183 Pb(d%-f%)

iB< x<¢)

M = PRI0.23183 (f +c-dg-c-ad™+ aff)- fib )

i
T - P[0.3183a (f “-d%}+b]

v = Pl0.3183b (d-f }aal

it (p<ox <)

M = 0.3183 PR{{+e-dS-c-ad2+af?)

T = 0.3183 Pa(f2-d%)

V = 0.3183 Pb (d°-f?%)
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TABLE 5-6

Formulas for Clesed Circular Rings of Uniform Cross Section (continued)

PR
ADp = o= Ud2402)/240.6366(f fre-di-c)+1-2f]

3
AD = ———215 [(fe+$-dc—B)/2+0.6366(f'4=1+e—d8—c)+d—f]
: 1
f(0<x<0 M= -ER/2 _ 2
HAD< > <0) 2 (a8
maX+M:-—P—2R<dl—Bl)atx:U, 2B, 4B .. ..
r
max - M = P_ZR \;— - cota) at cach load

P
max T = =— tx = 0, .
X ¥ at x 25. 48

‘T = % cotf at loads

wadial displacement at each point load =

3 .
PR Bide} | l] outwa rd
2EL Zdz B

Raaial displacement at x = 0, 28, 48.... =

PR~ - 2 1 [

- inward
4EL \p d 42 ) inwar
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(10}

At
l
2wR sing

0

. 2 2 3 1 \
M = WRZ[%+%— +0.3183 (d - Bd” _d7 _Zde B ]

R 4 4/
T, = -0.100) w Rd>

if (0<x <8)

M= M - wi? [db - 0.1061d3(1-a) ]

T = -wR (0.1061d%a + db)
V = wR (0.1061d°b - da)
i {§< x <m}
M = M, + wRZE[0.10618°(1-a)-(d%+b%) /2]
T = -wR(D.1061d° a4+ 1)
3
V = wR(0.1061 d” b -ba)
4 2 , 2
2wR 1 d 4 {3 , 3dc B ]
- 42 Al poapg3fB o, 2ds -
4D F1 La 2 2 \e" T Ty d)
4 2 -
swRPr 1 a2 d% pd ¢
- L dc Bd _c_ 5 3183
ab, BT L1274 "1z 1 6
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

2

2, 3de ,s‘l;_']
(11) w Mg = wi? [0.3183 (5 +pd® + 55 )5

(0 < x <g§t

if (0 < x <1 -8)

M= M, -wR tdb'—z*)

T = -w Rdb

V = -w Rda

4 3 2
-w R d 2gd”)
- - 0.3183@ +3dc + £B ]
ADy — l_d + ry

md

4 2
~wR [-0.3183(29d2+3dc+_81+d -d i+ o=

El )

3 _C‘J

2 5 .
3

AD, =

Wt
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(13)

Formulas for Closed Circular Rings

TABLE 5-6

of Uniform Cross Section {continued)

(12)

My = 0.305 wR2

Tp = -wR(0.02653)

if{fo< x <m/2)

. 2
M = MU—IOR(I—a\—wR b/2
T = TGa. - wRb/2
V = -Tpb - wRa/2

/2 <x <}

if (0

<

X <B)
My - TpR{1-a) -wRZ(l—aZ)/Z

T, + wRa (L-a)

T.b - wRb {l-a°

0

5 - 44

wR
M= M- TgR(1-2) -wR%b/2 - wRE(1-B)3/6
T = T,a - wRb/2 + wRb(1-b%)/2
V = -Tgb-wRa/2 + wRa (1-ady/2
ADy = 0.1228 wR*/(EI)
ap = -0.1220 wR*/(ED)
) s dct L pet sde s
My - wrZ| 0.3183 (5 -pes S5 4B IS4



TASLE 5.6

Formulas for Closed Circular Rings of Uniform Cross Section {continued)

if (g x <m)
M= M, - —ronu-al-wnzu-cr}'hc-za\lz

T.a+wRa{l-c}

T o

"

-T.h ~ wRBb{l-c}

v 0

{14)

N
T o 3

“R({l-cosy} —

|

Mg = wr?[0.3183 {& ,& _8c _I3de  1ide
| 9 4

\3 24 36

2 3 3 7
Be” _dc _Be ' y_ ',y . 3
MY 12 & ) WV c) 6

'1'0 = wR[0.3183 {d-8c) +c-1]

il (0< x <fB)

2

]

M=M_ - TDR(l-a\&sz'[(l-al-‘”l&-{l-c)(l-a)?'jz]

0
T:Tg +wRZa(l-2c-a)(l-a)/2

V= -Toh-wR2b(l—2c+aHl—a]/_2
if B< x < 1)

M= Mg - TOR(l-a)—v.R?’(hc)z(

Wity

C
+ 3 a.)
2 2.
T=Tpe + wR™2{1-c}*/2

= -Tgh < wR?b{1-c)3/2
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TABLE 5.6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)}

Mg = wR*[c-0.31838c -8V~ 1]

{15)
Tg = wR[0D.3183(d-ecvec-1]
N ZwR swB ((0<x<8)
: w M= Mg - ToRi1-a) - wRZ {1-a- ab)
T=T0a+wR (db+a - 1}
Vs -Tgh+ wR{db-b)
A~ = "}

»
= - -a) - e anal
M Mo TORU a} - wR*(ca-a

T = ‘I'ba + wR {a-ca)

v -TvawR{ch-h}

4
aD, - zme (B:_ +0.31833 - 0.5683d )if 8 < =

[

2
aD, = Z¥R_ (!1 +0.31833 + .S . 0, 31834 -;)
El N4 2 :
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

(16) uniform shear
A-Z if(0«cx<p)

=N

\ M = PR {0.15915 [dp+c-f-eta(d®—£ ) b(dcig+fe+d)
} ~x(d+£)] - (d-£)/2+b}
if (g <x< 2w - )
M = PR {0.15915 [db+c-£0-3+a(d®- %) bdcip +fetd)
_x(d+£)] + (a+£)/2}
if (27 - <x < 2m)
M = PR (0. 15915 [dg+c-f§-eta(d?-12)-b(dctp+fet})
~x(d+)] + (d+3f/2+b}
if (0 < x<p)or (2 - ¢<x<2n)

T

P[0.15915 (ad® - af®_bdc-bg-bfe-bf)+b]

v

P{0. 15915(_d_f_bd2+bfz-adc_aa-afe-a¢)+a]
if (g <x<2m -4

T = 0.15915 P(ad?-af’-bdc-bg-bfe-bf)

Ik

v

0.15915 P(-d-f-bd%+bf’-adc-ap -afe-af)
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

i {0< x <B}

(17}
,/ \ M= M, [0.3183(ad-betp/2-x/2}- 3]
{ \ T - -0.318 M (bc-adl/R
V = -0.3183 M A(bd + ac+3)/R
Ma) /
2\MA 1b (8 < x < 27)
2”R2 in
M= Mu0.3183tbd - bep /2 -x/2) + %)
T = -0.318. MA(bc—ad)/R
Vo= -0.3183 MA(bdmug)/R
{1s) M= wRZ(1+a/2 -nb ¢xb)
Max + M= M = IwR®/2
——+———
e
Max - M - -0,642wR% at x = 74.6°
- T - wR{xh-a/2-1b)}
ZTRw V o= wRi{xa+b/2-na)

w lb. per unitlengthof
circumference

4
ADy = 0.4292 % -
4
AD, = -0. 18765 2B
- 48



TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section {continued)

(19)

w1b. per unitlength
of circumference

My

TO - wR(d2._ )

if (0 < x <B)

= WRZ{% +C +Bd-'rrd+d2)

M = My - ToR{1-a)iwR(xbra. 1)

T = T0a+wab

v

if <

—Tob +
n <)

Mof'T

= T arwh

0

wRxa

]

(xb -ub)}

-Tob = wh (xa - 7a}

ZWR4

Bl

WR2

El

5 - 49
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1

-

j -2.4674 .

¢ +Bd—%

R(‘-ah—wRZ(xb* a-l-mb 4 d)

(1 + d@ }]

o/

2\

dc+8_2d) +Z(5d -I-C)]

-



TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section (continued)

Mg = -0.01132 PR

(20)
T, = -0.07958 P
P P
- -_— max+M = 0.01456 PR at x = 66.8°
} max-M = -0.01456 PR at x = 113.2°
i 0< x <w/2)
P sin x M = PR({0.23868a + 0.15915xb - 1/4)

lb. per unit

~
I

length of circumference P{0.15915xb - 0.07958a)
V = P(0.15915xa - 0.07958b)

if (m/2 < x <m)
M = PR{0.23868a + 0.15915xb - b/2 + 1/4)
T = P{0.15915xb - 0.07958a - b/2)

V = P{D.15915xa -~ 0.07958b - a/2)

ADp = AD, = 0

i (0< x <B)
M = PRI0.23868a - d/2+0.15915(xb+gdic-ac?)
T = P[0.15915(xb-ac%) - 0.07958a)
V = 0,15915 P (xa-b/Z+bc’)

if (< x <) - .
M = PR{0.23868a-b/2+0.15915(xb+pd+c—ac)]

T = P{0.15915(xb-2c>}-0.07958a ~ b/2 ]

v = P[0.15915(xa-bf2+bc)-a/2]

PR3
ADy, = [0.3183 tdB+c)-(d2+1)/4]
PR3
ADy = 45— [0.3183 (dg+c)+{dc+B) /4 - d/2 -7 /8]
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TABLE 5-6

Formulas for Closed Circular Rings of Uniform Cross Section {(continued)

(22} Ends Pinned

42 12 20gd- §fre-c}-a(d®-£2)
HA = HB - _2_[ 2 ]
B-3dc+zBc + a B de)

and A - cruss sectional area

B iy
Va s 5 L a )

Vg = P - Va

{23) Ends Pinned 2 B dec
w 4d- +8¢ —stzc-dc2+2ﬂ\8c2-g-j) ]

. _ wR 3
fa s g |

2
28 c 4B-3dc+g g+ del

{a as for case (22))

1 - VA: wRd -

VB = ZWR—VA
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TABLE 5.6

Formulas for Closed Circular Rings of Uniform Cross Section {concluded)

{24) Ends Fixed

— &*M - dz__ fz"‘l{dz-f{')
B. .

2
2 L 2d ]
g+ de- —— + {1(8+dc)

(a as for case (22))

. P /B —cdref-2fc y
=5\

"Bc~d) PR c-e-ff-gf

Ma = VaRd s HRATSS ) SR (S50 )
Mp = Mp - 2VARd + PRidf)

1 rd® \ "B _Bc© | de
- +—+a( -+ )

(25) Ends Fixed 4\ B 6 s 2 T3

I’IA: I’IB: \2

M_“}_’QJr 2d de - (&+é§.)

B 2 2 22

5~ 52

(a as for case (22})

-

27d% 1 dec id
Mg = wRZ(Goop o) - R (G- )

Mp = Mp - 2VARd + 2wRd?

VA:wRd

Vg = w Rd



5.10 Sample Problem - Circular Rings and Arches

Given: The circular ring shown in Figure 5-18.

70 1b.

800 in.1lb. — Iy 7 -1\ $ / — 800 in.1ib.

<0

70 1b.

Figure 5-18. Circular Ring

Find: The bending moments in the ring.

Solution: The bending moment in the ring may be obtained by super-
posing that due to the concentrated loads (M, ) and that due to the applied
bending moments (M_). From Table 5.6, case 1, the bending moment
due to the concentrated loads is

M, = PR(0.3183 - b/2) = 70(10)(0. 3183 - sinx/2) = 223 - 350 sinx

From Table 5-6, case 3, the bending moment due to the applied
moment is

M, = M, {0.6366 a - 3) = B00(0.6366 cosx - &) = 510 cos x - 400
if{(0<«x<n/2)
or _
M, = M, (0.6366 a + %) = 800(0. 6366 cosx + 1) = 510 cosx + 400

if /2 < x<m)

The bending moment due to the combined loading is

M=M, +M

L
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Thus,

<

(223 - 350 sinx) + (510 cosx - 400)
=177 - 350 sinx + 510 cosx
if (0<x<w/2)

or

<

(223 - 350 sinx) - (510 cosx + 400)
733 - 350 sinx + 510 cosx
if (m/2 < x <)

H

In the above expressions, x is the angular distance from the botiom
of the ring.
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b. ANALYSIS OF PLATES

6,1 Introduction to Analysis of Plates

This chapter covers the analysis of plates as commonly used in aircraft
and missile structures. In general, such plates are classified as thin; that is,
deflections are small in comparison with the plate thickness. These plates
are subjected to compression, bending, and shear-producing loads. Critical
values of these loads produce a wrinkling or buckling of the plate. Such buck-
ling produces unwanted aerodynamic effects on the surface of the airplane. It
also may result in the redistribution of loads to other structural members,
causing critical stresses to develop. Thus, it is essential that the initial
buckling stress of the plate be known, In addition, if the buckling stress is
above the proportional limit, the panel will experience ultimate failure very
soon after buckling.

The critical buckling of a plate depends upon the type of loading, the
plate dimensions, the material, the temperature, and the conditions of edge
support.

This chapter considers the various loadings of both flat and curved plates,
with and without stiffeners., Single loadings are considered first followed by a
discussion of combined loadings. Examples are given to show the use of the
analysis methods presented. '

6.2 Nomenclature for Analysis of Plates

plate lenpth

stiffener area

plate width

effective panel width

core thickness, signifies cilamped edge

compressive buckling coefficient for curved plates

strain

modulus of elasticity

secant modulus

tangent modulus

y B, “secant and tangent moduli for clad plates
ratio of cladding thickness to total plate thickness
s5tress

Fo. 7 Fgy. gs secant yield stress at 0. 7E and 0. 85E

critical normal stress

@
o+

T T W

o
Y

Mo EEEEBe Q0

Fore critical shear stress

Fa stress at proportional limit
Foy compressive yield stress
F, crippling stress

FR free (refers to edge fixity)

6.1



number of cuts plus number of flanges (Section 6, 3. 3)
buckling coefficient

compressive buckling coefficient

shear buckling coefficient

equivalent compressive buckling coefficient
sandwich panel form factor

effective column length

shape parameter, number of half waves in buckled plate
rivet pitch ‘

total concentrated load

radius of curvature

stress ratio

sandwich panel parameter

simply supported

thickness

skin thickness

web thickness

total cladding thickness

unit load

total load, potential energy

deflection ) ot

length range parameter b%(l-v, “)*/rt

ratic of cladding yield stress to core stress
crippling coefficient

ratio of rotational rigidity of plate edge stiffeners
plasticity reduction factor

cladding reduction factor

buckle half wavelength

inelastic Poisson's ratio

elastic Poisson's ratio

plastic Poisson's ratio

radius of gyration

o
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Y
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6.3 Axial Compression of Flat Plates

The compressive buckling stress of a rectangular flat plate is given by
Equation {6-1).

_ 2 \

F, = K0E_ (€ ) (6-1)
2. Vb

12(1-v, ")

The relation is applicable to various types of loadings in both the elastic
and the inelastic ranges and for various conditions of edge fixity.

The case of unstiffened plates is treated first and then stiffened plates
are discussed.

b -2
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The edge constraints which are considered vary from simply supported
to fixed. A simply supported edge is constrained to remain straight at all
loads up to and including the buckling load, but is free to rotate about the
center line of the edge. A fixed edge is constrained to remain straight and
to resist all rotation. These two conditions define the limits of torsional
restraint and are represented by £ = o for simply supported edges and ¢ =@
for fixed edges.

Plates are frequently loaded so that the stresses are beyond the pro-
portional limit of the material., 1f such is the case, the critical buckling stress
is reduced by the factor n, which accounts for changes in k, &, and v, This
allows the values of k, E, and v to always be the elastic values.

The second reduction factor in Equation (6-1) is the cladding factor 1.
In order to obtain desirable corrosion resistance, the surface of some aluminum
alloys are coated or clad with a material of lower strength, but of better cor-
rosion resistance. The resultant panel may have lower mechanical properties
than the basic core material and allowance must be made. Values for the
factor n are given in the appropriate sections.

6.3.1 Buckling of Unstiffened Flat Plates in Axial Compression

The buckling coefficients and reduction factors of Equation {6-1)
applicable to {lat rectangular plates in compression are presented in this section,

Figures 6-1, 6.2, and 6-3 show the buckling coefficient k, as a func-
tion of the ratio a/b and the type of edge restraint; and, in the case of Figure
6-2, the buckle wave length and number of half waves, Figure 6-4 shows k,
for infinitely long flanges and plates as a function of the edge restraint only.
The edge restraint ratio € is the ratio of the rotational rigidity of plate edge
support to the rotational rigidity of the plate.

The condition of unequal rotational support can be treated by
Equation {(6-2).

K, = (g, Ko, )E (6-2]

The coefficients k.. ard k. are obtained by using each value of ¢ independently.
. . y g P y

1

Figures 6.5, 6-6, and6-7 present k, for flanges, A flange is con-
sidered to be a long rectangular plate with one edge free.

The plasticity reduction factor 71 for a long plate with simply sup-
ported edges is given by Equation (6-3).

2
E 1-v 3

n = F(—E-—V———z——ﬂ{o 500 + 0.250 P + ( EE‘ ﬂf (6-3)

vl A ]
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For a long plate with clamped edges, the factor is given by Equation (6-4).

E,

-

(6-4)

The value of the inelastic Peisson ratio v is given by Equation (6-5).

{(6-5)

The tangent and secant moduli can be determined from the Ramberg-

Osgood relation as shown in Equations (6-6) and {6-7),

(Es ) 7 AN FO.'? /
E N ( 3 Fon-l
(Et / 1+ '? >n(\FO.?Jj

Values of E, FO

(6-6)

{(6-T)

7 and n must be known for tihe material under consideration.

Figure 6-8 shows the characteristics of stress-strain curves used to deter-

mine the shape factor n.

The cladding reduction factor is given by Equation (6-8),

. 1+3pf
7= —t2Bl
1+ 3%

This relation is valid for the range F , < F,, < F_,. For the plastic range

when F,. > F | Equation (6-9).

_ 1 ' E,
EETEY: E, \T¥
' i +H“)'f”—i—\(E i

The potential energy factor W is given by Fguation {6-10).

we (R (2) ¢ (3 (2]
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Figures 6-9 and 6-10 present values of k, for plates restrained by stiffeners.

This data is included here instead of in the section on stiffened plates because
the stiffeners are not a part of the plate. To be noted is the effect of torsional
rigidity of the stiffener on the buckling coefficient of the plate,

6 l 1 I
a .
i ‘.\Stiffener _ S {
Fyx e Rib Rxb\ r,b/2
. Long. Center Line i
5§y — £ | —
¢~
| F 1
N Ty A
at
4 - 0
.2
kc .
1.0
2.0
3 5.0
> | 1 {
0 i 2 3 4
a/b

Figure 6-9. Compressive-Buckling Coefficient of Flat Plates Restrained -
Against Lateral Expansion. Poisson's Ratio Equals 0. 3;

., (50

y =
A
Fx (1+_1
at
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6.3.2 Buckling of Stiffened Flat Plates in Axial Compression

The treatment of stiffened flat plates is the same as that of un-
stiffened plates except that the buckling coefficient, k, is now also a function
of the stiffener geometry. Equation {(6-1) is the basic analysis tool for the
critical buckling stress,

As the stiffener design is a part of the total design, Figures 6-11
and 6-12 present buckling coefficients for various types of stiffeners.

The applicable critical buckling equation is indicated on each figure.

A plasticity reduction factor n is applicable to channel and Z-
scction stiffeners as given by Equation (6-11).

E 1av
n:( ¢ V(T ) (6-11)

Figures 6-13 and 6-14 present values of the buckling coecfficient
for longitudinally stiffened plates. The curves of Figure 6-13 are in terms
of the plate geometry and the parameter EI/bD for the plate. The curves of
Figure 6-13 were based on the assumption that the stiffener section centroid
was located at the midsurface of the plate. If the stiffener is located cn one
side of the plate, as is usually the case, an effective value of (EI/bD) must
be determined, Tigure 6-15 presents a plot of the function 1/Z,, vs x/b for
one, twao, or an infinite number of stiffeners to be used in Equation (6-12).

(L) (2

_(_b_% -1 ZIA’ (6-12)
_El_ nd )

The value of (A /b) used for Figure 6-15 must be the sarme as that used in

Figure 6-13. This may require an iterative approach as (EI/bD), may occur

at a differeat value of g in Figure 6-13 than does (EL/bDD) at the a/b of the n ~
originally used to enter Figure 6-13.

Figure 6-16 presents curves for finding a value for k for plates _
with transverse stiffeners. It is noted that the stiffeners are allowed to have
torsional stiffness in these plots, whereas in Figure £-13 for axial stiffeners,
GJ = 0 for the stiffeners. See Figure 6-10 in Section 6.3.1 for an indication
of the effect of stiffener rigidity on the plate buckling coefficient.
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6.3.3 Crippling Failure of Flat Stiffened Plates in Compression

For stiffened plates having slenderncss ratios L. "/o = 20, con-
sidered to be short plates, the failure mode is crippling rather than buckling
when loaded in compression, The crippling strength of individual stiffening
elements is considered in Chapter 2, Column Analysis. The crippling strength
of panels stiffened by angle-type elements is given by Equation {6-13).

0. 85

F . _ 1
: =B“rzjtut,(nE )?] (6-13)

For more complex stiffeners such as Y sections, the relation of Equation {(6-14)
is used to find a weighted value of t_.

t, = — (6-14)

where a, andt, are the length and thickness of the cross-sectional elements of
the stiffener. Figure 6-17 shows the method of determining the value of g used
in Equation {(6-13) based on the number of cuts and {langes of the stiffened panels.

Figure 6-18 gives the coefficient 8, for various stiffening elements.

If the skin material is different from the stiffener material, a
weighted value of F,, given by Equation {6-15) should be used,

Fop * Fop [lE/t,) - 1]

— cye

= —- (6-15)
(t/t,)

ey
Here, t is the effective thickness of the stiffened panel.

The above relations assume the stiffener-skin unit to be formed
monolithically; that is, the stiffener is an integral part of the skin. For =~ -
riveted construction, the failure between the rivets must be considered. The
interrivet buckling stress is determined as to plate buckling stress, and is
given by Equation {(6-16).

W2
[ =) (6-16)
12 (1-v%y - F

ené nnE / t

1

Values of &, the edge fixity, are given in Table 6-1.
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TABLE 6.1

End-Fixity Coefficients for Interrivet Buckling

Fastener Type {Fixity—goefflclent)
Flathead rivet 4
Spotwelds 3.5
Brazier-head rivet 3
Countersunk rivet I




After the interrivet buckling occurs, the resultant failure stress
of the panel is given by Equation (6-17).

- F! {2 bel ts)+ }anAut
Ffr =

(2b,, t, ) +A,,

{6-1T)

Here the value b,, is the effective width of skin corresponding to the inter-

rivet buckling stress I,.
wrinkling can be determined.

Equation (6-18) and Figure 6-19.
tance given in Iigure 6-20.
a diameter greater than 90% of the skin thickness.

The wrinkling strength of the skin can be determined from
Here, { is the effective rivet offset dis-
This was cobtained for aluminum rivets having

crippling strength of stringer alone (see Chapter 2,

Column Analysis)

wrinkling strength of the skin

The failure stress of short riveted panels by
The following quantities are used;

crippling strength of a similar monolithic panel

strength of the riveted panel

k, e

F, =

nn E a )g
12(1-v%) P

(6-18)

Now, based on the stringer stability, the strength of the panel can be calcu-

lated,

Table 6-2 shows the various possibilities and solutions.

TABLE 6-2

Riveted Panel Strength Determination

Stringer Stability

Panel Strength

— > —_— —_— —_—
Ffst - Fw — stable Fgp = Fw
B _ . Fg bty +FfstAst
Fr . < F — unstable Ffr =
st v bsts * Ast
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It is noted that in no case should E‘" >f‘,. Thus, the lower of
these two values should be used.

The use of the coefficient k, is based upon aluminum alloy data
for other materials. The procedure is to use Equation (6-19) for the panel
crippling strength.

F

e te N3t N6 8 nk 11/2' (6-19)
=179 () (bw) rb—(TL |

/
ay ¥ ey

¥

6.4 Bending of Flat Plates

The bending of flat plates 1h aircraft structures can be caused by both
in-plane forces or by normal forces. The quantities of interest in the anal-
ysis and design of such plates are the magnitude and location of the maximum
stress and the maximum deflection.

The following sections present plots and tables allowing the calculation
of these quantities.

6.4.1 Unstiffened Flat Plates in Bending

The general buckling relation for plates subjected to in-plane bend-
ing is given by Equation (6-20).

Z
k, m E
12(1-wv 2)

-3

2

F, = a7 (L) (6-20)
/

Values of bending coefficient, k,, are given in Figure 6-21 for
various edge restraints and the number of buckles versus A /b, the buckle
wave length ratio, and in Figure 6-22 for various edge restraints versus
the ratio a/b.

For plates loaded with uniformly distributed normal force, the
maximum stress and maximum deflection can be represented by simple
relations by the use of a series of constants which depend upon the plate
geometry and loading., Tables 6-3 through 6-8 present loading coefficients
for use with Equations {6-21) through (6-25),
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Figure 6-21. Bending-Buckling Coefficient of Plates as a Function of ) /b
for Various Amounts of Edge Rotational Restraint
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TABLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangular Plates Under Various Loadings *

(a} Uniform Loading

K K,

b/a }Vy{max.) | Vy(max.) R
1 0.420 0.420 3.065
1.1 0.440 0.440 0.070
1.2 0.455 0.453 0.074
1.3 0.468 0. 464 $.079
1.4 -6.4?8 0.471 0.083
1.5 0.486 0.480 0.085
1.6 0.491 0.485 0. 086
1.7 0.496 0.488 0.088
1.8 0.499 0.491 0.090
1.9 0.502 0.494 0.091
2.0 0.503 0.496 0.092
3.0 9.505 0.498 0.093
4.0 0.502 0.500 0.094
5.0 0.501 0.500 0.095
= ¢.500 0.500 0.095

Remarks
L. = a for V, and Vy

a. a
R ptgcﬁutiaﬁ R
N
' X
2 vy Vilmax)
{max)

' - X
b
> |V

{max) R
1
R/' Vy(max)

Y

#*Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangular Plates Under Various Loadings (continued) *

{b} Distributed Loadings

K LY

Yy Vez My R Rp Remarks

N.126 10. 294

UGS S 1’

0.21010.026 |D.039 Use L = a for Vx
[ v

x2 I
0.136 | 0.304 | 0.199 10,026 [0.038 ,[ l u
0.144 10,312 10,189 [0.024 10.037 Use L = b for Vv L ____t_.

R
D150 (0. 318 (0. 178 [0.926 |0.036 Because the load is not = % - e

symmetrical, the reactions
0.155(0.323 (0,169 {0.025 [0.035 Ry are different from the

reactions Rz, also V)

bz
0.159 |0.327 [0.160 {0.024 |G.033 is different than V.. The —t'
same applies to case V-3, b2

0.162 [0.320 (0.151 {0.023 jG.032 *1 V.,

0.164 [0.332 [0.144 [0.022 |0n.030 I

Rl [

| 2
I

0.166 [0.323 [0.136 {0.021 |D.029

0,167 10334 10,130 {0.021 j0.028 Y

D168 | 0.335{0.124 |0_020 |0.026

0.169 | 0,336 |0.083 [0.014 |0.018 .
Notes:

D.158 j0.334 j0. 063 |0.010 |0.014 1. 1Inthis case only, the formula (V) {or the corner force

h hstituli for b
0.167 |6. 334 |0, 050 [0.008 |0.011 R can be used when schatituting a fo

2. Vylmax. ) and Vy{max, } are al the middle of sides
0167 |0.332 . . . b and a respactively as shown in the figure for this tabie

{b} Distributed loadings {Conl'd.)

K K

Vx‘[ Vyz Vy Rl Ry Remarks

-- - 0.250 -- -- Use 1. = a for \f’x

Vx?.

1

0.008 0.0%2] 0.250(0.002]0.017

0.01210.112]0.251 |[0.004 | 2. 020 UUse L= bior vV,

0.02310.143| 0.252|0.006 | H. 025

R
Z 3
0.055[0.205] 0.251{0.014(0.034 \ /"V /R-’-‘

b/2 S 1 “‘2\\
0.066 10,2211 0.248§0.017|0.036

v
o073 |o.230]| 0 245 |0 0181 0. 037 b/2 ¥ J

ot 3 [ 2 ] R
0.088 ;0.25C| 0.239}0.021 (0,038

D.08¢{0.240| 0. 243 | 0. 020 | D. 037 / \
' Ry afz —m=
Y

0.097 /0.260] 0. 234 |0 023]0.039

0.106 J0.271| 0. 2270024 |0.039

0.116 (0.282} 0.220)0.025|0.039

0.12610.294( 0.210 [0.026 {©.039

wGriffel, William, Handbook of Formulas for Stress and Strain
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TARLE 6-4

Loading Coefficients for Corner and Edge Forces for Flat Simply
Supported Rectangular Plates Under Various Loadings (concluded} =

(b} Distributad Loadings (Cont'd.)

K Ky

bfa [V (max.) |V, (max.} R Remarks
x y

1.0 | v.o1ar | o.z50 0.038 | Use L= afar v, s/

1.1 0.161 0,212 0. 038

1.2 0.173 a.216 0.037 Use L = b for V‘f

—

gl
LY
111N

1.3 0.184 0. z02 0. 036 J
Vy{max)R
1.4 0.193 0.189 0.035

p—————f—————y

1.5 Q. 202 G178 0.034 b v

1.6 0 208 0. 108 0.033

L7 o.214 0. 158 2.021 b

1.8 0. 220 0.150 0.030

N
r
/2 x
* {max) Vo (max)
1
/2
1
/

R
1.9 0.224 0. 142 0.029 R

a4 -
2.0 0,228 0.135 0. 028

3.0 0. 245 0.09¢ 6.019 ¥

(b} Distributed Loadings (Cont'd.)
K Ky

Vo (max.) Vy(max.] R Remarks

-- 0. 54 -- Use L = a for Vo

0.9027 0.410 0.010
Use L= bior ¥

0.057 Q.365 0.023

—t —

0.062 0.358 0.024

[=]
bt = p4

0. 098 9.350 0.024 R\i.._a;g —abe—af2 —wd R

0.074 0.342 0.028 7
V¥ {max)

5. 081 0.3132 0.029 / Vylmax)

e X
0.090 b.322 9. 631

. 099 0.311 0.033 -—L——

0.10% 0.298 0.035 R Vy{mAx) R

0.120 0.284 9.036

0.133 0.268 ¢.037

0.147 0. 250 0.338

*Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 6-6

Loading Coefficients for Flat Elliptical Plates Under Uniform Load *

Edge Supported
Uniform Load Over
Entire Surface

Edge Fixed
Uniform Load Over
Entire Surface

Manner of
Loading K S K Ky
1.0 0.70 1.24 0.171 0.75
1.1 0. B4 1.42 0.20 0.90
1.2 0.95 1.57 0.25 1. 04
1.3 1.06 1.69 0.28 1.14
1.4 1.17 1.82 0.30 1.25
1.5 1.26 1.92 0.30 1.34
1.6 1.34 2.04 0.33 1.41
a/b 1.7 1.41 2.09 0.35 1.49
1.8 1.47 2. 16 0.36 1.54
1.9 1.53 2.22 0.370 1.59
2.0 1.58 2.26 0.379 1.63
2.5 1.75 2.45 0.40 1.75
3.0 1.88 2.60 0.42 1.84
3.5 1.96 2.70 0.43 1.89
4.0 2.02 2.18 0.43 1.9
L b b

Locations of
stress and
deflection

F max. at center
Y max. at center

T max. at end of
shorter principal
axis. ¥ max. at

center

#Griffel, William,

Handbook of Fermulas for Stress and Strain
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Equation (6-21){a), (b) pertains to rectangular, square, triangu-
lar, and elliptical plates.

4
y =l (a)
Lt (6-21)
F=_—— {b)
2
Equation (6-22)(a), (b) pertains to corner and edge forces for
simply supported rectangular plates.
R = K;wab (a}
(6-22)
V=KwL (b}
Eguation (6-23){a), (b) pertains to partially loaded rectangular
plates with supported edges.
3
L
y = EET (a)
Et
(6-23)
KW
= {b}
¢2
Equation (6-24)(a), {b}, {c) pertains to circular plates,
KW a.2
y= oA (a)
Et
KW
Fe— (b) (6-24)
t2 - .
K,Wa
6= —2 (c)
Et

Equation (6-25){a), (b), {c), {d), (&) pertains to circular plates
with end moments.

KMaZ
Y= ——= (a)
it
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F-= {b)
2
KzMa
g = —- {c) {(6-25)
Et?
KM
F=——e—— (d)
atz
K, Ft>

Equation (6-25) {d) and (e) applies to trunnion-loaded plates only.
{See Table 6-8).

These equations have been developed with a value of 0.3 for Poisson's
ratio, however, they may be applied to materials with other values without
significant error.

6.4,2 Beam-Supported Flat Plates in Bending %

The treatment of unstiffened flat plates in Section £. 4.1 included
considerations of the edge restraints. These were considered to be rigidin
most instances. This section presents methods of analysis which consider
the bending of the support beams. Figure 6-23 shows an idealized view of a
beam-supported plate. The loading may be either concentrated at the center
of the plate or distributed uniformly. '

Rii Elastic
igid Support

Support

Figure 6-23. Beam-Supported Plate

#Griffel, William, Handbook of Formulas for Stress and Strain
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Table 6-9 is used in conjunction with Figure 6-24 to find the maxi-
mum of either the plate or supporting beam. The rigidity ratio, H, is given
by Equation (6-26}.

(1-v4) |, I,
= — , wherel = — (6-26)
E,l i 2 '

Py

Table 6-10 is used with Figures 6-25 and 6-26 to find the maxi-
mumn stress in the plate and the beam,.

6.5 Shear Buckling of Flat Plates

The critical shear-buckling stress of flat plates may be found from
Equation (6-27).

: 2
Fop =m0 ——— (L) (6-27)
12(1-v, ) (.

Figure £-27 presents the shear cocfficient k, as a function of the size
ratio a/b for clamped and hinged edpges. For infinitely long plates, Figure
6-28 presents k, as a function of A/b. Figure 6-29(a) presents k,_ for long
plates as a function of edge restraint, and Figure 6-29(b) gives k, Ik, as a
function of b/a, thus allowing the determination of k,.

The nondimensicnal chart in Figure 6230 allows the calculation of in-
elastic shear buckling stresses if the secant yield stress, Fy -, andn the
shape parameter is known (Table 6-11).

The plasticity-reduction factor 1 and the clodding factor 1 can be
obtained from Equations (6-28), (6-29), and (6-30).

2
SR (R 6
TR (0-28)
CAH3IE gor F, < F,, < Fy (£-29)
1+ 3f
/ E NT L E, 1 5 (E.v : :
= —_— 7
[“3f\h‘ /_;+L[l+3£(E. )J[‘% 4\ kB, >+“_‘,
n = - (6-30)
1+3f - [L , 3 r, :1‘2"
1 I\ g
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Figure 6-24. Nomogram for Determining Plate Deflections y, and y,.
(Actual deflections are about 91 per cent of those indicated
by nomogram. ) ¥
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Figure 6-27. Shear-Buckling-Stress Coefficient of Plates as a Function of
a/b for Clamped and Hinged Edges
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Figure 6-28. Shear-Buckling-Stress Coefficient for Plates Obtained From
Analysis of Infinitely Long Plates as a Function of A/b for
Various Amounts of Edge Rotational Restraint
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Figure 6-29, Curves for Estimation of Shear-Buckling Coefficient of Plates
with Various Amounts of Edge Rotational Restraint
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Figure 6-30,

Chart of Nondimensional Shear Buckling Stres-
with Fdge Rotational Restraint
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TABLE 6-11

Values of Shape Parameter n for Several Engineering M:'crials

— e
n Material
3 One-fourth hard to full hard 18-8 stainless steel, wilh
Orne-fourth hard 18-8 stainless steel, cross grain
5 One-half hard and three-fourths hard 18-8 stainless =
cross grain
Full bard 18-8 stainless steel, cross grain
10 2024-T and 7075-T aluminum-alloy sheet and extrusion
2024R-T aluminum-alloy sheet
2024-T80, 2024-T8I, and 2024-T86 aluminum-alloy :heet
20 to 25 2024-T aluminum-alloy extrusion
SAL 4130 steel heat-treated up te 100, 000 psi ultimate stregs
35 to 50 2014-T aluminum-alloy extrusions
o SAE 4130 steel heat-treated above 125,000 psi ultimate stress
= SAE 1025 {mild} steel

{or Panels



6.6 Axial Compression of Curved Plates

The radius of curvature of curved plates determines the method to be
used to analyze their buckling stress. For large curvature {bzfrt < 1), they
may be analyzed as flat plates by using the relations in Section 6. 3.
elastic stresses in the transition length and width ranges, Figure 6-31 mavy
be used to find the buckling coefficient for use in Equation {6-31).

2
- k, m E ( £ \2
T 12(1 %) b/
_\_)2
1, 000 1, 000
£/t = 300 rft = 500
100 100
k. K,
10+ iof
1 ] 1 1 1 L
1 10 100 1000 1 10 100 1000
Zy 1, 000 Zy
rft = 1,000
1ok
kC
10}
13 1 1
1 10 100 1000
Zy,

Figure 6-31. Buckling Coefficient Grouped According
to v/t Values for Curved Plates

(6-31)

For sharply curved plates, {bZ/rt > 100), Equations (6-32) and (6-33)

can be used.
F _=nCE (-tﬂ)
I E

2

B E, (i-v, )}

E OB (1-v%)

Figure 6-32 gives values of C in terms of r/t.
in a nondimensional form. Here the quantity ¢_, = Ct/r.

6 - 66.

Figure 6-33 gives 1

(6-32)

(6-33
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Figure 6-32. Modified Classical Buckling Coefficient as a Function
of r/t for Axially Compressed Cylindrical Plates
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Figure 6-33. MNondimensional Buckling Chart for Axially Compressed Curved Plates

L
N = (E,/E) [(F/E)(1-v, 2)/ (1-v)]°
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6.7 Shear Loading of Curved Plates

Large radius curved plates (bZ/rt < 1) loaded in shear may be analyzed
as flat plates by the methods of Section 6. 5. For transition length plates
(1< bzfrt < 30), Figure 6-34 can be used to find k, for use in Equation (6-34),

2
k, m*E 2
For = —— s (lt)_\ (6-34)
12(1-v, %) ’

For (b%/rt > 30), Equation {6-35) may be used,

=

F.. =0.37(Z,)% (F (6-35)

ars ‘;"s)flat plate

Curved plates under shear loading with stiffeners can be analyzed by
using Figure 6-35 for the value of the buckling coefficient k,. Both axial
stiffeners and circumferential stiffeners are treated.

6.8 Plates Under Combined Loadings

In general, the loadings on aircraft elements are a combination of two
or more simpfe loadings. Design of such elements must consider the inter-
action of such loadings and a possible reducticn of the allowable values of the
simple stresses when combined loads are present. The method using stress
ratios, R, has been used extensively in aircraft structural design. The ratio
R is the ratio of the stress in the panel at buckling under combined leading to
the buckling stress under the simple loading. In general, failure occurs
when Equation (6-36) is satisfied. The exponents x and y must be determined
experimentally and depend upon the structural element and

R+ RpY =1 T6-36)

the loading condition.

6.8.1 Flat Plates Under Gombined J.oadings

Table 6-12 gives the combined loading condition for flat plates. Fig-
ures 6-36 and 6-37 give interaction curves for several loading and support
conditions. It is noted that the curves present conditions of triple combinations.
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Figure 6-34. Shear Buckling Coefficients for Various Curved Plates
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Figure 6-34. Shear Buckling Coefficients for Various Curved Plates (continued)
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Figure 6-34, Shear Buckling Coefficients for Various Curved Plates {continued)
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Figure 6-34, Shear Buckling Coefficients for Various Curved Plates (concluded)
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Figure 6-35. Shear-Buckling Coefficients for Simply Supported
Curved Plates with Center Stiffener

6 - 73



200

100
50

20

10

30
290

30
20

10

30
20

(b) Center axial stiffener; circumferential widtu greater than

Figure 6-35,

B | AMAKLH

1

XL

— T T T T

MR 0]

L

axial length.
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Curved Plates with Center Stiffener (continued)
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{c} Center circumferential stiffener; axial length greater than circum-
ferential width.

Figure 6-35. Shear-Buckling Coefficients for Simply Supported
Curved Plates with Center Stiffener (continued)
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Figure 6-35. Shear-Buckling Coefficients for Simply Supported
Curved Plates with Center Stiffener {concluded)
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Figure 6-36. Interaction Curves for Long Flat Plates Under Various
Combinations of Compression, Bending, and Shéar
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Figure 6-37.

(g) afb ==

Interaction Curves for Flat Rectangular Plates Under Coribined
Biaxial-Compression and L.ongitudinal-Bending Loadings
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Combined Loading Conditions for Which Interaction Curves Exist

TABLE 6-12

e
Theory Loading Combination Interaction Equation Figure
Biaxial compression Far plates that buckle in 6.37
square waves, Rx + Ry =1
Lengitudinal compres - For long plates, R, +RSZ'= 1{ 6-36
sion and shear
Lengitudinal compres- None 6.37
sion and bending
Elastic
: 2 2
Bending and shear R+ R;7=1 6.26
Bending, shear, and None 6. 36
transverse compression
— —
Longitadinal compressicn Neone 6.37
and bending and trans-
verse compression
. T 2 2
Inelastic! Longitudinal compression R."+ Rs =1
and shear

Figure 6-38 presents buckling coefficients for right angle iscsceles
Equation (6-37) is the
interaction equation for shear and normal stress on this type of plate.

\2
( T u /

The + and - subscripts refer to either tension or compression
along the altitude upon the hypotenuse of the triangle caused by pure shear

loading. Table 6-13 contains values of k,, k,, and k,_ for various edge
supports.

triangular plates loaded under shear and compression,

2F

¥

(1-u2) = 1 (6-37)

+
+ F

GTE -

¥ ar

erat

TABLE 6-13

Buckling Coefficients for Right-Angle Isosceles Triangular Plates Loaded
Independently in Uniform Compression, Positive Shear, and Negative Shear,

——. ',
Edge Supperts
() ko Iy kg
All edges simply supported 10.0 ) 62.0 23.2
. — i
Sides simply supported, 5.6 70,8 w4 0
hypotenuse clamped
Sides clamped, hypot-
enuse simply supported 18.8 80.0 44.0

aHypatcnuse b in Figure 6.38
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6.8.2 Curved Plates Under Combined Loadings

For curved plates under combined axial loading and shear with
10 < 7, <100 and 1 < a/b < 3, the interaction relation of Equation {6-39)}

may be used.

RZ2Z4+R =1 (6-39)

8 x

This may be used for either compression or tension with tension being
denoted by a negative sign.

6.9 Buckling of Oblique Plates

In many instances, the use of rectangular panels is not possible.
Figures 6-39 and 6-40 give buckling coefficients for panels which are oriented
oblique to the loading. Figure 6-39 covers flat plates divided into oblique

parallelogram panels by nondeflecting supports. Figure 6-40 covers single
oblique panels.

6.10 Sample Problem - Plate Analysis

Find: The buckling stress of a flat plate under uniform longitudinal
compression, simply supported on all four sides.

Given; a = 12 in., b= 4 in, t = 0.1G0 in.

Material: Bare 2024-T3 Sheet  Material Properties: E = 10. 7x106psi

tH

v o= (.33
F., = 34,000 psi
2
Solution: F,. =17 ke T EZ (_f_:_ \.Z
12(1-v%) Vb 7

From Figure 6-1 for a/b = 3, k, = 4.00.

m = 1.0 for no cladding

n = 1.0 for elastic buckling -

e . A0@®oo. 7)10° (100)2
* 12[1 - (. 33)2%] L2

F,, = 24,600 psi

As this is below the compression yield strength, no allowance for
elasticity need be made.
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Figure 6-39, Compressive-Buckling Coefficients for Flat Sheet on
Nondeflecting Supports Divided into Parallelogram-
Shaped Panels. All panel sides are equal.
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Figure 6-40. Buckling Coefficient of Clamped Oblique Flat Plates

6.11 Buckling of Sandwich Panels

The use of sandwich construction for skin panels of aircraft has become
commonplace, Panel construction consists of primary and secondary skins
‘separated by a core which is usually some form of honeycomb or expanded
foam material. The critical buckling stress of such a composite can be cal-
culated from Fquation {6-40).

F.,, =CKF_, (6-40)
The quantity F_ . is the buckling stress of the two faces if they were not con-
nected by the core. Use the total thickness of the faces, The coefficient C
is obtained from Figure 6-41 and K is a {form factor given in Equation (6-41).

-

K:1+3{1+{3_> (6-41)

The data in Figure 6-41 is given as a [amily of curves of parameter R which
is given in Equation (6-42}.

care

R = (6-42)
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V. MEMBRANES

7.1 Introduction to Membranes

A membrane may be defined to Be a plate that is so thin that it may be
considered to have no bending rigidity. The only stresses present are in the
plane of the surface and are uniform throughout the thickness of the membrane.

Section 7.3 of this chapter treats of circular membranes, and Section7.5
deals with square and rectangular membranes.

7.2 Nomeneglature for Membranes

= longitudinal dimension of membrane
= diameter

modulus of elasticity

= calculated stress

g e
H

2ax = calculated maximum stress
1-07 = coefficients given in Figure 7-9

= pressure

outside radius of circular membrane
= cylindrical coordinate

= thickness of membrane

=

polies’
1

rectangular coordinates
= deflection

on O oW o
g
!

b1

= center deflection of circular membrane
Poisson's ratio

=
i

7.3 Circular Membranes

Figure 7-1 shows two views of a ¢ircular membrane with the clamped
edge under a uniform pressure, p.

The maximum deflection of this membrane is at the center and is given by

3
6 = 0.662 R /PR (7-1)
Ef

The deflection of the membrane at a distance, r, {rom the center is

5A6{l—.09(;)2—0.1(;)5] (7-2)




e

Figure 7-1. Circular Membrane with Clamped Edge

The stress at the center of this membrane is

2,2
E
f = 0.423 —iﬁfi— (7-3)
t
while that at the edge is
: Ep2R?
f = 0.328 (7-4)

t2

7.4 Sample Problem - Circular Membranes

Given: The circular membrane shown in Figure 7-2

Find: The center deflection and the stresses at the center and at the
edge of the membrane.

Solution:
4 4

£ 00) - o (6%)

506
10x 10
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t = 0.1 inch
p = 10 psi
E - 10x10°

Figure 7-2. Circular Membrane with Clamped Edge

From Section 7.5.3.2, a square plate, for which p/E (b/t)4 is greater
than 250, may be considered to be a membrane. Assuming this o be
approximately true for a circular plate with D used in the relation
instead of b, the given plate may be treated as a membrane.

From Egquation (7-1), the center deflection of the given membrane is

3 3
8§, = 0.662R \/—P}: = 0.662 {7.5) A047-5) 5 n.
= 107 (0. 1)
From Equation (7-3), the stress at the center of the membrane is
3 3
2 2 7 a2 2
f = 0.423 ELZR— = D.423 M)—)g—ﬂr = 7,500 psi
; (0.1

From Equation (7-4), the stress at the edge of the membrane is

3 3

252 7 2 2
£ = 0.328 E‘-ZB?%L = 0.328 \/lﬁ__(&_)(éiﬁ_,)_"z 5,870 psi
t (0.1)

7.5 Rectangular Membranes

For purposes of analysis, rectangular membranes may be dividad into
two classes: long rectangular membranes where the ratio of length to width

(a/b) is greater than five, and short rectangular membranes where this ratio
is less than five.

7.3




7.5.1 Long Rectangular Membranes

Figure 7-3 shows a long rectangular membrane (a/b >5) clamped
along all four sides,

o
gi%
\/ thickness = t

Figure 7-3. Long Rectangular Membrane Clamped on Four Sides

The deflection and stress at the center ol such a plate are approxi-
mately the same as those in a long membrane clamped along the two long sides.
Such a membrane is shown in its deflected position in Figure 7-4.

>,

thickness =.t

Figure 7-4. Long Rectangular Membrane Clamped on Two Sides

The maximum stress and center deflection of the membrane in
Pigure 7-4 under uniferm pressure p are given by Equations (7-5) and (7-6). .

1/3

2 2
foe = (_L_% ED 5] (7-5)
24 {l-u y1~
_ > 1/3
s _ 1 LM;&LEEL] (7-6)
b 8 Et

‘These equations are presented graphically in Figures 7-5 and 7-6 fory = 0. 3.
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A long rectangular plate may be considered to be a membrane if

p/E (b/t)* is greater than 100.

.5.2 Sample Problem - Long Rectangular Membrane

Given: The membrane shown in Figure 7-7.

>1}<\
100 )l inch
\/ p=15psl

= 10 %100 psi
- 0.316

r ™

Figure 7-7. Long Rectangular Membrane

Find: The maximum stress and center defiection

Soluticon:
4 4
B

-'b) 15 (10)

| - —_

= —— - = 150
E O\t 10 % 10° 0.

Since this quantity is greater than 100, the given plate may indeed
be considered to be 2 membrane.

From Equation (7-5),

1 -

. - [ p2 Eb” & :[ 152 (107) (109 ]]/3

" 24 (1-0%) % 24 (1-0.316°)(0. 1%

= 10130
From Equation (7-6),
» 1/3 5 1/3

b 1 [ﬁﬂlﬁ.ﬁ?] _ 1 [%ﬂl*o-ﬂf’ )(15)(10)]
b 8 Et 8 107 (0. 1)



Thus,

6§=10.0185b = 0.0185 (10) = 0. 185 in.
Far quick calculations, the graphs in Figures 7-5 and 7-6 could
have been used. However, this procedure would give answers
that are not theoretically exact since these graphs are based on

a Poisson's ratio of 0.3 rather than 0. 316,

7.5.3 Short Rectangular Membranes

7.5.3.1 Theoretical Results for Short Rectangular Membranes

Figure 7-8 shows a short rectangular membrane (a/b < 5) clamped
on four sides under a uniform pressure p,

¥

-— 5 —tad
REEREE

thickness = t

LI
TTTTTTTTHT

THH T ’

Figure 7-8. Short Rectangular Membrane Clamped on Four sides

The deflection at the center of such 2 membrane is

3
= ny a L (7-7)

Et

n
|

where ny is given in Figure 7-9.

The stresses at various locations on short rectangular membranes
are given by the following equations for which the values of the coefficients
nz through ny are given in Figure 7-9.

=J
1
jes]




n

z=n

Coefficient,

.40

.32

.24

.08

/

T~

AN
AN
~
\
S
T

—
T

.

o

Figure 7-9.

[
w
e
o

a b

Coefficients for Equations {7-7) Through (7-13)




Center of plate (x = b/2, yv = a/2)

3 . 2
. / g 2
_ 3 2 ,’a ‘\. 2
f,= ng p-E Wi ) (7-9)

Center of short side {x = b/2, v = 0)

3 \2
2 Soa
f = — 7
x Ty Vp BT (7-10)
Sa
f]r: US p E\t_) (7‘11)

Center of long side (x = 0, yv = a/2)

(7-12)

§.> | (7-13)

It should be noted that the maximum membranes stress occurs at the center
of the long side of the plate.

7.5.3.,2 Applicability of Theoretical Results for Short Rectangular
Membranes

Figures 7-10 and 7-11 give the deflections of plates with various
lenpgth-to-width ratiaos obtained from the equations in Section 7.5, 3.1 and
compare these deflections with experimental values for 10-inch-wide alumi-
num plates.

For square plates (a/b = 1.0), the thick plate theory should be used
for values of (p/E)(b/t)‘-1r from 0 to 100. If 100 <(p/E){(b/t)* <250, no theo-
retical method compares closely with test although the membrane theory should
be used for conservative results, If (p/E)(b/t)4 is greater than 250, the mem-
brane theory produces results that compare closely with experiments for square
plates,

7-10
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A rectangular plate (a/b >1.0) may be considered as a membrane if
{p/E)(b/t)* > 100, with results becoming more conservative as a/b decreases.

7.5.3.3 Sample Problem - Short Rectangular Membranes

Given: The membrane shown in Figure 7-12

e

p= 15 psi
t=0.11in-

24 . E= 10)-:106 psi

THTTTT T

TSN EREENEEN

) T

Y

Figure 7-12. Short Rectangular Membranes

Find: The center deflection and stresses

Solution:

&) - = GT) =

Since this value is greater than 100, the given plate may be treated

by membrane equations, according to Section 7.5, 3. 2. -
RS
b 10

From Figure 7-9:

n; = 0.130 ng = 0.077
ny = 0.230 ng = 0.311
ny = 0.080 ny = 0.090
ng = 0. 026

7 - 15



From Equation (7-7), the deflection of the center of the rmembrane is
3 3
6 = nypa JE2 = 0.130(24) 15(24)

= 0.222 in.
Et 107¢0. 1)

From Fquation (7-8) through (7-13), the stresses in the membrane
are as follows:

Center of plate {(x = 5, y = 12)

-~

3 2 3\/ 2
2 /a > 7. 724 ,
£ = E{2Y = o0.230 100 {24 - 11,650 ps
.= n, \p (t) 0 (15)2( )fo‘l) , 650 psi

[N

3
] ] 2
;i a - = 7 "I 4 - -
f,=ny \[p'E \-t—) = 0.080 J(l“)) \r ) = 4,050 psi

Center of short side (x = 5, y= 0}

3 2 V 2

: 2 S a _ 2 7 3 24 .
f = —_ = . - L —_ " o 3
. 1, p Ekt ) 0.026 (15) (10 )KO.I ] 1,315 psi

s

3 2 3 2
_ 2 la [ 24 .
f,= ng \[p°E \?) = 0.077 LET” - 3,900 psi

Center of long side (x =0, y = 12}

3 3 T

/ 2 z .

_ 2 foacs 2 7./ 2 = 15,750 psi

£ = E{2Y - 0.311 \/15 1o0f) =% ' p
3 3 ,
2 2

2 ../ ay 2, 7.7 24 - N A

= ng WER(T) = 009 \/“51 W0 (g7 ) = 4o es

The greatest stress is 15, 750 psi at the center of the long side.
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8.

8.

classes, thick and thin.

1

PRESSURE VESSELS

Introduction to Pressure Vessels

¥For purposes of analysis, pressure vessels may be divided into two

Thin pressure vessels are those for which the ratio

of the least radius of curvature of the wall to its thickness is greater than ten.
These thin pressure vessels are further subdivided into simple ones which
are discussed in Section 8. 3.1 and stiffened ones which are discussed in Sec-

tion 8. 3.2,

Thick pressure vessels are discussed in Section 8, 4,

Section 8. 5

gives a brief discussion of anisotropic pressure vessels and in particular
glass filament vessels.

8.

2

Nomenclature for Pressure Vessels

A
A

>

a3t

oo Tge »

Qo>

3
2, (= Y -y I
Ar

cross-sectional area
o a/2 for stiffened cylinder

2

T

2

b t,

minimum cross-sectional area of ring
cross section of stringer

one-half the major diameter of semi-
elliptical head

distance between rings

inside radius of thick sphere or cvylinder
Ba/2 for stiffened cylinder

one-half the minor diameter of semi-
elliptical head

stringer spacing

outside radius of thick sphere or cylinder
subscript, bending

distance between adjacent edge of stringers
constant

subscript, compressive

distance from neutral axis of skin-stringer
combination to outer fiber of skin

distance from neutral axis of skin-stringer
combination to outer fiber of stringer
subscript, crippling

subscript, critical

EI; st
mean diameter

A,, /bt for stiffened cylinder
inside diameter

outside diameter

for stiffened cylinder



!

ring

I8

I3

O o [=o o ot
0 o W w g
- &

oy

ceb

o o
2 d

o
-

nax

2 ]
i ]
“3

nermay

omar

=]
=

-

Tmax

by kg Ry R g e g Ry g R m e e o

@
Lel
[¢]

seep
amax
apmér

stmgr

Hy b e

=]
-

tnax

[ an B aeaY

_ WJtE/D

modulus of elasticity

modulus of elasticity of ring

secant modulus of elasticity

tangent modulus of elasticity
eccentricity of ring attachment to skin
meridional bending stress

bending stress in skin

bending stress in stringer
circumferential bending stress
crippling stress of unpressurized cylinder
crippling stress of pressurized cylinder
proportional limit in compression
critical stress

compressive vield stress

maximum stress

meridional or axial stress

maximum meridional stress
meridional membrane stress
circumferential membrane stress
radial stress

maximum radial stress

crippling shear stress of unpressurized
cylinder

crippling shear stress of pressurized cylinder
maximum shear stress

meridional shear stress

meridional stress in stringer
tangential or circumferential stress
maximum circumferential stress
calculated shear stress

moment of inertia

me Tnax
pd/2t

polar moment of inertia

stress ratio =

BmAx

pd/2t

stress ratio =
moment of inertia of sheet-stringer combina-
tion per inch of circumference

Irtmnx

stress ration = ———
pd/ 2t

subscript, inside

for stiffened cylinder
2r



~
o
1

buckling coefficient for sphere

k, = buckling coefficient for cylinder

L = cylinder leagth

M = bending moment

M,, = critical bending moment

M, = discontinuity moment

M, s = bending moment of skin-stringer combina-
tion per inch of circumference

M,,en = bending moment of skin-stringer combina-

tion per inch of circumference at midspan
between rings

M, a4, = bending moment of skin-stringer combination
per inch of circumference at ring

. = subscript, membrane

. = subscript, midspan

nor = subscript, meridional

N oer = meridional membrane stress times wall
thickness (F peart)

N = tangential membrane stress times wall
thickness (¥ t)

0 _ distance from midplane of flat head to joint

head thickness

R = subscript, outside

P = axial load

B = reaction force

| 2 .

P = Bf [l - —“t-—~] for stiffened cylinders
t E 2(t+t,)

P = pressure difference (p; - p,)

P = subscript, peclar

- = subscript, pressurized

=h = internal pressure

By = external pressure

3 -
Q2 = ﬁEr—iﬁ— for stiffened cylinder
32 Dr?

(& = discontinuity force

R = radius curvature

R = radius to centroid of minimum area of ring

R, = applied bending moment/critical bending moment

R, = applied compressive load/critical compressive load

Roew = meridional radius cf curvature

R _ _applied transverse shear load

* critical transverse shear load
R,, . applied torsional moment

critical torsional moment

8.3



bt

=

E]

=]

bt

D@3 oo O P >

[

o
e

tangential or circumferential radius of curvature
mean radius

radius to the inside of the skin of stiffened
cylinder

cylindrical or polar coordinate

subscript, radial

subscript, ring

inside radius of dished head

knuckle radius in dished head

subscript, shear

subscript, skin

subscript, stringer

head thickness

torque

pr/2 for stiffened cylinder

wall thickness

subscript, tangential or circumferential

t +1ts

L+ {(1-u)ys/t
thickness of flange attachment to skin

A, /b for stiffened cylinder

radial deflection of head due to Q, and M,
radial deflection of cylinder duse to Q, and M,
radial deflection of head due to internal
pressure

radial deflection of cylinder due to internal
pressure

subscript, yield

rectangular coordinates

half the apex angle of a cone

/K + L for stiffened cylinder
4D

angle of contact of saddle support

lK - L‘ for stiffened cylinder
4D

increment or difference

parameter in Figures 8-45 through 8-49

radial deflection of shell

radial deflection of shell midway between rings
radial deflection of shell at ring

plasticity reduction factor

angular rotation of head due to , and M,
angular rotation of cylinder due to Q, and M,

4
V30426012

for stiffened cylinder
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4
Ay = 3 1)/l

K = Poisson's ratio .
, . . r E, E
I, = elastic Poisson's ratio Lup ( - l)+ u]
K E,
(€2 = plastic Poisson's ratio (generally 0. 5)
Oy = parameter in Figures 8-41 through 8.44
P, = angle between cylinder axis and normal to

head at head-cylinder junction

8.3 Thin Pressure Vessels

This section deals with pressure vessels for which the ratio of minimum
radius of curvature of the wall to its thickness is greater than ten. These thin
pressure vessels are further subdivided for purposes of discussion into simple
and stilfened pressure vessels. A simple pressure vessel is defined here as
one that does not have stiffeners while a stiffened one may have rings and/or
stringers stiffening its walls.

8.3.1 Simple Thin Pressure Vessels

This class of pressurc vessel includes unstiffened vessels for which
the ratio of the minimum radius of curvature of the wall to iis thickness is
greater than ten.

Membrane stresses in simple thin pressure vessels are considered
first here and then the problem of discontinuity stresses at the junction of a
cylinder and its head is considered., The material in these first sections is
based on the assumption that failure by buckling under external pressures does
not occur. The possibility of buckling is treated in Section 8.3.1.3. The
previously mentioned sections cover stresses due to pressure loads alone,
Section 8. 3. 1.4 deals with stresses due to external loads from support, and
Section §.3. 1.5 treats of the effect of internal pressure upon the crippling
stress of thin cylinders under various loads.

§.3.1.1 Membrane Stresses in Simple Thin Shells of Revolution

In a thin pressure vessel, no stresses other than those tangential
to the surface are present at points sufficiently removed from discontinuities
in the curvature, slope, or thickness of the wall. These tangential or mem-
brane stresses are constant throughout the thickness of the shell. At points
near digscontinuities, such as the junction of a cylinder and its head discontin-
uily, stresses must be superposed upoen the membrane stresses in order Lo
obtain the total stress. These discontinuity stresses are discussed in Sec-
tion 8.3.1.2.2,

In the following discussion, the difference between internal and
external pressure {p; - p,) is assumed to be uniform over the surface.
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Figure 8-1 shows a general thin shell of revolution. The meridian
lines of this shell are defined by the intersection of the shell and a plane pass-
ing through the axis of rotation of the surface. The circles of rotation are the
intersection of the shell with planes perpendicular to the axis of rotation.

meridian line

axis of

/ rotation

circle of
rotation

Figure 8-1. General Shell of Revolution

The two basic equations for a thin shell of revolution are

N N
= b T = (py - P (8-11
Rmar Rt
d
an R, )
Noper = (Pe - Do) > (8-21

In these equations, R .. 1s the radius of curvature of a meridian line and R,
is the distance from the shell to its axis of rotation along a normal to the
shell. Both of these radii are taken to a surface located midway between
the inside and outside surfaces of the shell. N ___is the stress in the direc-
tion of the meridian line times the shell thickness and N, is the stress

in the direction of a circle of rotation times the shell thickness.

8.3.1.1.1 Membrane Stresses in Thin Cylinders -

Figure 8-2 shows a thin cylindrical shell (R/t = 10},

t P .
meridian line

Frner_/
. s ot —_—— Riner =

Figure §-2. Thin Cylindrical Shell

8-6



Since the meridian lines are straight, R,, which is their radius of curvature,
is equal to infinity. Similarly, R
its definition.

solving gives

ner 12y be found to be equal to r by applying
Inserting these values into Equations {8§-1) and (8-2) and

Ny = Py - polr (8-3)
and
Nmmer = {pi - po} r/Z {8—'4)
Since Nmt = Fm'{.t at’ld Nnmer = meertS
N Py - pu)r
oozttt o (B-51
at t t
and
N_ {py - DT
mee— - . - : - (8-5)
T t 2t

From these equations, it can be seen that the ratio of the longitudinal to the

circumferential stress, mem/me is equal to 0. 5. Thus, the strength of a

girth joint may be as low as one-half that of a Jongitudinal joint as is illus-

trated in Figure 8-3.
Girth Joint 7
- \ ‘e
L]

e
cogo®
co
cgo©
o0
Coo @
X
Qo
a0
oo o

e
'
Q.o

A

Longitudinal Joint

Figure 8-3. Joints on a2 Cylindrical Pressure Vessel

B.3.1.1.2 Membrane Stresses in Thin Spheres -
Figure #-4 shows a thin spherical shell (r/t >10). Applying
Equations (8-1) and (8-2) to the shape in Figure 8.4 gives
Py - PoIT
Nmt = Nmmer = 2 (8—7]
Thus,
(Py - Polr
Fo = Fogue = e (8-8)
2t



meridian line

Biner ~

circle of rotation

Figure 8-4, Thin Spherical Shell

8.3.1.1.3 Sample Problem - Membrane Stresses in Thin Cylinders
and Spheres

Given: The cylindrical pressure vessel shown in Figure 8-5.

t = .25 1n.

r = 6in.

P - po = 500 psi

T=.151in

Figure 8-5. Thin Cylindrical Pressure Vessel with
ITemispherical Heads

Find: The membrane stresses in the cylinder and the heads.

Solution: Applying Equations (8-5) and (8-6) to the cylindri-
cal portion gives

- 50066)  _ 12 000 psi
nt .25 ’ P
and
Foper = 20066 _ ¢ go0 psi
2 {.25)

Applying Equation (8-8) to the hemispherical heads gives

500 (6)

= = 14, 400 psi1
ot LL.LEg 3 (.25)
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It should be noted that the discontinuity stresses at the
head-cylinder junction may be much greater than these
membrane stresses. 4

8.3.1.2 Heads of Thin Cylindrical Pressure Vessels

In the previous discussion, membrane stresses in thin pressure
vessels, the slope, curvature, and direction of the meridian lines as well
as wall thickness were assumed to be continucus. However, one or more
of these assumptions do not hold true ai the connection between a cylindrical
pressure vessel and any of the types of heads used in practice.

The tendency of the head of a cylindrical pressure vessel to deform
radially and angularly at a different rate than the cylindrical portion, com-
bined with the requirement of geometric compatibility, necessitates certain
discontinuity stresses near the head joint. Thus, unconservative designs will
be obtained if the mermbrane stresses are the only ones considered. These
discontinuity stresses are discussed more fully in Section 8. 3. 1. 2.2,

By proper design of a pressure vessel, the discontinuity stresses
may be greatly reduced so that localized yvielding will level out any stress
neaks and these stresses need not be considered for static strength analysis,
in the A.5. M. E. code for unfired pressure vessels, formulas for the thick-
ness of shells and heads (except in the case of flat heads) consider membrane
stresses only. But the proper design to prevent excessive discontinuity
stresses is specified. For example, proper design of a dished head requires
that the inequalities shown in Figure 8-6 be satisfied.

il s ol 2 L 2 & JL L £ £ £ L L 1)

r ry < dg
r./ rk> .06 dl

d di i

Note:

Knuckle must be g0 curved along
the meridian 1o avoid sudden -
changes of slope

Figure 8-0. Proper Design of Dished Head

Formulas for membrane stresses in several types of thin heads are given in
Section 8,3.1. 2, 1.

Il a pressure vessel is subjected to repeated loadings where fatigue

is considered likely, stress peaks due to discontinuity stresses are of great
importance since localized yielding is no longer beneficial.
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8.3.1.2.1

Membrane Stresses in Heads of Thin Cylindrical Pressure

Vessels

Formulas may be found for membrane stresses in several

common types of heads by the use of Equations(8-1} and (8-2).

iisted in Table &-1.

TABLE 8-1

These are

Equations for Membrane Stresses in Thin Heads

Type of Head Membrane Strcsses
. . r
hemispherical {Pi- pglr
aor dished - Fomer = Fme - AT
T
p; - pollaly? ) h“leuz
Frmraer = 2ThE
b o Tl pa)iaty? b*xz)”z] X
7 T
1 [1. __a%s? J
a Z(a4y2 [ h4x2)
semielliptical i
— i
T at cylinder-head joint, y = 0 and = = a.
‘Thus,
(pj - pgla
Frmer = 77377
b4
2
pa a
Fml T A L :'
T _ {pi - Pold
Frmer ° 1T cas a
a l i
conical d e = Bi_Pold
[/ mt 2Tceesa

It can be seen from the equation for I, at x = a for an elliptical head that this

hoop stress is compressive if a is greater than/2b.
ol the edge would actually be inward in this case,

Thus, the displacement
This 15 an undesirable sit-

uation because ol a possibility of high discontinuity stresses,
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Wherever discontinuity stresses cannot be ignored, they may
be superposed upon the memhrane stresses. Discontinuity stresses are dis-
cussed in the following section.

8.3.1.2.2 Discontinuity Stresses at the Junction of a Thin Cylindrical
Pressure Vessel and Its Head

8.3.1.2. 2.1 Introduction to Discontinuity Stresses

If there is an abrupt change in the thickness or in the meridional
slope or curvature at any circumference of a thin vessel, bending stresses
occur in addition to the membrane stresses. These '"discontinuity stresses"
are of four types: *

(1) a meridional bending stress, F
out the thickness of the wall,

bpers Which varies linearly through-

(2) a circumferential or hoop bending stress, Fb
linearly throughout the thickness of the wall,

¢» which varies

{3) an additional hoop stress, F,, uniform throughout the thickness
of the wall, and

{4) a mceridional shear stress, F
the thickness of the wall.

smerr 25sumed uniform throughout

In order to determine the state of stress of a pressure vessel,
it is necessary to find membrane stresses and discontinuity stresses. The

total stresses may be obtained from the superposition of these two states
of stress.

8,.3.1.2.2.2 Discontinuity Stresscs at Junction of Thin Cylindrical
Pressure Vessel and Head

If a cylindrical pressure vessel is subjected to pressure, the
cylindrical part and its head will tend to expand at different rates as shown
in Figure B-~7. The head alone would displace radially a distance Wa because _
of internal pressure, and the cylindrical portion would displace w 5 if it were
not attached to the head. However, geometric compatibility requires the head
and cylinder to displace equal amounts. Thus, the force (3, and the moment M,
must exist between the head and the cylinder to hold them together. These, in

turn, cause discontinuity stresses near the junction betwecen the cylinder and
its head.

The following procedure may be used to solve for discontinuity
stresses. First, the difference in radial displacements due to QQ, and M must
cancel the difference in radial displacements due to internal pressure. That is,

# Griffel, William, Handbook of Formulas for Stress and Strain
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W, -W._. T W, - W (8-9)

Figure 8-7. Illustration of the Necessily of Discontinuity
Stresses ™

The values of wm1 and Wgz a¢ functions of pressurc may be obtained in Table 8-2

for various head shapes, and values for w and w5 as lunctions of Q, and M, may
be obtained from Table 8-3. The angles of rotation of the cylinder and head
edges due to Q, and M, must be equal. That is,

8 = 8, (8-10)

Values of these angles are given as functions of Q, and M, in Table 8.3,

By substituting the values of displacements and angles obtained
from Tables 8-2 and 8-3 into Equations (8-9) and (8-10) and solving these~Q,.
and M, may be obtained as functions of pressure and the geometry and material
of the pressure vessel. The discontinuity siresses are given as functions of O,
M,, and position in Figure 8-4. The curves given in Figure 8-8 are useful in
the evaluation of the stresses given by the equations in Table 8-4.

The previously described method of obtaining discontinuity
stresses is time-consuming, although it provides insight into the nature of
these stresses. More rapid solutions for the discontinuity stresses in thin
cylindrical pressure vessels with flat or conical heads may be obtained
through the curves given in Sections 8§.3.1.2.2.3 and 8.3.1.2.2.4.

Griffel, William, Handbook of Formulas for Stress and Sirain
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TABLE 8-2

Displacernent of Heads and Cylinders Due to Internal Pressure*

Form of Vessel

Radial Displacement, w

m
i
| T .
W = _PE | - Y )
: ET cos a
i
r -]
Conical Head
2
] ; - _rr_. I-u
| W 2ET (-
|
Hemispherical Head
) _ _v)rz_ (2 o r t
a cET - Reer ) |
N |
L - i
“ Any Figure of Revolution IL
L . A -
| H
| ; | |
l | I |
i ! !
I
i { l | 2,
i | w = BIL_ (1 o )
[ 1 s Ei 2
I |

Cylinder

Jém
1 1
|

* Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE §-3

Radial and Angular Displacements Due to Edge Loading *

Form of Vessel Radial Displacement Anple of Rotatlio=
semieliliptical, coni- 2 a M 2 Q
lzgiw} ° in sin 121 i
cal, dished or hemi- |[*1 IETa (?{? e E;? bo fe, = —iE_Tg,L) ( T]og sin §o -
spherical head
e
z
- 1241 -u Mo 0y M, sin § 12 2 O
o vy - LD R B 0’ ( Qo
],;- F I / z £’ ( 2x,° Zhy )62 0 ( ZRZZ s ¢ID +
| I |
t
{ - 4)0 7
t / ! 4
| RV AU N
t - ’r._ I Nota: Ay = -yt r T
) ' "
TS b o R
L—r—-
AN
o7 R
0.8 \ A X .
0.9 e (coshx + sinix)
o6 AN\ | |
’ \ [ -Ax
\ e coshx
0.5 X
0.4 \
0.3
}%‘ Al lin c«)\xsin,\x
0.2 / \
NN S )
0 = =
0.1 ST
0.2 e {roshx - sinkx
-0.3
0 1.00 2.00 3.00 4. 00
A x
Figure B-8. Curves for the Evaluation of the FEquations in
Table §~4 %
¥ Griffel, William, Handbook of Formulas for Stress and Strain
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TABLE 8-4

Equations for Discontinuity Stresses =

Expressions for Discontinuity Stresses of Distance x Measurecd
Along Meridian from Discontinuity Circle AA {see Figure 8-7)

(1) Hoop Normal Stress:
F, = 2?CLr (L) e ¥ [, cos hix - AM, (cos Ax - sin xx)]
R,
(2} Meridional Shear Stress:
N L I emhx [Q, (cos Ax ~ sin Ax) + 2AM, sin Ax]
tRft Rt a
(3) Maximum Meridional Bending Stress:
Fiper = br (—-}-ﬁ \) emhx [-Q, sin ix + MM, {cos Ax + sin Ax)]
2 A
t“ R,
(4) Maximum Hoop Bending Stress:
cot 2 ~
Fop =UFyq, * Fét ( cho 6(1-pu) :le hx [Q, (cos Ax + sin Ax)
t S Et3a2
- ZKMO cos )\x]
Note: For stress in cylinder, & = hy. F¥or stress in head, let A= k] and t = T,
# Griffel, William, Handbook of Formulas for Stress and Strain
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8.3.1.2.2.2.1 Sample Problem - Discontinuity Forces in Cylindrical
Pressure Vessel with Dished Head

Given: The pressure vessel shown in Figure §-9.

T=0.5 (1-u?y = 0.91

= E=10x10®

Y
l-—-rul() —.-I""—-—-t—O.S

Figure 8-9. Cylindrical Pressure Vessel with Dished Head

Find: The discontinuity force and moment at the juaction
of the cylinder and its head.

Solution: From Tables 8-3 and 8-4,

2
W, = b (2~u— d )
L 2gT R,
2
_PrT ;M
vy B ()
2 FEt 2
and
2 ) M
w, - 12 (1-J )( QD ginl g, °_ sin cpo)
er® 2’ 23
12 (1p”) (o . 2 M, . y
Wy = - ( sin” @, - > sin Cpo)
Et Zxy3 2),

From Table 8-3,

4
A= V305081l

4
SN T Y-

and
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In this case,

4
A o= Ay = aan /0%y (.58 = .575

Substituting this and other parameters into the above
equations gives

w. = 4.97 x 1077

*y

w = 2.12x 107"

"2

w, = 15.2x10°0 Q- 9.36 % 107° M,
- -6

w2:15.2x106Q0—9.36x10 M,

Substituting these into Equation (8-9) and solving for 3, gives

Substituting the pressure vessel parameters into the
equations for § and 85 in Table 8-3 gives

B, = 9.38 x 10_6 Q, - 15.2 = 10_6 M,

8, =9.38x 1077 Q, + 15.2 % 107%™

]

Thus,

The values obtained for Q  and M, may be substituted into
the equations in Table 8-4 to obtain the discontinuity
stresses, Superposing these discontinuity stresses on the
membrane stresses then gives the total stresses at the
bead-cylinder junction.
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8.3.1.2.2.3 Discontinuity Stresses in Thin Cylindrical Pressure Vessels
with Flat Heads

For flat-headed pressure vessels, the only significant discon-
tinuity stresses arc in the meridional direction. Thus, such a vessel will
have as its maximum stress either the membranc stress in the tangential
direction {pd/2t}), or the stress in the axial direction if the discontinuity stress
is great enough.

In treating axial discontinuity stresses, a stress ratio, lpery may
be defined to be the ratio of the maximum stress in the meridional direction to
the tangential rnembrane stress (I, /pd/2t). The advantage of this stress
ratio is that it tells immediately whether the tangential membrane stress or
the total axial stress is the maximum stress,

The following equation was derived for the stress ratio [, in a
flat headed cylinder as a function of head thickness T and cylinder thickness t:

< T/ - 2C,n(T/t} + Ca{d/t}B‘fz + 2C,n(T/0Hd/r) + Cs{d/tHT/t)

' g-11
3 Cg 12 A4S iy’ G, (T’ { )
Ce T/ + 2Cqa(T/t) « —— + Cgld/t) . . .
i (d/z) (dh)”z

Here, nT is the distance from the midplanc of the head thickness to the joint
as shown in Figure 8-10. The coefficients C| through C;| are given below:

Gy = 2.94317 Cy = 1.90702

C, = 3.74071 Gy = 4.84761

C4 = 1.00000 Cg - 1.02862

C, = 0.908912 Cy = 2.66667

Cg = 0.385077 Cpp = 4. 40610
Ty, = 1.46869

T {_

QT ——

T\ AVNRWANRY |
S8 NN N

3

X

bt el

Figure 8-10. Junction of Cylinder and Flat Head

* Griffel, William, Handbook of Formulas for Stress and Strain
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The first term in Equation (8-11) represents the axial mem-

brane strecss in the cylinder, and the second term accounts for discentinuity
stresses,

‘ Equation {(8-11) is presented graphically in Figure §-11 for !
n = 0.5 (Junction at inner surface of head) and in Figure 8-12 for n = 0 (head
fitted inside the shell).

T T
t l t |
P p
d —e———— d
1600~ T/e=
1.5
35,— 1400—
12000
2
L0000
2.5
£
o
E: goo
ol a
LE . g 3
w!L
(00—
1 L,;E 3.
|9
[1A]
4
HE 5 400)—
.5 5
6
.5 zoo}—
7
I SRS N N Y S B S b T o1y b1 1
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 &0 70 80 90 100
d 4
t t

Figure 8§-11. Graphical Presentation of quation (8-11) for n = . 5=

# Griffel, William, Handbook of Formulas for Stress and Strain
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8.3.1.2.2,.3.1

Sample Problem - Discontinuity Stresses in
Pressure Vessels with Flat Heads

Given: The pressure vessel shown in Figure 8-13,

{_‘0.5
!

— — — — it — — —— —

-

..l“-"“"t:U.S

= 10
Thin Cylindrical Pressure Vessel with
Flat Head

p = 200 psi

Figure 8-13.

Find: The maximum circumferential and meridional

stresses in the cylinder,

Since the conly significant discontinuity stresses
in a flat-headed cylinder are in the axial direction, the
maximum circumferential stress may be taken to be the
membrane stress in that direction.
(8-5) gives

Solution:

Thus, using Equation

Ftﬂa)c = Fmt = .EE = .EM = lO’ OOO psl

t 0.5

The distance from the center of the head to the joint {nT)
is equal to =zero.
Here, d/t = 40 and T/t = 2.

may be used,

g-12,

From Figure

nermay

pd/2¢

me ¢

Since this stress ratio is greater than one, ¥ >F_ .

Rearranging and substituting the correct values into the
above relation gives

Foo... =862 g6 20020 g6 000 pei
' 2t 2{.5)

8 - 21

Thus, n = 0 and the graphs in Figure 8-12



8.3.1.2.2.4 Discontinuity Stresses in Thin Cylindrical Pressure Vessels
with Conical Heads

For conical headed pressure vessels, there may exist appre-
ciable discontinuity stresses in the circumferential and axial directions as
well as an axial shear stress. Stress ratios are defined here in the same
way as for flat-headed vessels. [ is the ratio of the maximum axial stress
to the tangential stress (F_,_ .. /pd/2t) as before, and I, = F,_ /pd/2t and [, =
Fsm“/’pd/:?.t where F, ~—and F_ = are the maximum circumferential and shear
stresses, respectively.

Pertinent geometric parameters for a cylindrical pressure
vessel with a conical head are shown in Figure 8-14.

/4

el ¢

N I
N
/)\\

N
|
|

=
d
Figure 8-14. Cylindrical Pressure Vessel with Conical Head

Figures 8-15 through 8-18 give the stress ratios, I, and ],
for various cone apex angles. The maximum axizl and shear stresses at the
junction may in turn be calculated from these, Figurcs 8-19 through 8-22
show the stress ratio [, from which the maximum circumferential stresses in
a cvlinder may be calculated. For the maximur axial stress, a solid line is
used if the stress is located in the cylinder, and a dashed line is used in
Figures 8-15 through 8-19 if it is located in the conical head. T

It is important to note that when an internal pressure is applied
to a conical headed vessel, the cylinder always deflects outward and the conical
head inward. Thus, it is impossible to design a conical head to eliminate
moment and shear at the junction. It may be secen from Figures 8-15 through
#-18 that the greatest stress is the axial stress at the junction and that it is
desirable to make the cone and cylinder equally thick if ais less than 45 degrees
in order to minimize this axial stress. If this is not possible, the cone should
havc a greater thickness than the cylinder. Vertex angles of greater than 45
degrees require a thicker head.
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8.3.1.2,2.4.1 Sample Problem - Discontinuity Stresses in Pressure
Vessels with Conical Heads

Given: The pressure vessel shown in Figure 8§-23.

I
| p = 500 psi
[

\
\
|
|
!
{
j-‘-——-t:ﬂ.S

r=10

Figure §-23. Thin Cylindrical Pressure Vessel with
Conical Head

Find: The maximum meridional, tangential, and shear
stresses at the head-cylinder junction.

Solution: For this pressure vessel, d/T = 40 and T/t = 1.
Figures §-16 and 8-20 give stress ratios for conical heads
with an angle of 30°. From these figures,

mer: 1.8
I, = 1.055
I = 0. 205

The circumferential membrane stress is

pd _ 500(20)  _ 14, 000 psi

2t 2(.5)

Applying the definitions of the stress ratio gives

_ d . - ;
chrmax . Imgr (g_t) = 1. 8(10: OOO) = 18, Q00 PS5l
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Fo... =1, (E;:l ): 1.055(10, 000) = 10, 500 psi
anax = Is (_E_)i): 0. 205(10,000] = 2,, 050 pS]_
2t

Since the appropriate graphs in Figure 8-16 are solid lines,
Fiormay @and F_ . occur in the cone at the junction. From
the dashed line in Figure 8-20, the location of F,,_, x/d is
0.22. Thus, Fiuax 0ccurs at x = 0.22 d = 4.4 inches from
the junction of the cylinder and its head in the cvylinder.

8.3.1.3 Buckling of Thin Simple Pressure Vessels Under External Pressure

In previous sections, it was assumed that the pressure is either
internal or external, but of small enough magnitude not to cause buckling.

However, thin pressure vessels must be checked for buckling if they are ex-
ternally loaded.

§.3.1.3.1 Buckling of Thin Simple Cylinders Under External Pressure

The formula for the critical stress in short cylinders
(L2 /rt < 100} which buckle elastically und~r radial pressure is

L S (L) (8-12)

where k, is obtained from Figure 8-24. If the membrane stress in the cyl-
inder is greater than this, the cylinder will buckle.

The critical stress for long cylinders, [100 t/r < (L/’r)2 <
5 r/t], under external radial pressure is

F, =0.93 E (%)3/2 (_f_) (8-13)

For very long cylinders, [{L/r)2 >5 r/t], the buckling stress- -

is given by

. , F4
F, =1 O.ZSZE _1:__) (8-14)
(14, )
where 1nis the plasticity-reduction factor given in this case by
C2
E, (-1 E
ne _T (L + 3 ) (8-15)
E gt 4 4 K
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Figure 8-24. Buckling of Short Cylinders Under External Radial Pressure

8.3.1.3.1.1 Sample Problem - Buckling of Thin Simple Cylinders Under

External Pressure

Given: The cylinder shown in Figure 8-25,

o [, = 2() —————an L=0.5
iR o T -—-——-T
! "

: : r=10
l ! |
— I8 1
! |

: pi = 14.7 psi : Po = 300
I: {
——————————— i—

Tigure §-25.

Cylinder Under External Pressure

8 - 33
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Aluminum
o= 0,31
U’p = 0.5 .
E =« 10x10
cp = 20,000




Find: The critical buckling stress, F... and determine
whether the cylinder will buckle.

Solution:

L _ 20°

ri 10{.5)

Since this ratio is less than 100, Equation (8-12) for short
cylinders may be used. Before proceeding further, the
elastic Poisson's ratio must be found. From the nomen-
clature section,

HE:‘—HP(ES -1>+u—‘E
B g O

Assume the critical stress is less than the proportional
limit of the material. If this is true, E = E, and thus,
H, = H. Compute

) 2 2,12
L2 (lﬂuez}uz/rt _ 20%01-(.31)7] _
10 {.25)

—
tn
%4

From Figure 8-24, k, = 12.2. Substituting this into
Equation (8-12) gives

2
poe l220 )(w}(z

12l1-(.31)

46 .
10 ) f/ . 5 " _ .
: \ 20 ) = 17,300 psi

Since this is less than the proportional limit of the material,
the original assumption is correct. If it were not correct,

a value of F,, would have to be assumed and a value of E|
corresponding to this value found. This value would, in turn,
be used to calculate i, which would be used in the Equation _
(8-12) to calculate F . This trial and error process would
have to be repeated until the assumed and calculated values
of F__ were in agreement.

From Equation (8-5}, the stress in the cylinder is

(Pt - PoJr _
. | . (14.7-3003(10) _ 11,4000 psi

t .25

Since this is less than F_,, the cylinder docs not fail.
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8.3.1.3.2 Buckling of Thin Simple Spheres Under External Pressure

For computation of elastic-buckling stresses of thin spherical
plates under external pressure, Equation (8-16) applies for all diameter ranges.

, 2

Fosr— (_E_\ {8-16)

cr 2 d /
12 {11, )

where k; is given in Figure 8-26.

3
10

Linear
Theory

4 L] —L

rit = 200

rft = 2,000

10__ /

]

{

]

EIENEERENE
1 10 10 10

a2 (1 B 2 e

k, ¢ E £ £\%
e - 2T (%)
cr 12 {(1-pe’) d

Figure 8-26. Buckling Coefficient for Spherical Plates
Under External Pressure
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8.3.1.4 Stresses in Simple Cylindrical Pressure Vessels Due to Supports

Figure 8-27 shows a cylindrical pressure vessel resting on
saddle supports.

Figure 8-27. Cylindrical Pressure Vessel on Saddle Supports

There are high local longitudinal and circumferential stresses adjacent to the
tips of the saddles. Although these stresses are difficult to predict exactly,
their maximum value will probably oot exceed that given by Fquation (8-17)
if the cylinder fits the saddle well.

P

" - _ _ L r 17
Fa = 10.02 - 0.00012 (8- 90)] = log,(t ) (8-17)

In this equation, P is the reaction at each saddle and R, t, and B are as shown
in Figure 8-27 where Bis in degrees. FEquation (8-17) contains no term for
the thickness of the saddle since stresses are practically independent of this
for the ordinary range of dimensions.

The maximum reaction, P, that the vessel can sustain is about
twice the value that will produce a maximum stress equal to the yield point
of the material according to Equation (8-17).

il a pipe is supported in flexible slings instead of in rigid saddles,
the masxdmum stresses occur at the points of tangency between the sling and
pipe section. These stresses are usually less than the corresponding stresses
in a saddle supported pipe, but are of the same order of magnitude. -

8.3.1.5 Crippling Stress of Pressurized and Unpressurized Thin Simple
Cylinders

The crippling stress of thin simple cylinders is increased if internal
pressure is applied. The following sections present curves to determine the
crippling stress in pressurized and unpressurized cylinders subjected to com-
pression, bending, torsion, or any combination of these. The parameters for
such a cylinder are shown in Figure 8-28. Only buckling in the elastic range
is considered in this section.
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Figure §-28. Pressurized Cylinder

8.3.1.5.1 Crippling Stress of Simple Thin Cylinders in Compression

B.3.1.5. 1.1 Crippling Stress of Unpressurized Simple Thin Cylinders in
. Compression

Equation (8-18) is an empirical relationship for the crippling
stress of short cylinders (L/r =1).

Fo= B 11.28 (%)1'6» 0.109(—%)1-3j (8-18)

For long cylinders (L/r > 1), the best fitting relationship for the crippling
stress is

., E‘_II.ZS "t—)l'i.m-/-i 1-3-1.41-’- ey o (EY -1
, 7 Q\L) 'O(L) Log 5 )J (8-19)

For 99% prcbability values of ¥, Figure 8-29 should be used.

Crippling occurs when the average compressive stress in the 7
cylinder exceeds F_,.

8.3.1.5 1.2 Crippling Stress of Pressurized Simple Thin Cylinders in
Compression

Figure 8-30 gives in graphical [orm the incremental increase
in the crippling stress (AF_,) of a cylinder due to internal pressure. These
curves are for 99% probability values. Because of limited testing of pres-
surized cylinders, the value obtained for AF,, can be considered reliable
only in the ranges 1 <L/r <6, 600 <r/t <2800 and pr/t<.625TF .
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Figure 8-29. Unpressurized, Simple Circular Cylinders
in Compression with Clamped Ends
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&.3.1.5.2

8.3.1.5. 2.1

Crippling Stress of Simple Thin Cylinders in Bending

Crippling Stress of Unpressurized Simple Thin Cylinders
in Bending

Figure 8-31 gives 99% probability curves for the crippling stress

ol unpressurized cylinders in bending. These curves parallel those for un-
pressurized cylinders in compression but yield crippling stresses about 12%

greater.
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Figure 8-31. Unpressurized, Simple Circular Cylinders

in Pure Bending with Clamped Ends
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Crippling failure occurs when the maximum bending stress in
the cylinder (Mr/I) exceeds F ..

8.3.1.5.2.2 Crippling Stress of Pressurized Simple Thin Cylinders in
Bending

Figure 8-32 gives the incremental increase in the crippling
stress (AI', .1 of 2 cylinder in bending due to internal pressure. This curve
is based on cxperiments on pressurized cylinders that were preloaded axially
to balance the longitudinal stress, pr/2t, due to internal pressure, It should
be noted that this curve is based on very limited data.

UUUOELRAEL IR U M B R SR B
Notes:
B L. For use only in conjunction with the 99% probability
values for unpressurized cylinders in beading.
0.8}y —
2. Based on 32 tesis of pretension balanced specimens,
i prit = .6 Fiy
b.—-—"'-.__--—
0.6 et
|1
u/
L -
AF::Y /
Et ]
0.4
.2
/ AFee~ FCCP - Fee
0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8
2
v ()
E A\t

Figure 8-32. 999% Probability Value of AF,, for Pressurized

Circular Cylinders in Bending

8.3.1.5.3 Crippling Stress of Simple Thin Cylinders in Torsion

8.3.1.5.3.1 Crippling Stress of Unpressurized Simple Thin Cylinders
in Torsion

Torsional buckling of thin, unpressurized cylinders does not
exhibit the sudden snap-through behavior observed in the case of compression
and bending. Instead, the buckling process under torsion is more gradual and
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a slight difference is observed between initial! and ultimate buckling. However,

this difference is too small to be of any value so that the critical buckling stress
is taken to be the failure stress.

Figure 8-33 gives the 99% probability values for the crippling
shear stress of cylinders in torsion. These curves are applicable if

2

2 L? ‘ ) (8-20)

Ztr)<5f\
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10.04x 103

99% Probability Value of
Fgeel/F vs rft for constant
\ values of L/r

KA

/’/’7’////
Z

X AN

]

I
%=
//
7 A
A
oA

1
]
A

010k \ 5 -
g NERR
- AN
- ARARR
L/I“32168 4 2|
ol Lol L Ll MERI
L0 100 1000 10000

r/t

Figure 8-33. Torsional Buckling of Unpressurized Circular Cylinders
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However, analysis indicates that the range of use of these curves may be
extended to

z  / L? ¢
Gl I- = o r 8-21
© W KZtr ) b 1G<t ) { )

Failurec occurs if the shear stress in a cylinder under torsion ’I‘r/Ip is greater

than the crippling shear stress, |

8.3.1.5.3.2 Crippling Stress of Pressurized Simple Thin Cylinders in
Torsion

Figure 8-34 gives the incremental increcase in the crippling shear
stress of a cylinder in torsion {(AF_.,) due to internal pressure. Since few tests
are available on buckling of circular cylinders under torsion and these tests are
for very low pressure ranges, design curves may not be cstablished on a statis-
tical basis.

-20

.18

| Note: /
16 F— For use in conjunction with Figure 8.33

12 /
AF fr
2l apc fF .
E \t) 1

.08

-bz 1

18 728 TN U U T T S T O
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2 (r 2
= (0)

Figure 8-34. AF,  for Pressurized Circular Cylinders in Torsion
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§.3.1.5.3.2.1

Sample Problem - Cripppling Stress of Pressurized
Simple Thin Cylinders in Torsion

Given: The pressurized cylinder shown in Figure 8-35,

t=0.1
E=lox10® pr=10 J_

- | ’

S -
p = 100 psi

T = 80, 000 in.lb.

T = 80, 000 in.lb.

b 1 - 8) —————————

Figure 8-35. Pressurized Cylinder in Torsion

Find: The crippling shear stress, ¥, ., and examine
for failure by crippling.

Solution: L/r = & and r/t = 100. From Figure 8-33,

sce - 8 «% 10_4
E
for unpressurized cylinders. Thus, I, = 8,000 psi.
From Figure 8-34,
AT, .

- (L Y= 0.125

E £/
Thus,

)
Et 10x10 -1
APy = 125 = = 125 (1010 M. = W1 Ly pag psi

The crippling stress in a cylinder under pressure {(Fyocp!
is cqual to that of an unpressurized cylinder plus AT, e

- -

Fsccp - Fscc + &chc = 8,000 + 10,000 = 18,960 psi

It can be seen that internal pressure more than doubles the
resistance of the cylinder to crippling.

The shear stress in
the cylinder is
[ = Fr - (89,000)(10) 20, 300 psi
] 4 ?
Iy 7 ({10.905 - 9.95%
32

3 - 44



Since this stress is greater than I
fail by crippling.

the cylinder will

sccp?

8.3.1.5. 4 Interaction Formulas for the Crippling of Pressurized and
and Unpressurized Cylinders

Table 8-5 gives interaction relationships for various combi-
nations of loads. The combined load interactions apply to the initial buckling
of both pressurized and unpressurized thin-walled circular cylinders, The
terms used for pressurized cylinders are defined as follows:

R _ applied bending moment
b critical bending moment

applied compressive load

R =
¢ critical compressive load
r - 2pplied transverse shear load
’ critical transverse shear load
R _ applied torsional moment

st s .
critical torsional moment

The terms for unpressurized cylinders are defined in the same way except

that stress ratios are used rather than load ratios.

8.3.1.5.4.1 Sample Problem - Crippling Interaction of Simple Thin
Cylinders in Compression and Bending

Given: The cylinder shown in Figure 8-36.

E=10x10°

t=0.025
VS “
? 1
P = 6000 — Pz 6000

\ p= 50 psi

bg———————. [, = 80

I
[~

Figure 8-36. Pressurized Cylinder in Compression and Bending

Find: The maximum bending moment, M.
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Solution: From Figure §-29, F./E=1.6x 10'4 for com-

pressive loading.

Thus,

-4 .
F.. = (1.6 x 107510 x 10®) = 1, 6000 psi
From Figure 8-30, AF,  r/Et = .235. Thus,
6 B
AF, - .235 EL o 235 (10x109(.025) _ ¢ g70 o
T

10

TABLE 8-5

Combined Load Interactions for the Buckling of

Pressurized and Unpressurized Circular Cylinders

T -
Combined Loading Interaction Equation l
Condition (39% Probability Valucs) !
| |
I -
% Axial Comp. + Pure Bending Re + Ry, = 1.0 i
i _— .
! ,
Axial Comp. + Pure Bending : 3 3
+ Transverse Shear R +/ Ry + Ryy” = L0
Pure Bending + Transversae 3 3 1
Shear (R,) (Ry)? = 1.0
3 5 Ix e 1.0
Axial Comp. + Torsion e Ry mos
e S . —
Axial Tens. « Torsion R&;[5 -R, = 1.0 R =~ 0.8 3
Pure Bending '+ Torsion 28 .5, R < = 1.0
= L st
; _ -
{
; P
I O L N T
Pure Bending + Torsion | |5 < <4 -
o 3y 5 T - o
¢ Transverse Shear Ve re: . B 9
2.0 % oqgq 3D
3
Axial Comp. + Purce Bending 2 ] 3 ‘
+ Transverse Shear + Torsion Re v Ry Re v Ry = )
L
Axial Load {Ten. or Comp. ) { 2
R_+ R R = 1.0
+ Pure Bending + Torsion s TP T Bgy

————
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For compressive loading,

F... = F,

cch

+AF,, = 1,600 + 5,870 = 7,470 psi

[~

The critical compressive load is thus,

7470A = T470 [m(20)(. 025}} = 11, 700 psi

Since the applied compressive load is 6, Q00 1b.,

p - applied compressive load 6,000 _ 513
critical compressive load L1, 700

From Table 8-5,

Thus,

Now, the allowable bending load may be found once the
critical bending ioad is found. From Figure 8-31 and
8-32, F, =2,200 and AF_ = 9,000. Thus,

) = F,, +AF,, = 2,200 + 9,000 = 11,200 psi

cep ce

The formula for the critical bending moment is

IF I (10.0125% - 9.9875%) (11, 200)
M - o_cer b4 = 5,500 in-1b,
or r 10
Since,
R, = applied bending moment _ 0, 487,
critical bending moment
M = RyM,_ = 0.487(5,500) = 2,430 in-1b.
8.3.2 Stiffened Thin Pressure Vessels

This section treats of thin pressure vessels that are reinforced with
stringers and/or rings.
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8.3.2.1 Thin Cylindrical Pressure Vessels with Stringers Under Internal
Pressure

Tigure B-37 shows a cross section of a thin cylindrical pressure
vesscl reinforced with stringers.

stringer cross-

sectional area = A
p St

Figure 8-37. Cross Section of Shell with Stringers

The axial stress in the shell is

pr (bt';'ZLlAﬂt)

1D = -22
They 21 bt + Ast (8 }
and that in the stringer is
FYytner = ——2: [—bt (1-2) (8-23)
: bt + A, -
The circumferential stress is the same as that in a simple thin cylinder
F, = Ptr (8-24)
8.3.2.1.1 Sample Problem - Thin Cylindrical Pressure Vessels with

Stringers Under Internal Pressure

Given: The cylindrical pressure vessel shown in Figure 3-38.

Find: The stresses in the shell and stringers.
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(W 0.31

y )

Figure 8-38. Thin Cylindrical Pressure Vessel with Stringers

8 stringers

(Agp = 0.5)

t=0.1

Solution: The distance between stringers is one-eighth the
circumference of the cylinder,

b= 2mr/8 - 2080 _ 15 72 g,
8

From Equation (8-22), the meridional stress in the shell is

- _pr ( bt + 2u A, ) _ 100{20) f L5, 72{0. H+2{0. 31)(. 5)'11
RREC 2t bt + A, 2(0.1) - 15, 72(0. 11+0. 5 4
= 9,100 psi

From Equation {8-24), the tangential stress in the shell is

P Ptr _ 1008200 _ 55 000 psi

0.1

The only stress in the stringer is a meridional stress given by
Equation (8-23).

F _pr bt (1-24) ]: LO0(20) [ 15, 72{0. 1Y(1-0.62) ]
TET2t Lpeyoag, 2(0.1) L15.72(0. 11+ 0.5 -
= 2,890 psi

8.3.2.2 Thin Cylindrical Pressure Vesscls with Rings Under Internal
Pressure (Strinpers Optional)

Figure 8-39 shows two views of a thin shell with rings and stringers
and appropriate geomciric parameters. An enlarged view of the section of the
ring is shown in Figure 8-40.
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I gt = moment of inertia of skin
stringer combination per
inch of circumference

Ting
spacing

ring with modulus
of elasticity K

|
_

ring

E = modulus of
elasticity of
skin and

slringers

{ = shell
thickness

b e e o e e e e — — —
brre o s — . —— — — ——— — —

stringers of

T
|
1
!
I
!
1
I
!
f
|
I
!

b ot  — e e o e G — ]
e . e o e e e s e — o —

area Ast

shell length

g rimme—— ] e ——

b
inside radius stringer

of shell spacing

Figure 8-39. Shell with Rings and Stringers

g, of attachment

p——._ h e e
A e '
"
Iy
j Lol
/ T
A-cq. he -
centroid of A’
T l

R

Cross Hatched Area is A’

Figure 8-40. Section of Stiffening Ring
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The definition of the following parameters facilitates the description
of pressure vessel behavior.

- A
d =
bt
T= B
2
- A:t
t, = -
) t+t,
=
t
14 (L) =
t
D = EI,,, of sheet stringer combination
per inch of circumference
K = Vi E/D
2r
o = K + —
4D
- T
= K -
B = I -5
2
5z B2
2 -
- rz‘ t
P= —E;— |: 1B
tTE 2(t + t))
‘ 2
A E £
b 3.0 2 4l
b(_t_) (-l 4=



A, E, a3

HI

Q
32 Dr?

The deflections and moments on the shell at the ring and at midspan
between rings are dependent on the relationship between K and T/4D. Two
conditions are possible — K2 T/4D and K <T/4D.

If K=z T/4D, the radial deflections of the shell at the ring (6,.) and
midway between the rings (6,) are given by Equations (8-25) and (8-26). In
this case, the bending moments of the skin stringer combination per inch of
circumference at the ring (M,,, ) and midway between rings M
by Equations (B-27) and (8-28).

satg 2YE Eiven

§ = -F (8-25)
1+ 2
{
. Q
5 = -P (1 - ___?E_ (8-26)
L g
4PDQ
M,,,, = 4 in 1b/in (8-27)
a2 (1 + Q—m—l )
Q
_Masr Q_’, ) . - -
M,,,, = —a, in Ib/in (8-28)

In the above equations, (), values may be obtained from Figures
8-41 through 8-44.

If K <T/4D, the equations for deflections and moments on the shell
are the same as Equations (8-25) through (8-28) except that the {1 terms are
replaced by A terms. These A, terms are given as functions of A and B in
Figures 8-45 through 8-49,

8 - 52



32
0

o
Nl
™
// N

W

14

r-—’

—

[ 20
1

10

LA

n

_4/,/
]
:////12
/s

=
/7

NN

L
s e
.————""
"
10, 000p——1

30

20

10

Ql as a Function of A and B
B - 53

Figure 8-41.

B

100.

o
10

N
WS
WA -
///// ///1./ S ol
NSNS
RN RAAN NN S

It

010
—/

-001



1.

’ , ]4 .18 B .
=N A
B\¥ \
\\\ ) .14
L \ \iLz 7 , _ .12 \
AW \
N 10 \
SAME :
A'S_‘\\ \Q\‘ A 08 -
<O "y
~ AT o4 \
f-2.4’,\;,\§\\1.8 \“\ \s\
5-6’// }\ .02
2{?2/:\\\\ 2.0 ;:\-\\l 6_L7
00 % \ \f
\\;'\- -.04 |

Figure 8-42. (1, as a Function of A and B

8 - 54 .



g pue ¥ Jo ucTjoung = se L5 °¢y-g oindig

\
A
=
)/ / /L/
1NN

)

“1-

=
e
N/e
e
Ji0d
L~

NN

1 2T A

9%

<

o

<t

0

ol

o8]

<+

D

(=]

8 - 55



32

NN
AN

52/

=)

15, 000

L]
—

3.2

2.8 13.0
L]

109.

30

20

10

Figure 8-44. Q14 as a Function of A and B
B - 56

-001



\\\\\\\w 2
x\\\ﬂvvw i
W rm =y
N i \ / W\\ K\\H\\I\H\nl o
e ==
NI ANARATA it =

IE==iE=cs
\ «d L~ \\H.i\\.nr;\ruqx\ L ¥
\\\\\\ “\\\\\H.\\.\Tﬂ\.\ °
1/ i
IiUa P e ==y
(LT RNATAAV:ga G

of A and B

nction

8.45. ;31 as

Figure

- 57



A eNreRgNIRRAN
—— o O
i)l
P ——— —— — e ra—
— - " {1
B \.___\b.__;\‘.\
|Hr . — \H\\\_m\h__\ — e B
= f
LY TrTs L
=S N = J\.M_\f. == -
A 1] I PN
g, \ —
) .__\
S
i ] . - — [~ 1 [ | calll B P
° = _ = 2
~ o~ .
<
[oa]
o]
=]

AZ as a Function of A and B
8 - 58

Figure 8-46,



M~ \ \\‘5 '

e NN OSINONORN

S ”\\X\\ix\ _
\\\\ \\\

/
%

//71/77“//}1}[

d

trl

: |
éé/

]
L~
j/’?

°F T
w :8‘- /
e
e

-
|
o e e




/

.J_rl.,
/ )
A N~ T ~— T~ o ) m
Y« R + M = M
é / /wm 1 ~ ,m
= ,...../ Illjv/%/[,ﬂ. :
/ ......il.....ll.. < /....... Jl[/ M
/f........ —~—— e EEE
[ B T /Z g
N /T.Iu.lsz/ I.._........_Il ~—— ] %
u// . T~ T — 1_ M
/.I...I.. < ./..A. // :
/ ..l!l.l.H / -l.../ 2
P S~ / — T~ e i
T I\ .
g : 2



.\.I\\ﬁ\.\\l!| |t
T
L
\\_ IIM-“\I.!
\.\..Y\ "

\ 1 .\.\\\\. — | —1 S

e ]
\\ e all ] T
Y o e - Ly
, L —

\ N L /) ,\ H
Ad.




The skin of a thin cylindrical pressure vessel with rings and

stringers has stresses that are uniform throughout their thickness and that
are given by

T - uEt, (_5_)
T

Fomey = > (8-29)
t+ (1-u®) ¢t

and

L T-E(t +t,) (_;3_)

Fp = ) (8-30)
t+ {1-u™) t,

In addition, the skin has a maximum axial bending stress of

M c,
Fbs:'l_ {8-31‘

sst

where ¢, is the distance from the neutral axis of the skin-stringer combina-
tion to the ocuter fiber of the skin.

The stringers have a uniform axial stress given by

T (l—uz) +uEt(i—>
Foiner & (8-32)
tme £+ (l_uz) tg

in addition to a maximum bending stress of

M c,,
I

Frpy = (8-33)

-~ -

where c_, is the distance from the neutral axis of the skin-stringer combina-
tion to the outer fiber of the stringer.

The rings have a circumferential stress given by

F,=—— | (8-34)
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8.3.2.2,1

Sample Problem - Stiffened Thin Cylindrical Pressure
Vessel with Internal Pressure -

Given: A shell reinforced with rings and stringers under
an internal pressure of 15 psi. The vessel parameters
as shown in Figures 8-39 and 8-40 are as follows:
r=66in., a=11.34in., t=0.030in., b = 2.7 in.,
2 .2 .
A, =0.1048in.%, I, = 0.00493 in.~, R = 63.2 in,,
t.=0.040in., e=0.35in., b =2.21in., A,"=0.276 in.,
c, = 0.208 in. to skin, ¢,, = 0.572in., E = E,_, = 17 x 10° psi,
b = 0.316, therefore l—uz = 0.9,

Find: The stresses in the skin, stringers, and rings.

Solution: From the definitions of parameters in

Section B.2.2.2,

Agw  0.1048

Bt Z.7(030) 07

=N
1

0.0388

L. bt 0.030 + 0.0388
¢ = - 0.0318
L+ (1-u?y¢sje 1+ 0.9 (0.0388/0.030)

D= EIL,, = 17 x 10° (0.00493) = 8. 38 x 10%

¥ 6 4
- JUE/D _ /0.0318(17x10 J}(B.38x 10 - 0.01925

K

2y 2{66)
T - %95 - 9.001477
4T 4(8.38x 10%)

a = K+ i = /0.01925 + 0.001477 = 0.144
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- T _
B = \/| K - =& | = /}0.01925 - 0.001477 |=0.1333
A= aéa . 0.144(11.34) _ o g)-
2
pz B2 0.1333(11.34) _ 4 ..
2 2
2 . 2
p = Pr [1 ___ut } 15(66)
t’E 2(t + t,) 4 0.0318(17 x 109)

[1 _0.316(0.318) ]z 0.1122
2(0.030 + 0.038)

Az r? . (66)°
" b 3 2 2.7 0,353 (63.2)°
=[5 2 LoNBLE " RN 4=} . ADS.a)
b'(t, ) (1+u )+Ar, 2.2 \0.40) (©-9) ~5 276
= 0.286
A F a3 ) 3
o v eetne _ D.286{17x107){11.34) . 0.607
Q= ———— = 3,2 = 8.
32 D, 32(8.38 x 104)(66)

Since K >T/4D, Eguations (8-25) through (8-28)
may be used to obtain deflections and moments.
From Figures 8-41 through 8-44 with A = 0.817
and B = 0. 756, :

Q) = 0.76, 0y = 0.94, Q3 = 0.24, andQy = 0.49

These values may now be substituted into Equations
(8-25) through (8-28) to obtain the following:

Deflection at ring = §, = -P - -.1122
1+ 82 14 0.607
143 0.76

= 0.0624 in. {outward)
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Deflection at midspan = &, = -P {1 -

1
1+ —
Q
—0.1122 {1+ —2-9% )\ __0.0654 in. (outward)
. 0.76
0.607
4PDO,
Moment at ring = M, , = ——g
)
Q

4%0.1122(8.38x10%)(0.49)

= 6$3.7 in. =1b/in.

(11.34)2 (1 4 0-16 )

0.607
M, 025
Moment at midspan = M__,, =
g
= =63.700:24) _ _31.2 in-Ib. /in.
(0. 49)

Stresses in Skin

The stresses in the skin consist of

(1) a meridional membrane stress, ¥ _..

(2) an axial bending stress F,,, and
(3) a tangential membrane stress F ;.

These must be computed at both the midspan and
the ring. From Equation (8-29},

T -pE
. b Et,(8/r) _ 495-0.316(17x10%)(.0388)5/66

ne
e (1) ¢, 0.030 + 0.9 (0.0388)

= 7,630 - 48,6608

At the midspan,

Foaeep = 7, 630 - 48,6606, = 7,630 + 48, 660 (0. 0654)

10, 810 psi
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At the ring,

F 7,630 - 48,6606, = 7,630 + 48,660 (0.0624)

omar

10, 670 psi

From Equation (8-31),

_— Me, | M{0.208)  _ o s
L, 0.00493

At the midspan,

Fy, = 42.1M,,,, = 42.1 (31.2) = 1, 320 psi
At the ring,

Fo, = 42.1 M,,,. = 42.1 (-63.7) = -2, 680 psi

From Equation (8-30),

uT - E{t+t,)6/r (0.316)(495)
Fmtz -

£+ (1-n?) g, . 030 + (0. 9)(0. 0388)

(17 x 10°)(0. 030 +0.0388)5 /66
.030 + {0.9){0.0388) .

= 2,410 - 273, 00068

- At the midspan,

F,, = 2,410 - 273,000 (0.0654) = 20,260 psi

At the ring,

F,, = 2,410 - 273,000 (0. 0624) = 19, 440 psi

The maximum meridional stress in the skin at the
midspan is given by

anfhux = mer + Fb, = 10,810 + 1, 320

= 12,130 psi
and that at the ring is
Fnermlx = Fumer + Fbs = 10’ 670 = 2' 680 = 7’ 990 PSi
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The critical stress occurs in the skin at the midspan
where both the meridional and circumferential
stresses are greatest.

Stresses in Stringer

The stresses in the stringers consist of
{1} a gnlform axial stress, Fotpor? and

(2) an axial bending stress, I,,.

From Equation (8-32),

Fr. T (141%) +u Et(d/r) _ 495 (0.9)
tuar -
' t+ (1-pd) e, (0.3) + (0. 9)(0. 388)

(0.316)(17 x 10°)(0.3)(5.,66)
(0-3) + (0.9)(0.388)

= 6,860 + 37, 6200

At the midspan

Fiuner = 6,860 + 37,6206 = 6, 860 - 37, 620(0. 0654) = 4, 400 psi
At the ring,
Fatger = 0,860 + 37,6206 = 6,860 - 37, 620(0. 0624)

4,510 psi

From Equation {8-33),

M c,,
_ M(0.572) _
Fy, = - M L= 116M

1, 0.00493

At the midspan,

Fop = 116 M

(R3]

116(~-31.2) = -3, 730 psi
At the ring,

F =116 M

satr

]

bot ‘116(63. 7y =7,410 psi

The maximum stress in the stringers is given by

F =F + F

Hepmax stmer bt

8 - 67




This occurs at the ring where

=4,5104+ 7,410 = 11,910 psi

mErmax

¥

Stresses in Ring

The rings have a circumferential stress F,. From

Equation (8-34),
E,,5 6
o (17 x 10 H0.0624)= 16,??0 psi

ring

F, = =
R 63.2

8.4 Thick Pressure Vessels

If the ratio of the minimum radius of curvature of a wall to its thickness

is less than ten, stresses may no longer be considered constant throughout the
Thus, the equations

wall thickness and radial stresses may not be ignored,
for thin-walled pressure vessels that were developed with these assumptions
This section presents solutions for the stresses in thick-

are no longer valid.
walled cylinders and spheres.

Thick vessels, other than cylindrical and spherical ones, have bending
The analysis of these

stresses even if there are no discontinuities present.
stresses is difficult and is not established on a satisfactory basis as vyet.

Thus, it is best to determine the intensity of the maximum stresses that exist
in unconventional designs by strain gauge measurements or other experi-

mental means.

Thick Cylindrical Pressure Vessels

8.4.1
Figure 8-50 shows a cross section of a thick cylindrical pressure

vessel of internal radius a and external radius b,

Po

Figure 8-50. Thick Cylindrical Pressure Vessel
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The radial, tangential, and axial stresses, F,, F,, and F ., in such
a cylinder are given by Egquations (8-35),_ (8-36), and (8-37), respectively.

azpl - bzpo azbz(P:-Po)

F_ = - (8-35)
b _ a2 (b2 - a%y p2
2
a 2
Fy = — 2L (1 - _b_) (8-36)
b2 - az r2
2 v ‘
a”~ - b
F e Po (8-37)
ne® 2 .2
hb™ - a

In order for Equation (8-37) to apply, the point considered must be far
enough removed from the ends for St. Venant's principle to apply.

8.4.1.1 Thick Cylindrical Pressure Vessels Under Internal Pressure Only

If p, = 0, Equations (8-35) and (8-36) reduce to

2
a”p 2
F, = ———5—2— (1 - Ji,,_.) (8-38)
bz— a ré
and
azpi ’ bl :
_Ft:_._.___._(u__) (8-39)
Bl. a2 r2

Both of these stresses have maximum meagnitudes at r = a. If the maximum
shear stress theory of failure is to be used, the design equation becomes

Ft max T Taax b 2

Fopax = > = P (8-40)

8.4.1.2 Thick Cylindrical Pressure Vessels Under External Pressure
Only

1f p, = 0, Equations {(8-35) and (8-36) reduce to

2
2
P,z (1 ____) (8-41)
2 2

and
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- ) (8-42)

In this case, both the tangential and radial stresses are always compressive,
with the former always the larger of the two., The maximum compressive
stress occurs at the inner surface of the cylinder where the radial stress

is equal to zero, This maximum compressive stress is given by

2
-2b P, (8-43)

8.4.1.3 Sample Problems - Thick Cylindrical Pressure Vessel

Given: The pressure vessel shown in Figure 8-51.

Figuré 8-51. Thick Cylindrical Pressure Vessel
Find: The maximum shear stress in the vessel.

Solution: Assume the external pressure is negligible and apply
Equation (8-40). Thus,

2 2
Fygax = (———b Yp, = 57010, 000) . 55 550 psi
2_.2 2 2 - -
b -a [(15)" -(10)7]
8.4.2 Thick Spherical Pressure Vessels

The radial and tangential stresses at a distance r from the center
of a spherical pressure vessel of inner radius a and outer radius b are given
by Equations (8-44) and (8-45),

3,3 .3 33
b - b .
F,:p° (r a’) P:(3 r’) (8-44)
r3 (3.3 - b3) 1"3 (a - b3) .
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pb> 23+ a%)  paderd + 63
F, = - (8-45)
2r3 (@3 - b3)  2r3 (2® - b3)

The terminology here is the same as that shown in Figure 8-50 for cylindri-
cal pressure vessels.

If p, = 0,

3
p, & 3 3 .
F - 1 (Zr +b ) (8-—46)
* 2 3 .3
2r b -

a

and the greatest tangential tension is at the inner surface at which

Ps 2a3-{~ b3 ‘
Fio =3 "33 (8-47)

8.5 Anisotropic Pressure Vessels

Thz use of glass filaments in the construction of pressure vessels offers

several advantages, Glass has an ultimate strength of approximately 300, 000
1b/in. 2 in the direction of the fiber when it is drawn into fine filaments. In
order to fully utilize this high unidirectional strength, however, it is necessary
to run the fiber in the direction of the maximum principal stress. This is done
T -+iwding the fibers on a mandrel. During the winding process, the filaments
are impregnated with resin which, after curing, will develop sufficient shear
strength to realize the high tensile strength of the fibers. In analyzing these
structures, it is assumed that the fibers sustain the primary loads with only
the secondary loads being resisted by the resin binder.

Since the principal stresses will vary in an actual vessel, the fibers may
actually be wrapped at more than a single wrap angle as may be seen in Fig-
ure 8-52.

Figure 8-52. Filament.Wound Pressure Vessel
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For a thin cylindrical pressure vessel, all stresses other than membrane
stresses are negligible, The optimum wrap angle is 55 degrees as shown in
Figure 8-53,

Figure 8-53. Optimum Wrap Angle for Thin Cylindrical Pressure Vessel

In addition to providing a structure of high strength-to-weight ratio, the
glass pressure vessels offer other advantages. Connections can be eliminated
and end closures, skirts, etc., fabricated as a single unit. In addition, pres-
sure vessels may be made in any proportions and sizes over wide ranges.
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9. LUG ANALYSIS

9.1 Introduction to Lug Analysis

Lugs are connector-type elements widely used as structural supports
for pin connections. In the past, the lug strength was overdsasigned since
weight and size requirements were for the most part unrestricted. How-
ever, the refinement of these requirements have necessitated conservative
methods of design.

This section presents gtatic strength analysis procedures for uniformly
loaded lugs and bushings, for double shear joints, and for single shear joints,
subjected to axial, transverse, or oblique loading. Alsc listed is a section
which applies to lugs made fromn materials having ultimate elongations of at
least 5% in any direction in the plane of the lug. Modifications for lugs with
less than 5% elongation are also presented. In addition, a short section on
the stresses due to press fit bushings is presented,

9.2 Lug Analysis Nomenclature

Fora, = Lug ultimate bearing stress
Fory, = Lug vyield bearing stress
Fiox = Cross grain tensile ultimate stress of lug material
Fiyx = Cross grain tensile yield stress of lug material
Forg = Allowable ultimate bearing stress, MHB5
Fooy = Allowable yield bearing stress, MHB5
F., = Ultimate tensile stress
Fon, = Allowable lug net-section tensile ultimate stress
Fnsr,_ = Allowable lug net-~section tensile yield stress
Fb”"a = Allowable bearing yield stress for bushings
FWB = Bushing compressive yield stress
Fbma = Allowable bearing ultimate stress for bushings
F""p = Ultimate shear stress of the pin material
F“P = Pin ultimate tensile stress
F"‘T = Allowable ultimate tang stress
FMMx = Maximum lug bearing stress -
b,m“: = Maximum bushing bearing stress
Srax = Maximum pin shear stress
"uxP = Maximum pin bending stress
PhNLP = Allowable lug ultimate bearing load
P“"L = Allowable lug net-section ultimate load
P‘-‘a = Allowable bushing ultimate load
P,.‘L = Allowable design ultimate load
]?uLs = Allowable lug-bushing ultimate load
Py, = Pin ultimate shear load
Pyy, = Pin ultimate bending load

9 -1



Py, = "Balanced design'' pin ultimate bending load

P,;;"* = Allowable joint ultimate load

P; =z Lug tang strength

PtNL = Allowable lug transverse ultimate load
P‘“’“a = Allowable bushing transverse ultimate load
K, = Net-tension stress coefficient

K"’p = Plastic bending coefficient for pin

Ky . = Plastic bending coefficient for tang

Ky, = Plastic bearing coefficient for lug

KbLL = Plastic bending coefficient for Jug

K.y = Transverse ultimate load coefficient
Kiry = Transverse yield load coefficient

M., = Maximum pin bending moment

= Ultimate pin failing moment

= Area, in. 2

a = Distance from edge of hole to edge of lug, inches

B = Duectility factor for lugs with less than 5% elongation
b = Effective bearing width, inches

D = Hole diameter of pin diameter, inches
E = Modulus of elasticity, psi
e = Edge distance, inches
f = Stress, psi

f, = Cyclic stress amplitude on net section of given lug,
1bs /in. 2
£ = Mean cyclic stress on net section of given lug, lbs/in. 2
frax = Maximum cyclic stress on net section of given lug,
Ibs/in.
fatn = Mlnlmum cyclic stress on net section of given lug,
Ibs /in. 2
4 = Gap between lugs, inches
El- hg = Edge distances in transversely loaded lug, inches

»
<
|

= FEffective edge distance in transversely loaded lug
= Allowable stress {or load) coefficient
2k, k3= Fatigue parameters

= Bending moment, in. -lbs.

= Fatigue life, number of cycles

Load, Ibs.

= Stress ratio, £,,/f,,,

= Bushing wall thickness, inches

. = Lug thickness, inches

= Lmg width, inches

= Angle of load to axial direction, degrees
= Strain, inches/inch

= Density, lbs/in. 3

T OR g gz E R
1



Subscripts

all = Allowable apt = Optimum

ax = Axial P = Pin

8 = Bushing . = BShear

b = Bending T = Tang ,
Be = Bearing % = Tensile

e = Compression er = Transverse

L = Lug a = Ultimate

zax = Maximum % = Cross grain

" = Net tensile v = Yield

s = Oblique 1, 2 = Female and male lugs

9.3 Lug and Bushing Strength Under Uniform Axial Load

Axially loaded lugs in tension must be checked for bearing strength and
for net-section strength, The bearing strength of a lug loaded in tension, as
shown in Figure 9-1, depends largely on the interaction between bearing,
shear-out, and hoop-tension stresses in the part of the lug ahead of the pin.
The net-section of the lug through the pih must be checked against net-tension
failure. In addition. the lug and bushing must be checked to ensure that the
deformations at design vield load are not excessive.

: -
i L

iRy ar _F_l':(@.
T&‘ }— lT PC /
N

!\ pll——— i !
0] ®

Figure 9-1. Schematics of Lugs Loaded in Tension

9.3.1 Lug Bearing Strength Under Uniform Axial Load

The bearing stresses and loads for lug failure involving bearing,
shear-tearout, or hoop tension in the region forward of the net-section
in Figure 9-1 are determined from the equations below, with an aliowable
load coefficient (K) determined from Figures 9-2 and 9-3. For values of
ef/D less than 1.5, lug failures are likely to involve shear-out or hoop-
tension; and for values of ¢/D greater than 1.5, the bearing is likely to be
critical., Actual lug failures may involve more than one failure mode, but

9.3



such interaction effects are accounted for in the values of K. The lug ultimate
bearing stress (Fme )is
Fbru :K“.S“ Ftux’ (E,/D-CI,S) (g_la)

F""’L =K Fyy, (/D2 1.5) (9-1b)

The graph in Figure 9-2 applies only to cases where D/t is 5 or less, which
covers most of the cases. If D/t is greater than 5, there is a reduction in
strength which can be approximated by the curves in Figure 9-3. The lug

vield bearing stress (F""L} is
Fyom = K -5 Fupy (6/D<1.5) (9-2a)
Fury, = K Fyyg, (/D2 1.5) (9-2Db)
2.0 \
., 1.8 /
o
: \
2 N
b
o]
Q
T 1.6
o)
- /
= \
= 1.4 : \ /
a N
2
2
= -
:;': ot —F bl = Kat Fiuy bt Pprp, = KDt Frgy —o
1.2
1.0

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
e/D

Figure 9-2. Allowable Uniform Axial Load Coefficient
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The allowable lug ultimate bearing load (P,,, } for lug failure in bearing,
shear-out, or hoop tension is -

Pory = Foey Dty (if Fyyp 5 1.304 Fyy) (9-3a)

Pyry, = 1.304 Fypy Dt, (if Fyyy > 1,304 Fyyp) . (9-3b)

Py, /Dt should not exceed either Fy,, or 1.304 F,,,, where F,,, and Fy_,
are the allowable ultimate and yield bearing stresses for the lug material
for e/D = 2.0, as given in MIL-HDBK-5 or other applicable specification.

Equations (9-3a)and (9-3b) apply only if the load is uniformly dis-
tributed across the lug thickness. If the pin is too flexible and bends
excessively, the load on the lug will tend to peak up near the shear faces
and possibly cause premature failure of the lug.

A procedure to check the pin bending strength in order to pre-
vent premature lug failure is given in Section 9. 4 entitled "Double Shear
Joint Strength Under Uniform Axial Load." :

9.3,2 Lug Net-Section Strength .Under Uniform Axial Load

The allowable lug net-section tensile ultimate stress (I',, )
on Section 1-1 in Figure 9-4a is affected by the ability of the lug material
to yield and thereby relieve the stress concentration at the edge of the hole,

Foo & EuFea (9-4)

K., the net-tension stress coefficient, is obtained from the graphs shown
in Figure 9-4 as a function of the ultimate and yield stress and strains of
the lug material in the direction of the applied load. The ultimate strain(g,)
can be obtained from MIL-HDBK_—S.

o) + {a)
P

Figure 9-4. Net Tension Stress Coefficient
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The allowable lug net-section tensile yield stress {F“TL) is

Foy, = Kl (9-5)

The allowable lug net-section ultimate load (PnuL) is

P’“‘L = F’“’L (w-D)t, (if Fyy = 1. 304 Fy,) {9-6a)
P““L = 1.304 F”L (w-Djt, (if F, >1.304 F,,) {9-6b)
9.3.3 Lug Design Strength Under Uniform Axial lL.oad

The allowable design ultimate load for the lug (P“L) is the
lower of the values obtained from Equations (9-3} and {9-6),

P §thl {Equations (9-3a} and (9-3b}, or

. -7
t P, . (Equations {9-6a) and (9-6b)) 3-7)
L .

hyg

9.3. 4 Bushing Bearing Strength Under Uniform Axial Load

The allowable bearing yield stress for bushings (Fb""a) is re-
stricted to the compressive yield stress (F,, } of the bushing material,
unless higher values are substantiated by tests.

The allowable bearing ultimate stress for bushings (Fbms) is

Fyr, = 1304 Foy (9-8)

The allowable bushing ultimate load (P“B) is

P“a = 1.304 Fogg Dpt (2-9)
This assumes that the bushing extends through the full thickness
of the lug. ‘
9.3.5 Combined Lug~Bushing Design St'rength Under Uniform Axial l.oad

— -

The allowable lug-bushing ultimate load (P, ) is the lower of the

U,
loads obtained from Equations {9~7) and (9-9}. B

P“L = P“L {Equation (9-7), or P"a (Equation (9-9)) (9-10)
B .

9.4 Double Shear Joint Strength Under Uniform Axial Load

The strength of a joint such as the one shown in Figure 9-5 depends
on the lug-bushing ultimate strength (P“L '} and on the pin shear and pin
bending strengths, 8



—md b, b, =
ot — > —
g f131'1
fbrl\H 2

1 1
L] T W 3 .
p/2 1:’ b2 'J‘ ] P/2

w1

Figure 9-5. Double Shear Lug Joint

9.4.1 Lug-Bushing Design Strength for Double Shear Joints Under
Uniform Axial Load

The allowable lug-bushing ultimate load (P“L } for the joint is
' B

computed, using Equation (9-10). For the symmetrical joint shown in -
the figure, Equation (9-10} is used to calculate the ultimate load for the
outer lugs and bushings (ZP\1L ) and the ultimate load for the inner lug

B

1
and bushing (PuL }. The allowable value of P“L for the joint is the lower
’ . 82 : . . B .

of these two ﬁlues.

P, =2P, (Equation {9-10)), or P, {Equation (9-10)) (9-11)
8 B3 Ly




9.4.2 Pin Shear Strength for Double Shear Joints Under Uniform
Axial Load

The pin ultimate shear load (Py ) for the symmetrical jo‘int
shown in Figure 9-5 is the double shear strength of the pin:

PUSP

= 1.571 D,2 F,., (9-12)
where F’“p is the ultimate shear stress of the pin material.

9.4.3 Pin Bending Strength for Double Shear Joints Under Uniform
“Axial Load

Although actual pin bending failures are infrequent, excessive
pin deflections can cause the load in the lugs to peak up near the shear
planes instead of being uniformly distributed across the lug thickness,
thereby leading to premature lug or bushing failures at loads less than
those predicted by Equation (9-11). At the same time, however, the con-
centration of load near the lug shear planes reduces the bending arm and,
therefore, the bending moment in the pin, making the pin less critical in
bending. The following procedure is used in determining the pin ultimate
bending load.

Assume that the load in each lug is uniformly distributed across
the lug thickness (by = tj, and 2bp =t;}. For the symmetrical joint shown
in Figure 9-5, the resulting maximum pin bending moment is

Myser = 2 (12— 4 ) (9-13)

The ultimate failing moment for the pin is

: 3 .

Mup = 0.0982 ky, Do Fiy, (9-14)
where ka is the plastic bending coefficient for the pin. The value of khp
varies from 1.0 for a perfectly elastic pin to 1.7 for a perfectly plastic ™
pin, with a value of 1.56 for pins made from reasonably ductile materials

{more than 5% elongation).

The pin ultimate bending load (Pubp) is, therefore,

0.1963 ky D,> Feu,

Py, = (11 tj N g) ‘ (9-15)




1f Publg is equal to or greater than either P“LB {Equation {9-11) or P“’e

(Equation {(9-12)), then the pin is a relatively strong pin that is not critical
in bending, and no further pin bending calculations are required. The
allowable load for the joint {(P,;;) can be determined by going directly to
Equation {9-19a).

If Py, (Equation (9-15)] is less than both P, (Equation (9-11))

and P, (Equation {9-12)), the pin is considered a relatively weak pin,
critical in bending, However, such a pin may deflect sufficiently under

load to shift the c. g. of the bearing loads toward the shear faces of the lugs,
resulting in a decreased pin bending moment and an increased value of P, .
These shifted loads are assumed to be uniformly distributed over widths b
and 2by, which are less than t; and ts, respectively, as shown in Figure 9-5.
The portions of the lugs and bushings not included in b; and 2b; are con-
sidered ineffective. The new increased value of pin ultimate bending load is

3
0.1963 k, D, Fyo

= _]-5
Py, CLTI (9-15a)

The maximum allowable value of P“bp is reached when bl and bZ are suf-
ficiently reduced so that Pubp (Equation {(9-15a)) is equal to P“L {Equation
R

(9-11)), provided that by and 2bp are substituted for t} and t;, lrespective-ly,
At this point we have a balanced design where the joint is equally critical
in pin-bending failure or lug-bushing failure.

The following equations give the ""balanced design'' pin ultimate
bending load (P“bp } and effective bearing widths (b}, and 2Dy yen):
X

ma:

1
Pub tl tz
_ p 2 _ -
Py, = 2C “ = (_2_ t 4 g)+ g2 -2Cg (9-16)
where
P
“'-al P“Laz
C = - -
P t, + P t
“Lﬁl 2 “LBZ 1

The value of Py, on the right hand side of Equation (9-16) and the values of
P,

. and P in the expression for C are based on the assumption that the

ey “t.B2 .
full thicknesses of the lugs are effective and have already been calculated.
(Equations {9-10) and (9-15)).
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If the inner lug strength is equal to the total stréngth of the two
outer lugs (P, =2F, )}, and if g = 0, then
tsp tey

Paty s =| Pov, P"Lsz (9-17)

The ''balanced design'' effective bearing widths are

P
1“’F‘ nax tl
b = : -
1. 2P, {9-18a)
s
Pub t
P max
2b = ————— ~18b
2 min Pu (9 )
. L
B2
where P, is obtained from Equation (9-16) and P, and P, are
P max ) ‘-51 LBZ
the previcusly calculated values based on the full thicknesses of the lugs.
Since any lug thicknesses greater than bl or by are not considered

1
effective, an efficient static strength de siugrri would have t; = by gy, and
ta = 2b2m1n'

The allowable joint ultimate load (P,,;) for the double-shear joint
is obtained as follows:

If Py, (Equation (9-15) is greater than either P, (Equation {9-11)
. P
or P"‘"‘p {Equation (9-12)), then P,,, is the lower of the valuds of P‘*r_ or

PL]EP‘ 8
P, = PuL {Equation (9-11) or Py, {(Equation {9-12)) {(9-19a)
2
If Pubp {Equation {9-15}) is less than both P“L and P“‘p’ then - .
. 8
P, is the lower of the values of P, and P,, .
P p tax
P, = P“P {Equation (9-12) or 'Pubp {Equation {9-16)) (9-19h)
fax

9.4. 4 Lug Tang Strength for Double Shear Joints Under Uniform Axial Load.

If Equation (9-19a) has been used to determine the joint allowable
load, then we have a condition where the load in the lugs and tangs is assumed
uniformly distributed. The allowable stress in the tangs is F,.. The lug tang

9 - 12



strength (P,) is the lower of the following values.

'
-~
]

P; = s Wiy ty (9-20a)

Py

"
e
b

(9-20b)

'If Equation (9-19b) was used to determine the joint allowable load,
the tangs of the outer lugs should be checked for the combined axial and bend-
ing stresses resulting from the eccentric application of the béaring loads.
Assuming that the lug thickness remains constant beyond the pin, a load (P/2)
applied over the width bl in each outer lug will produce the following bending

morment in the tangs:
t1 - b
1 2 2

A simple, but generally conservative, approximation to the maximum com-
bined stress in the outer lug tangs is

oM
S A 12 (9-21)
T Zw.,l 3 kbrvv,r1 tl

Fy

where k, , the plastic bending coefficient for a lug tang of rectangular cross-
T

section, varies from 1.0 for a perfectly elastic tang to 1.5 for a perfectly
plastic tang, with a value of 1.4 representative of rectangular cross sections
with materials of reasonable ductility (more than 5% elongation}. The allow-
able value of ¥, is F,, . The lug tang strength is the lower of the fol-
lowing wvalues: 1 "1 :

S N
Py = . (9-22a)
k t
b 1
Py =F,, wr, £ (9-242b) _
2
where b, is given by Equation (9-18a)

9.5 Single-Shear Joint Strength Under Uniform Axial Load

In single-shear joints, lug and pin bending are more critical than in
double-shear joints. The amount of bending can be significantly affected by
bolt clamping. In the cases considered in Figure 9-6, no bolt clamping is
assumed, and the bending moment in the pin is resisted by socket action in
the lugs.

9 -13
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Fbr max Y

Figure 9-6. Single Shear Lug Joint

In Figure 9-6 a representative single-shear joint is shown, with centrally
applied loads {P) in each lug, and bending moments (M and M;) that keep

the system in equilibrium. {Assuming that there is no gap between the lugs,
M+ M) = P(t+t1)/2). The individual values of M and M; are determined
from the loading of the lugs as modified by the deflection, if any, of the lugs,
according to the principles of mechanics. '

The strength analysis procedure outlined below applies to either lug.
The joint strength is determined by the lowest of the margins of safety cal-
culated for the different failure modes defined by Equations (9-23) through (9-27).

9.5.1 Lug Bearing Strength for Single Shear Joints Under Uniform
Axial L.oads

The bearing stress distribution between lug and bushing is assumed~ .
to be similar to the stress distribution that would be obtained in a rectangular
cross section of width (D) and depth (t), subjected to a load (P) and moment (M).

At ultimate load the maximum lug bearing stress (F,, ,,, ()} 15 approximated by

F =
br nax L Dt k.b th

where kbr is a plastic bearing coefficient for the lug material, and is assumed
L .
to be the same as the plastic bending coefficient (k, ) for a rectangular section.
1
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The allowable ultimate value of ¥y, nax is either Fb,uL (Egquations

{9-1a) (9-1b)) or 1. 304 FbwL {Equations (9-2a) (9-2b)}, whichever is lower.

9.5.2 Lug Net-Section Strength for Single Shear Joints Under Uniform
Axial Load .

At ultimate load the nominal value of the outer fiber tensile stress
in the lug net-section is approximated by
P
Fy e = p M - (9-24)
{w-D)t ky (w=D)t
L

where k, is the plastic bending coefficient for the lug net-section.
L ,

The allowable ultimate value of Fy .,

is ¥y, (Equation (9-4)) or
1.304 F,, (Equation (9-5)), whichever is lower. -
L

9.5.3 Bushing Strength for Single Shear Joints Under Uniform Axial Load -

The bearing stress distribution between bushing and pin is assumed
to be similar to that between the lug and bushing. At ultimate bushing load the
maximum bushing bearing stress is approximated by

p &M
Fbr max B = Dot + 2 (9‘25)
P kb"L D,t™

where k. , the plastic bearing coeifficient, is assumed the same as the plastic
L
bending coefficient (k, ) for a rectangular section.
L

The allowable ultimate value of Fy, . 5 is 1.304 FGYB’ where F,‘.':,.B

is the bushing material compressive yield strength.

9.5.4 Pin Shear Strength for Single Shear Joints Under Uniform Axial Load

The maximum value of pin shear can occur either within the lug or
at the common shear face of the two lugs, depending upon the value of M/Pt_
At the lug ultimate load the maximurm pin shear stress (F, ,,. ) is approxi-
mated by

- 1.273 P .
F, max B~ _"_'"E'""' » (f —“I‘DN%' =2/3) (9-26a)
De
:.' I
N(zy o) gy
- _1.273 P Pt L | (if >2/3) (9-26b)
e max P C 2 . \l 7 Pi
Pt Pt
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Equation (9-26a) defines the case where the maximum pin shear is obtained
at the common shear face of the lugs, and Equation (9-26b) defines the case
where the maximum pin shear occurs away from the shear face.

The allowable uitimate value of Fy ., ¢ is F

s+ the ultimate shear
stress of the pin material. °

9.5.5 Pin Bending Strength for Single Shear Joints Under Uniform
Axial Load ‘

The maximum pin bending moment can occur within the lug or at
the common shear faces of the two lugs, depending on the value of M/Pt. At

the lug ultirnate load the maximum pin bending stress (F, 4,, o) is approxi-
mated by

10. 19M Pt - M
Frae =0 (Pt ) e M 53 (9-27a)
3
kbp Dp ZM Pt

e VYL

b max P T 1

k., D" M (9-27b)
bP L] Pt

(if M
Pt

>3/8)

where k,; is the plastic bending coefficient for the pin.

Equation {9-27a) defines the case where the maximum pin bending
moment is obtained at the common shear face of the lugs, and Equation {9-27hb)
defines the case where the maximum pin bending moment occurs away from
the shear face, where the pin shear is zero.

— -

The allowable ultimate value of Iy sax P is Ftup’ the ultimate tensile
stress of the pin material.

9.6 Example.of Uniform Axially Loaded Lug Analysis

Determine the static strength of an axially loaded, double shear joint,

such as shown in Section 9. 4, with dimensions and material properties given
in Table 9-1,

9 - 16
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Table 9-1. Dimensions and Properties

Ferhale Lugs, 1 Male Lug, 2 Bushings, Pin
1 and 2
Material | 2024-T35] Plate 7075-T65]1 Plate] Al. Bronze 4130 Steel
F,, 64000 pei 77000 psi 110,000 psi | 125, 000 psi
: (X-grain) (X-pgrain}
Fiy 40000 psi 66000 psi 60, 000 psi 103, GO0 psi
(X-Era.in] {X-grain)
Foy . 60, 000 psi
F.. 82, 000 psi
E 10.5 x 10° psi 10.3 x 10° 29 % 106 psi
gy 0.12 0.06
DorD, | D= 1.00 in. D = 1.00 in. D, = 0.75in., | D, = 0. 75 in.
D=1.004in, i
e 1.25in, 1.50 in.
a ‘ 0.75in, 1.00 in.
w = W, 2,50 in. 3.00 in.
1 0. 50 in. 0.751in. 0. 50 and
0.75 in.
g 0.10 in.

(1} Female J.ugs and Bushings

Fope = 64,000 psi; 1.304 F = 1.304 x 40000 = 52160 psi.

tyx

a) Lug Bearing Strength (Equations (9-2a) and (9-3b))

el _ 1.25 = 1. 25; therefore K]_ = 1.46 (fl‘OITl Figul‘e 9-2)
D 1.00

1.304 x 1.46 x 0.75 x 40000 x 1.00 x 0.50 = 28600 1bs.

b} J.ug Net-Section Tension Strength ( Equations (9-5) and (9-6b))

-

¥
“]_)_ . 1.00 = 0.40; i = 40000 = 0. 625;
) ., 64000
Feoo 64000

= = 0.051; therefore, k, =0.74
Ee 6 1
u 10.5x 10” x 0.12

{by interpolation from Figure 9-4)

Py, =2x1.304x.74x4000x(2.5-1.0)x.5 = 57, 898 lbs.

L
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(2)

¢} Lug Design Strength (Equation (3-7))

Pu = Pbru'

= 28600 Ibs.
Ly L1

d) Bushing Bearing Strength (Equation {9-9))

P = 1.304 % 60000 x 0. 75 x 0. 50 = 29300 1bs.

u

81

¢) Combined Lug-Bushing Design Strength (Equation (9-10))

P, =P, = 28600 lbs.
LB Ll
1

Male Lug and Bushing

F,,, = 77000 psi; 1.304 Fy,, = 1.304 x 66000 = 86100 psi.

a) Lug Bearing Strength {(Equations (9-1b) and (9-3a))

2 _1.59
= —== = 1. 50; therefore, K3 = 1.33 (from Figure 9-7)
D 1.00
Py, =1.33x77000x 1.00=x0.75= 77000 lbs.

b) Lug Net-Section Tension Strength (Equations (9-4) and (9-6a))

D . 1.00 _ g 333, Fer 66000 0.857;
w, 3.00 F,, 77000
F
ki ?7010 = 0. 125; therefore K, = 0.87
Eey 10.3x 10° % 0.06 2

(by interpolation from Figure 9-4)
P, =1.304x87x66000x(3.0-10)x.75=112,313 lbs.

c} Lug Design Strength (Equation (9-7))

P = P

. = 77000 lbs.
t2

bru

d) Bushing Bearing Strength {Equation {9-9))

P, = 1.304 x 60000 x 0.75 x 0. 75 = 44000 Ibs.
5 .

e) Combined Lug-Bushing Design Strength (Equation (9-10})

P, =P, = 44000 lbs.
Lg a

2 2
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(3) Joint Analysis

a) Lug-Bushing Strength {Equation (9-11))

P, =P, = 44000 Ibs.
La a2

b} Pin Shear Strength {Equation (9-12))

P . = 1.571 x (0. 75)2 x 82000 = 72400 lbs.

us

c) Pin Bending Stren'gth-(Equation {9-15))

The pin ultimate bending load, assuming uniferm bearing across
the lugs, is

3
p, = 0:1963 x1.56 x (0.75)" x 125000 _ 34,40 1ps.

4Py 0.25 + 0.1875 + 0. 10
Since Pub is less than both P, and Pu, ,

“g
weak pin wh1ch deflects suff1C1entl3'r under load to shift the bear-
ing loads toward the shear faces of the lugs. ' The new value of
pin bending strength is, then,

the pin is a relatively

30100
C

Py vy = 2C % (q % (0.25 + 0. 1875 + 0.10) + (0. 10)% - 0. 10),

28600 x 44000
286 x 0.75 + 44000 x 0. 050

(from Equation (9-16)) where C =

29000 1bs/in.

Therefore, Py, =2 x 29000 x {0. 754 - 0.10) = 37900 Ibs.

The ''balanced design' effective bearing widths are

= 37900 x0.50 _ 0.331 in. {{rom Equation (9-18a})

lan = 5 x 28600

2, =31900x0.75 . ¢ 646 in. (from Equation (9-18b)) -
2 stn 44000
Therefore, the same value of P would be obtained if the
P max

thickness of each female lug was reduced to 0. 331 inches and
the thickness of the male lug reduced to 0. 646 inches.

d) Joint Strength (Equation {9-19b))

The final allowable load for the joint, exclusive of the lug tangs, is
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pall = Pub = 37900 1lbs.

P xmax

(4) Lug Tang Analysis

2 x 64000 x 2. 50 x 0.50

P, = = 92700 1lbs, (from Equation (9-22a))
145 « (,1 _0.331
1.4 0. 500
or
P, = 77000 2z 3.00 x 0. 75 = 173300 lbs. (from Equation (9-22b})

Therefore, the lug tangs are not critical and the allowable joint
load remains at 37900 pounds.

9.7 Lug and Bushing Strength Under Transverse Load

Transversely loaded lugs and bushings are checked in the same general
manner as axially loaded lugs. The transversely loaded lug, however, is a
more redundant structure than an axially loaded lug, and it has 2 more com-
plicated failure mode. Figure 9-7 illustrates the different lug dimensions
that are critical in determining the lug strength.

e 2 =

Figure 9-7. Schematic of Lugs Under Transverse Loads

9.7.1 Lug Strength Under Transverse Load

The lug ultimate bearing stress (F""“L) is

Foro = Fopy F

L (9-28)

tre

where K,,,, the transverse ultimate loa.d. coefficient, is obtained from
Figure 9-8 as a function of the. 'effective' edge distance (h,,}):
h . = 6 |
** 3/h; +1/hy + 1/h3+ 1 h/4
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The effective edge distance can be found by using the nomograph in
Figure 9-9. The nomograph is used by first connecting the hj and Ly lines at
the appropriate value of h] and hp. The intersection with line A is noted. Next
connect the h3 and hy lines similarly, and note the B line intersection. Con-
necting the A and B line intersection gives the value of h  to be read at the
intersection with the h _line. The different edge distances (hy, hy, h3, hyg)
indicate different critical regions in the lug, h} being the most critical., The
distance hy is the smallest distance from the hole to the edge of the lug. If
the lug is a concentric lug with parallel sides, h /D can be obtained directly
from Figure 9-10 for any value of e¢/D. In concentric lugs, h} = hgandhp =h3.

The lug yield bearing stress (FbwL') is
Fb!‘YL = KQTY FQYI B (9_2(1)
where K,,,, the transverse yield load coefficient, is obtained from Figure 9-9.
The allowable lug transverse ultimate load (P"“L) is
Pt,ul = Fm.L Dt (if F,,, =1.304 F,,,) (9-30a)
P'mlL = 1,304 F""YL Dt (if F,,, >1.304 F,,,) (9-30Db)
where FbwL‘ and Fb"’L are obtained from Equations {9-28) and (9-29)}).
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e/D

Figure 9-10. Effective Edge Distance

If the lug is not of constant thickness, then A /Ay, is substituted
for h,,/D on the horizontal scale of the graph in Figure 9-8, where A,, is the
lug bearing area, and

6
AI.T:

Ay, Az, A3, and A4 are the areas of the sections defined by hy, hz, h3, and
hy, respectively. ‘ ~ -

The values of K, and K,,, corresponding to A /A, are then obtained
from the graph in Figure 9-8 and the allowable bearing stresses are obtained
as before from Equations {9-28) and (9-29)).

9.7.2 Busﬁing Strength Under Transverse Load

The allowable bearing stress on the bushing is the same as that for
the bushing in an axially loaded lug and is given by Equation {9-8). The allow-

able bushing ultimate load (Pyry ) is equal to P“a (Equation (9-9)).
B
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9.8 Double Shear Joints Under Transverse Load

The strength calculations needed for double shear joint strength analysis
are basically the same as those needed for axially loaded. Equations (9-11)
through (9-19) can be used; however, the maximum lug béafing stresses at
ultimate and yield loads must not exceed those given by Equations (9-28)
and (9-29). . .

9.9 Single Shear Joints Under Transverse Load

The previous discussion on double shear joint applies to single shear
joint strength analysis except the equations to be used are now Equaticns (9-23)
through (9-27).

9.10 Lug and Bushing Strength Under Oblique Load

The analysis procedures used to check the strength of axially loaded
lugs and of transversely loaded lugs are combined to analyze obliquely
loaded lugs such as the one shown in Figure 9-11. These procedures apply
only if o does not exceed 90°,

Per

Figure §-11. Obliquely Loaded Lug

9.10.1  Lug Strength Under Oblique Load

The obliquely applied load (F,) is resolved into an axial component
(P = P_cos g} and a transverse component (Pyr = Py sina). The allowable
ultimate value of Py is Py and its axial and transverse components satisfy
the following equation: L

E)T )
Y

trn
L

where PuL is the strength of an axially loaded lug (Equaﬁon {(9-7)) and Pypy is
the strength of a transversely loaded lug {Equations (9-30a), (9-30b)). The

allowable load curve defined by Equation (9-31) is plotted on the graph in
Figure 9-12, :
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Figure 9-12. Allowable Load Curve

For any given value of o the allowable load (Pat) for a lur can be
determined from the graph shown in Figure 9-12 by drawing a ‘iae from the
origin with a slope equal to (P, /P,,, ). The intersection of this line with the
allowable load curve (point 1 ofi the éraph) indicates the allowable values of
P/P, and P, /P, , from which the axial and transverse components, P
and P,_, of the allbwable load can be readily obtained. '

- -

9.10.2 Bushing Strength Under Oblique Load

The bushing strength calculations are identical to those for axial
loading (Equations (9-8) and {9-9)).

9.11 Double Shear Joints Under Oblique Load

The strength calculations are basically the same as those {or an axially
loaded joint except that the maximum lug bearing stress at ultimate load must
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not exceed Pa /Dt, where Py, 1s defined by Equa.tmn {9-31). Use Equations
(9-11) through (9 19)). - T

9.12 Single Shear Joints Under Oblique Load

The previous discussion on double shear joints applies to single shear
joint strength analysis except the equations to be used are now Equations
{9-23) through (9-27).

9.13 Multiple Shear and Single Shear Connections.

Lug-pin. comb1nat1ons having the geometry indicated in Flgure 9.13
should be analyzed accorchng to the following criteria:

{1} The load carried by each lug should be determined by distributing
the total applied load P among the lugs as indicated in Figure 9-13,
-b being obtained in Table 9-2. This distribution is based on the
- agsumption of plastic behavior (at ultimate load) of the lugs and
" elastic bending of the pin, and gives approximately zero bending
"~ deflection of the pin.

(2) * The maximum shear load on the pinis given in Table 9-2.
{3) Theé maximum bending rmomentin the pin'is given by the formulae

Pyb
M = ..T where b is given in Table 9-2.

These lugs of . Two outer lugs of equal thickness
equal thickness t! :not less than Ct' (See Table 9-2)
CP~—dritica ]
) : h \ ’ —'—-P2
p, ~— N0 |
P SO E VAN B NNNNN S S pan e o -
=P,
cp|™— "

These lugs of equal =
thickness t"

Figure 9-13. Schematic of Multiple Shear Joint in Tension
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: t e
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9. 14 Axially IL.oaded Lug Design

This section presents procedures for the optimized design of lugs,
bushings and pin in a symmetrical, double-shear joint, such as shown in
Figure 9-5, subjected to a static axial load (P}). One design procedure applies
to the case where the pinis critical in shear, the other to the case where the
pin is critical in bending. A method is given to help determine which mode of
pin fajlure is more likely, so that the appropriate design procedure will be used.

Portions of the design procedures may be useful in obtaining efficient
designs for joints other than symmetrical, double-shear joints.

9.14.1 Axial Lug Design for Pin Failure

An indication of whether the pin in an optimized joint design is more
likely to fail in shear or in bending can be obtained from the value of R (Equa.
tion (9~32))., If R is less than 1,0, the pin is likely to fail in shear and the
design procedure for joints with pins critical in shear should be used to get
an optimized design, If R is greater than 1.0, the pin is likely to be critical
in bending and the design procedures for joints with pins critical in bending
should be used,

w Fsup Fou F

R= e———— e F +
.k'hE Ftu_p Lo Fbr all g Fb!‘ all 2

a,

(9-32)

where F“ and ¥,. are the ultimate shear and ultimate tension stresses for

the pin material, kbp is the plastic bending coefficient for the pin, and F,, a1 g
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and Fy,,;,, are allowable bearing stresses in the female and male lugs. The

value of ¥y, a11; can be approximated by the lowest of the following three values:

D . D .
K F"““l i 1.304KFU11E_, 1.304 F”al
where Ftuxl and Ftyxl are the cross-grain tensile ultimate and tensile yield

stress for female lugs, F,, is the compressive yield stress of the bushings
. 8

in the female lugs, and ¥ is obtained from Figure 9-14. Assume D = D, if
a better estimate cannot be made. I, sl is approximated in a similar manner.

1.1 : —

1..0 ' /
0.8 /

4
0.7
0 1 2 3 4
’p - _Pin Material Density
Pr1, Lug Muterial Deasity

Figure 9_'—14. Allowable Bearing Coefficient

9.14.1.1 Axial Lug Design for Pin Failure in the Shearing Mode

Pin and Bushing Diameter

The minimum allowable diameter for a pin in double shear is

D, = 0. 798 P_ | (9-33)

F

suP

The outside diameter of the bushing is D = D, + 2t,, where t; is the bushing
wall thickness.

Edge Distance Ratio (e/D)

The value of e/D that will minimize the combined lug and pin weight
is obtained from Figure (9-15){(a) for the case where lug bearing failure and
pin shear failure occur simultaneously. The lug is.assumed not critical {n
net tension, and the bushing is assumed not critical in bearing. '
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The curves in Figure 9-15 appiy specifically to concentric lugs
(a = e - D/2, and w = 2¢), but they can be used for reasonably similar lugs.

Allowable Loads

The allowable loads for the different failure modes (lug bearing
failure, lug net-tension failure, and bushing failure) are determined from

Equations (9-3}), (9-6), and (9-9) in terms of the (unknown) lug thickness.
The lowest of these loads is critical.

Lug Thicknesses

The required male and female lug thicknesses are determined by
equating the applied load in each lug to the critical failure load for the lug.

Pin Bending

To prevent bending failure of the pin before lug or bushing failure
occurs in a uniformly loaded symmetrlcal double-shear joint, the required

pin diameter is :

DP7= \]_2.'_5_5_P (tl + __2'__ +2g) (9-34)
SR ‘.k'bp Ftup - - 2

where k, is the plastic bending coefficient for the pin, If the value of D,

from Eq&ation {9-34) is greater than that from Equation (9-33), the joint
must be redesigned because the pin is critical in bending.

Reduced Edge Dista’nce .

If the allowable bushlng load (Equatlon {9-9)) is less than the allow-
able lug load (Equation (9-3)), a reduced value of e, obtained by using the curve
shown in Flgure 9-16 for optimum e/D, will give a lighter joint in which lug
bearing failure and bushing bearing failure will.occur simultaneously. The
previously calculated pin diarneter and lug thicknesses are unchanged.

Reduced Lug Width' - ‘ , -
If the lug net-tension stréngth (Equation (9=6)) exceeds the bearing
strength (Equation (9-3)), the net-section width can be reduced by the ratio of

the bearing strength to the net-tension strength.

9.14.1.2 Axial Lug Design for Pin Failure in the Bending Mode

Pin and Bushing Diameters (First Approximation)

A first approximation to the optimum pin diameter is shown in
Equation (9-35).
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. ,
D = QI.Z?Z’: ( P )2 ( Ftup s FtuP )
f Ky, F, F

up t .”.1 ..Ft lllz .

where F, 1~is either Ft\lxl or 1.304 Ftvxl' whichever is smaller; and

(9-35)

Fy a1, is either ¥, or 1.304 F , whichever is smaller. This approxi-
2 x2. LTty

mation becomes more accurate when there are no bushings and when there

is no gap between lugs.

The first approximation to the outside diameter of the bushing is

D= D, + 2t,.

1.5

e/D

= Allowable bushing ultimate
bearing stress

= Lug material cross~grain
ultimate tensile _tress

/
4

3] 0.5 1.¢ 1.5 2.0 2.5
Dp FbruB/D Frux

JFigure 9-16. Edge Distance Ratio
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Edge Distance Ratio (e/D)

The value of e/D that will minimize the combined lug and pin weight
is obtained from Figure (9-15)(b) for the case of symmetrical double-shear
joints in which lug bearing failure and pin bending failure cccur simultaneously.
The lug is assumed not critical in tension and the bushing is assumed not
critical in hearing.

The curves apply specifically to concentric lugs (a= e - D/2, and
“w = 2e), but can be used for reasonably similar lugs.

Allowable Loads (First Approximation)

The allowable loads for the different failure modes {lug bearing
failure, lug net-tension failure, and bushing failure) are determmined from
Equations (9-3}, (9-6), and (9-9), in terms of the (unknown) lug thickness.
The lowest of these loads is critical. : -

Lug Thicknesses (First Appr-oxinﬁétioni

The first'appro;dmatibn to the required male dnd female lug thick-
nesses are determined by equating the applied load in each lug to the lowest
allowable load for the lug. :

Pin Diameter (Second Approximation)

The second approximation to the pin diameter is obtained by sub-
stituting the first approximation lug thicknesses into Equation {(9-34).

Final Pin and Bushing Diameters and Lug Thicknesses

The final optimum pin diameter is very closely approximated by

Dp .4 = 1/3 D, (Equation (9-35)) + 2/3 D, (Equation {9-34)) (9-36)

- -

An average value, however, is generally sufficient. If the final optimum
value is not a standard pin diameter, choose the next large¥t standard pin
and bushing.

The final lug thicknesses corresponding to the standard pin and
bushing are then determined.. . . .

Pin Shear

The pin is checked for shear strength {(Equation (9-33)).
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Reduced Edge Distance

If the bushing bearing strength (Equation (9-9)) is less than the lug
bearing strength (Equation (9-3)}, a reduced value of e/D, obtained from the
curve in Figure 9-16, will give a lighter joint., The pin diameter and lug
thicknesses are unchanged.

Reduced Lug Width

If the lug net-tension strength (Equation (9-6)) exceeds the lug bear-
ing strength (Equation (9-3)), the net-section width can be reduced by the ratio
of the bearing strength to the net-tension strength.

9.14.1,3 Example of Axjally Loaded Lug Design

Using the same materials for the lug, bushing and pin as mentioned
in Section 9. 6, and assurning the same allowable static load of 37900 pounds,
a symmetrical double-shear joint will be designed to carry this load. A 0.10-
inch gap is again assumed hetween the lugs. The bushing wall thickness is
assumed to be 1/8 inch,

The lug will first be assumed to be concentric {a = ¢ - D/2, and
w = Ze) but the final minimum weight design will not necessarily be cencentric.

Pin Failure Mode (Equation {9-32))

The pin is first checked to determine whether it will be critical in
shear or bending, using Equation (9-32). Assuming D = D; as a first approxi-
mation, determine F,, aity and F, atls: using the graph in Figure 9-14 to
determine K. '

KF = 1.02 x 64000 = 65300 psi; 1. 304 KF

tuxy tyxy

1.304 x 1.02 x 40000 = 53100 psi;

1.304 Fcygl = 1.304 x 60000 = 78200 psi; therefore, F,, ary = 53100 psi

KFyu, = 1.02 x 77000 = 78500 psi; 1.304 KFyyy,

1.304 x 1.02 x 66000 = 87900 psi

1,304 F”sz = 1.304 x 60000 = 78200 psi; therefore ¥, a1z = 78200 psi

Therefore,
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R =-0X 82000 b 4 ( 82_000 + 82000 ): 3.4 (Equation {9-32))
1.56 x 125000 53100 78200 .

Therefore, the design procedure for pins critical in bending applies.

Pin and Bushing Diameters - First Approximation (Fquation (9-35))

al "2 ‘ .
_ 1,273 (37900 ) (125000 125000 %y _ .

D=20.741 + 2 x 0. 125 = 0.991 in.

Edge Distance Ration (e/D)

~ The optimum value of /D for both male and female lugs is 1.24
{Figure 9-15 (b)). Therefore a/Dis 0,74 and w/D is 2.48 for a concentric

lug (therefore, w = 2.46 in. ).

Allowahle Loads - Female Lugs and Bushings (First Approximation)

(a) Lug Bearing Strength (Equations (9-2a) and (9-36))

P

bruL

=1.304 x 1.46 x 0. 74 x 40000 x Q. 991 ’l:1 = 55900 tl Ibs.
1

where K = 1. 46 is obtained from Figure 9-2 for e/D = 1.24

(b) Lug Net-Section Tension Strength (Equations (9-5) and (9-6b})

K

!

Figure 9-9-4) for

= 0. 74 (obtained by interpolation from the graphs shown in

F F
D _g.403. Y -o0.625 —_* =o0.05l
w tu EEIU -
P,, = 1.304x 40000 x (2.46 - 0.991) t; = 56600 ¢t Ibs.

(c} Bushing Bearing Strength (Equation (9-9))

P“B = 1.304 x 60000 x 0. 741 tl = 58000 t; lbs.
v

Allowable Loads - Male L.ug and Bushing (First Approxifnation)

(a} Lug Bearing Strength (Equations {9-~1a) and {9-3a))
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Phy = 1.46 x 0.74 x 77000 x 0. 991 t, = 82500 t, Ibs.

t2
{b) Lug Net-Section Tension Strength (Equations {9-4) and (9-6a))

Ky, = 0. 88 (obtained by interpolation from graphs shown in
Figure 9-4) for

) ¥
2 - 0.403;, -2 -0.857; —— = 0.125
w2 tu Ey
P““L = (.88 x 77000 x {2.46 - 0.991) 1:2 = 99500 t2 lbs.
2

{c) Bushing Bearing Strength {Equation {9-9))
P, = 1.304x 60000 x 0. 741 t, = 58000 ty ibs,

32
Lug Tlﬁcknesses {First Approximaticn)

—...E.M_ = 0.339 in.; tp :_17_?29__ = 0.654 in.

1= 2 % 55900 58000

Pin Diameter - Second Approximation {Equation (9-34))

D, = il 2.55x 37900 (0,339 + 0.327 + 0.200) = 0. 755 in.
1. 56 x 125000

D=0.7555+2x0.125 = 1, 0005 in.

Final Pin and Bushing Diameter (Equation (9-36))

DPONN = —_— +

5 = 0.748 in. (Use 0. 750 inch pin)

0.741 0.755
2

D=0.750+2x0.125 = 1,000 in.
Pin Shear (Equation (9-33})
D, = 0.798 \l 37900 _ 4. 541 in.
B2000
Therefore, the pin is not critical in shear.

Final Lug Thicknesses

£ =0.339x 0991 - .336 in.
- 1. 000

9 - 35




ty = 0.654 x Q- (4L

0.750

= 0, 646 in.

Reduced Edge Distance

The lug tension strength {(Equation {9-3)) exceeds the bushing
strength (Kquation (9-9)) for the male lug. Therefore, a reduced
e/D can be obtained for the male lug shown in Figure 9-16.

- |
Do "Pmg 9,750 _ 1.304 x 60000

= x = 0,762
D F,, 1.000 77000

Therefore, e/D = 0.97 (male lug)

Reduced Lug Width

The lug net-section tension strength {Equation (9-6)) exceeds the
bearing strength (Equation {9-3)) for both the male and female lugs.
Therefore, the widths can be reduced as follows:

¢ 55900 t,

w, = 1.00+ (2.48 - 1.00) *\______ ): 2.46 in.
56600 t)
82500 t,

w, = 1.00 + (2.48 - 1.00) (— ): 2.23 in.
99500 t2

Final Dimensions

D, = 0.75¢in.; D=1,0001in.
t; = 0.336in.; e; = 1.241in.; w1

1

2.46 in.
ts = 0.646 in.; ey = 0.97in.; wp = 2.23 in.

Since wy is larger than 2e;, the final male lug is not concentric.

- -

9.15 Analysis of Lugs with Less Than 5 PCT Elongation

The procedures given through Section 9-14 for determining the static
strength of lugs apply to lugs made from materials which have ultimate
elongations, €,, of at least 5% in all directions in the plane of the lug. This
section describes procedures for calculating reductions in strength for lugs
made from materials which do not meet the elongation requirement. In
addition to using these procedures, special consideration must be given to
possible further loss in strength resulting from material defects when the
short transverse gain direction of the lug material is in the plane of the lug.
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The a-na.ly‘sié procédufes for lugs made from materials without defects
but with less than 5% elongation are as follows:

9,15.1 Bearing Strength of Axially Loaded Lugs with Less Than 5 i/ ™

Elongation :

(1) Determine F,,/F,, and €y/€u, using values of Fy,, F,,, ©.. and
€, that correspond to the minimum value of €, in the plzo. of
the lug.

(2) Determine the value of B, the ductility factor, from the yraph
shown in Figure 9-17.

{3) Determine a second value of B {denoted by B. 05) for the game

values of F F,.,» and €, as before, but with ¢, = 0. 07

ty? tu

(4) Multiply the bearing stress and bearing load allowakles riven
by Equations (9-1a) through (9-3b) by B/B ;g to obtain tne
corrected allowables,

I.O——::____._

—...____L\ '—\\ F. JF
\-\ ty tu
oo ?\-\ \

C J
[: Q.8 . \ ':_':;0. 8 \ \ .
é? 4=;~“‘~\\ s ™~ ™ 1~\\‘\L :
£ 0.7 . _ “\‘0 . - [~ ~\\\t;; N\\\
: | SN
0.6
0 a.1 0.2 0.3 0.4 G.5 9.6 0.7 0.8 0.9 1.9
eyjeu

Figure 9-17. Ductility Factor

9.15.2 Net-Section Strength of Axially Loaded Lugs with Less Tha:
5 PCT FElongation

The procedure for determining net-section allowables is i+ same
for all values of ¢,. The graphs in Figure 9-4 are used to obtain a value of
K, which is susbstituted in Equations {(9-4) and (9-5). If the grain diruaotion of
the material is known, the values of F,,, F,,, and €, used in entering the graphs
should correspond to the grain direction parallel to the load. Otherwise, use
values corresponding to the minimum value of €, in the plane of the lug.
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9,15.3 Strength of Lug Tangs in Ax_tally Loaded Lugs with Less Than
5 PCT Elongatlon .

The plastic bending coefficient for a rectangular cross section can
be approximated by k, = 1, 5B, where B is obtained from Figure 9-17, in
which y and u are the yield and ultimate strains of the lug tang material in
the direction of loading. The maximum allowable value of kbL for a rec-
tangle is 1.4, o

9.15. 4 Lug-Bushing Strength in Axjally-Loaded Single-Shear Joint
' with Less Than 5 PCT Elongation .

The values of kbr and k, for rectangular cross sections are
approximated by 1. 5B, where B is'determined from the graph as described
in Figure 9-17. The maximum allowable values of k‘“,L and kbl. are 1. 4.

9.15.5 Bearing Strength of Transversely Loaded Lugs with Less Than 5%
Elongation (Equations (9-28) through (9-30b) in Section 9. 7.1

The same procedure as that for the bearing strength of axially
loaded lugs is used.

(1) Determine B and B ;5 as'described for axially loaded lugs,
~ where B corresponds to the minimum value of €, in the
plane of the lug.

(2) Multiply the bearing stress and bearing load allowables
given by Equations {9-28) through (9-30b) by B/Bg_ 5 to
obtain the corrected allowables.

9.16 Stresses Due to Press Fit Bushings

Pressure between a lug and bushing assembly having negative clearance
can be determined from consideration of the radial displacements. After
assembly, the increase in inner radius of the ring {(lug) plus the decrease in

outer radius of the bushing equals the difference between the radii of the bush--
ing and ring before assembly:

6= Uring - Ybushing (9-36)
where

8 = Difference between outer radius of bushing and 1nner radlus
of the ring. '

u = Radial displacement, positive away from the axis of ring or bushing.
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Radial dJ.spla.cement at the inner surface of a ring subjected to internal
pressure pis :

- P 2 : '
Q= e [: C + D +_ 19-37)
Ering | Cz ~ D rmg] |

Radial_&isplacement at the outer surface of a bushing sAu..bjected to
external pressure p is

By - 2

9= ' Bz LA - “bush. :l (9-38)
Epush. ~ B%. A2 |
where ] _ o o
A = Inner radius of bushing D = Inner radius of ring (lug)
B = Outer radius of bushing E = Modulus of elasticity
C =

Quter radius of ring (lug) iU = Poisson's ratio

Substitute Equations {9-37) and (9-38) into Equation (9-36) and solve for p;

8

P=
D c*+ p*
Erir_ig ce - Dzl

T Qi Sy G - R
rine/ T Epgen. V2o aZ | PUeR

Maximum radial and tangential stresses for a ring subjected to int‘er’n'al
pressure occur at the inner surface of the ring {lug).

F,=-p . F, [c +D2]
ST 2 _ 2

Positive s1gn indicates tension. The maximum shear stress at this
point is

- -

The maximum radial stress for a bushing éu_bjected to external pressure
occurs-at the ocuter surface of the bushing is

F, = -p

The maximum tangenhal stress for a bushlng subJected to external pres-
sure occurs at the inner surface of the bushing is
2
- 2pg

Fosr———
- A



The allowable press fit stress may be based on:

{1) Stress Corrosion. The maximum allowable press fit stress in
magnesium alloys should not exceed 8000 psi. For all aluminum
alloys the maximum press fit stress should not exceed 0. 50 Fy,.

{2) Static Fatigue. Static fatigue is the brittle fracture of metals
under sustained loading, and in steel may result from several
different phenomena, the most familiar of which is hydrogen
embrittlement. Steel parts heat treated above 200 ksi, which
by nature of their function or other considerations are exposed
to hydrogen embrittlement, should be de51gned to an allowable
press fit stress of 25% F,

u*

{3) Ultimate Strength. Ultimate strength cannot be exceeded, but is
not usually critical in a press fit application.

(4) Fatigue Life. The hoop tension stresses resulting from the press
fit of a bushing in a lug will reduce the stress range for oscillating
loads, thereby improving fatigue life.

The presence of hard brittle coatings in holes that contain a press fit
bushing or bearing can cause premature failure by eracking of the coating
or by high press {it stresses caused by build- -up of coating. Therefore,
Hardcoat or HAE coatings should not be used in holes that will subsequently
contain a press fit bushing or bearing.

Figures 9-18 and 9-19 permit determining the tangential stress, Fy,
for bushings pressed into aluminum rings. Figure 9-18 presents data for
general steel bushings, and Figure 9-19 presents data for the NAS 75 class
bushings. Figure 9-20 gives limits for maximum interference fits for steel
bushings in magnesium alloy rings.

9.17 Lug Fatigue Analysis

A method for determining the fatigue strength of 2024-T3 and 7075-T6
aluminum alloy lugs under axial loading is presented.

Figures 9-21 and 9-22 show the lug and the range of lug geometries
covered by the fatigue strength prediction method. Fatigue lives for lugs
having dimensiconal ratios falhng out81de the region shown should be corrobo-
rated by tests. '

In thiz method the 1mportant fa.tlgue parameters are ki, k?. and k3
(see Figure 9-23),.
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Figure 9-20. Maximum Interference Fits of Steel Bushings in
Magnesium Alloy Rings

9 - 43




‘ S §

Figure 9-21. Lug Geometry for Fatigue Analysis
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Figure 9-22. Region of Lug Geometries Covered by I'atigue
Prediction Nethod
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Figure 9-23. Parameters To Be Used in Figure 9-24 for Lug Fatigue Analysis
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To find the allowable life knowing the applied stresses and lug dimen-
sions, or to find the allowable stresses knowing the life, R value (R:fﬂn/f,m)
and, lug dimensions, use the following procedure:

(1) Enter Figure 9-22 to check that the lug dimensional ratios fall
within the region covered by the method. KEnter Figure 9-23
and read ky, ky, and kj; calculate the product kikyks.

(2} Calculate the allowable net-tension static stress for the lug, F"“L’
according to the method described in Section 9. 3, 2.

(3) Determine the value 0.4 F““L' This is the aiternating stress

corresponding to a maximum stress value of 0.8 F,  when
fpa = 0. 0.8 F, was chosen as an average yield stress value

for 2024 and 7075 aluminum alloy lugs.

(4) Using the value 0.4 F,, as an alternating stress, draw a straight
line between the intersection of this value and the appropriate
kikzky curve on Figures 9-24 or $-25, and the point 0.5 F““L at 1
cycle. This extends the kjkpky curve to cover the entire life range
to static failure.

(5) Enter Figure 9-24 or 9-25 (lug fatigue curves for the case where
R = 0) with k;kpks. For values of life, N = 103, 3 x 103, 10%,
etc., or any other convenient values, determine the corresponding
values of f,, the stress amplitude causing fatigue failure when R =0.

(6) Plot the values of f, found in Step 5 along the R = 0 line in a Goodman
diagram such as shown in Figure 9-26 (f, = f, when R = 0). The
Goodman diagram shown in Figure 9-27 applies to a particular
7075-T6 lug [or which kikpksy = 1. 32 (see example problem 1),
but is typical of all such diagrams.

(7} Plot the allowable net-tension static stress found in Step 2 as
f, at the point (f,, 0) of the Goodman diagram (f, = f,, when f, - 0).
For the case considered in Figure 9-26, this point is plotted as
(f, = 70,000 psi, f, = 0).

{8} Connect the point plotted in Step 7 with each of the points plotted
in Step 6 by straight lines. These are the constant life lines for
the particular lug being analyzed. The Goodman diagram is now
complete and may be used to determine a life for any given applied
stresses, or to determine allowable stresses knowing the life and
R wvalue.
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9.18 Example.Problem of Lug Fatigue Analysis

Given a concentric 7075-T6 aluminum lug as shown in Figure 9-21, with
the following dimensions: a = 0.344 in, ¢ = 0. 3444 in, and D = 0.437 in. If the
lug is subjected to a cycle axial load such that the maximum net-section stress
is 27,000 psi and the minimum net section stress is 18,470 psi, find the fatigue

life.

From the lug dimensions,

(1)

{2)

(3)

(4)

(5)

ale=1.0 ¢/D=20, 787 {Dfic = 1.27)

Figure 9-22 indicates that the lug may be analyzed using this method.
From Figure 9-23,

ki =1.06; kp = 1. 33, ky = 0.99 k]k2k3 = 1.32

Calculate the allowable net-section tensile ultimate stress, ¥,

L
for Equation {9-4) in Section 9, 3.2. For the given lug, F““L =
703, 000 psi.

0.4 F,, =0.4x 70,000 = 28,000 psi.

Draw a light pencil line on Figure 9-24 from the point {{, = 23, 000
psi on kjkpks = 1.32) to the point {f, = 35,000, N = 1 cycle) (This
is illustrated, for clarity, on Figure 9-27).

Enter Figure 9-24 and read values of f for various numbers of
life cycles, using the line k1kpky = 1. 32. These numbers are as
follows:

N l 10% ]103 13;{1031 104 ‘3)(104‘ 105t 106' 107

24.5

f, l 30KSI

18.8 ' 13.5' 8. 88 IS.?O 2,341 1.30

-

Plot the values of £, along the R = 0 line of the Goodman diagram.
{Refer to Figure 9-26.)

Plot F"L = 70,000 psi, as f, at the point (f,, 0} of the Goodman diagram.
{(Refer to Figure 9-.26.)

Connect the points plotted in Step 6 with the point plotted in Step 7
by straight lines. The Goodman diagram is now complete.
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27,700 - 18,4790
2

= 23, 085 psi, and read the

{9) Enter the Goodman diagram with values of f, =

27,700 + 18, 470
2

4,615 psi and £, =

fatigue life, W= 8 x 104 cycles, by interpolation (test results show
N = 8.6 x 104 cycles).

If the known quantities are life and R value, e. g., N = 10% cycles and
R = 0, the allowable stresses can be obtained by using the same Goodman
diagram. Enter the completed Goodman diagram at R = 0 and N = 10% cycles
-and read the amplitude and mean stresses (in this case f, = £, = 13, 500 psi).

Only if the lug dimensions are changed, must a new Goodman diagram
be drawn.
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10. TRANSMISSION SHAFTING ANALYSIS

10. 1 Introduction to Transmission Shaft Analysis

This section presents design methods for mechanical shafting. In this
discussion, a shaft is defined as a rotating member, usually circular, which
is used to transmit power. Although normal and shear stresses due to tor-
sion and bending are the usual design case, axial loading may also be present
and contribute to both normal and shear stresses. The design case must
consider combined stresses,

The general design of shafts will be discussed with emphasis on cir-
cular sections, either solid or hollow.

10.2 Nomenclature Used in Transmission Shafting Analysis

The symbols used in this section are shown in Table 10-1.
TADLE 10-1

List of Symbeols Used in Shaft Analysis

C numerical constants n revolutions per minute

D,d diameter r radius

N modulus of elasticity rpm revolutions per minute

fpm feet per minute f normal stress

¥ force f, endurance limit stress,

G modulus of elasticity in shear reversed bending

hp horsepower f, shearing stress

L moment of inertia fyn yield point stress, tension

J polar morment of inertia SAE Society of Automotive Engineers

k radius of gyration T torque

K stress concentration factor, v velocity, feet per minute
normal stress v deflection

K, stress concentration factor, o column factor
shear stress o) {phi} angular deformation

£ length W (omega) angular velocity, -

M bending moment radians per second

10,3 Loadings on Circular Transmission Shafting

Trausmission shafting is loaded by belts, chains, and gears which both
receive power from prime movers and distribute it to accomplish desired
results. Differences in the arnount of power either added or subtracted at
various points on the shaft result in torsion of the shaft. The driving forces
and the driven resistances result in bending of the shaft and, for helical
gearing, an axial loading is also produced. These loadings generate both
normatl and shear stresses in the shaft.

10 -1



The torsion loading produces a maximum shear stress at the shaft
surface calculated from

(10-1)

where the torque transmitted through the section is determined from the
horsepower relation:

T = hp (63, 000 (10-2)
n

The development of these relations can be found in standard texts.

The bending force produced by gears or chains is equal to the net
driving force given by

T

r

F =

(10-3)

where the radius of the gear or sprocket is used. Bending forces {rom
belts must be obtained from the sum of the forces exerted on each side of
the pulley. The usual method is to use the following relation:

where F is the tension side force and Fj is the slack side force. The
quantity (F] - F3) is the net obtained from the horsepower equation. TFor
flat belts, the value of C is between 2 and 3, depending upon conditions of
installation. For V-belts, use C = 1. 5.

The axial load produced from gearing must be obtained from consid-
erations of the type of gear-tooth design used. It is beyond the scope of

this section to elaborate on gear loadings. Suffice it to say that they must
be considered.

The bending forces create normal stresses in the shaft given by

¢ - Mr - .
e (10-5)
The axial forces create a normal stress
F
f = 10-6
a5 {10-6)

where ¢ is the factor changing F/A info an equivalent column stress where
F is compression and there is an appreciable length of unsupported shaft.
The recommended values of @ are given in the following relation:
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{(for £/k < 115) o 1

1-0.0044 {4/k) (10-7)
£, (/K
for £/k > 115) g = — ¥ (10-8)
Gl E

C =1.01is used for hinged ends and C = 2. 25 is used for fixed ends. For
tensile axial loads and for short lengths in compression, o = 1.0 is used.

10.4 Analysis of Combined Stresses in Transmission Shafting

The recommended method for design of ductile materials subjected
to combined normal and shear stresses is that employing the maximum
shear stress theory. This theory states that inelastic action begins when
the shear stress equals the shearing limit of the material. The maximum
shear stress at any section is given as follows:

A R (%)2]% (10-9)

Rax

where f, and { are obtained from the relations given in Section 10. 3. The
value to be used for the design maximum shear stress, §
in the next section,

. , 15 discussed

nayx

10.5 Design Stresses and Load Variations for Transmission Shafting

The design stress is obtained from the yield strength of the material
to be used. However, it must be modified to account for various loading
anomalies. The "Code of Design of Transmission Shafting, " which has
been published by the ASME as code Bl7¢c, 1927, gives the 'basic factors
to be used in determining the design stresses, either normal or shear.
According to this code, the basic design stress shall be:

(f, = 0.3 {tensile yield strength)

Shear Design Stress 1 or

0.18 ({tensile ultimate strength)
f = 0.6 (tensile yield strength)

Normal Design Stress J or

rﬁ
1y
1l

0. 36 (tensile ultimate strength)
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The smaller of the two computed stresses is to be used. For combined
stresses, as discussed in Section 10. 4, the shear design stress is used, The
code also applies a factor of 0. 75 to the calculated design stress if the section
being considered includes a keyway. It is noted that this is equivalent to a
stress concentration factor of 1.33. Table 10-2 should also be consulted prior
to making allowance for keyways. Although the code does not mention stress
concentration factors further, they must be considered in any design.

Figures 10-1 through 10-5 give stress concentration factors to be applied
to the design stress for various types of section discontinuities,

[a%]
(%)
"
L]
-
>
.

2.
o \\ \ Bending, f = 32M/ﬂd3
Va0 N ,
n \ \ |
o D/d=1.5
S1.8 N\,
E \ D/d =3
El 6 \
(= \
1.4 D/d=1.1 \X%
-\‘
1.2
}
1.0
0.1 0.2 0.3 - -

r/d

Figure 10-1. Stress Conceniration Factor for Seolid Shaft with Fillet
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Tables 10-2 and 10-3 give stress concentration factors to be appiied to
keyways and several screw thread types. These are applied only if the section
being analyzed includes either threads or a keyway.

TABLE 10-2

Values of Stress Concentration Factor for Keyways, K

Annealed Hardened
Type of Keyway Bending Torsion Bending Torsion
Profile 1.6 1.3 2.0 1.6
Sled-Runner 1.3 1.3 1.6 1.6

TABLE 10-3

Values of Stress Concentration Factor for Screw Threads, K

Annealed Hardened
Type of Thread Rolled Cut Rolled Cut
American National (square) 2.2 2.8 3.0 3.8
Whitworth, Unified 5t'd. 1.4 1.8 2.6 3.3
Dordelet 1.8 2.3 2.6 3.3
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The code also recommends the application of a shock and fatigue factor
to the computed torsional moment or bending moment. This factor accounts
for the severity of the loading during stress reversals caused by the revo-
lution of the shaft. Table 10-4 gives these factors for rotating shafts.

TABLE 10-4

Values of Shock and Fatigue Faciors for Rotating Shafts
{(from ASME Code)

Km KS
Nature of Loading (bending} (torsion)
Gradually Applied or Steady 1.5 .
Suddenly Applied, minor 1.5t0 2.0 1.0to 1.5
Suddenly Applied, heavy 2.0t0 3.0 l1.5to 3.0

10. 6 Desipn Procedure for Circular Transmission Shafting

The recommended design procedure for circular shafts is as follows:

Determine the shaft diameter at the critical diameter.
Check for shaft deflections.

o~ U

1) Define all loads on the shaft,
2) Determine the maximum torque and its location.
3) Determine the maximum bending moment and its location.
4}  Determine the design stress.
)
)

A sample problem will illustrate the application of the above principles
and the previcus relations.

10.6.1 Sample Analysis of Circular Transmission Shafting - .

The loaded shaft illustrated in Figure 10-6 receives 20 hp at 300 rpm
on pully B at a 45° angle from below. Gear C delivers 8 hp horizontally to
the right, and gear E delivers 12 hp dowonward to the jeft at 30°. The shafting
is to be cold-drawn C1035 with minimum values of tensile yield strength,
;fY = 72,000 psi, and of tensile uritimate strength, £ = 90, 000 psi.
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24" Pulley Delivered
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Figure 10-6. Drawing Illustrating a I.oaded Shaft

The forces shown are those which are placed upon the shaft. The
gearing loads do not consider the normal component. This is reasonable
for 14-£° tooth design, but for higher pressure angles the side force should
be included.

1) Define the loads.

The torques transmitted by the shaft are

_ 63,000 hp _ (63,000) (20) _ 4200 in. -lbs
- n

Ts = 357 (10-10)

on shaft between B and C.

T - {63, 000) (8)
o = AnTe I N
300
taken off at C.

_ (63,000)(12) _ S
T, 300 2520 in, -lbs (10-12)

cn shaft between C and E.

= 1680 in. ~lbs (10-11)

The bending forces from the pulley is given by

2T,
_ _ _ _ 2{4200) _

Fo = 2(Fy - Fp)=—(— = —5— = 7001ibs (10-13)
The bending force from gear C is

TC

1680

Fo =—— = == = 187 lbs (10~14)
and from gear E, it is .

Te
Fe = 5 = 2220 = 420 Ibs (10-15)

g0 ~ 12



These applied loads are resolved into their vertical and hori-
zontal components and the bearing reactions calculated. These reactions
are found by summing moments and forces in the two planes. From these
computations, the shear diagram shown in Figure 10-7 were constructed.

A, =484 E, = 364
o ? A,=419 E, - 285
A vl 1
121 18"+10T$10w—{ A B D 1?
B,= 495 C =187 D, =166 [~<12"+~28~-—+10~
/ By - 495 Dy= 210
/ 7
A %B C D jo /,«'}3

7

Shear Magram

Shear Diagram

Horizontal Plane Vertical Plane

Figure 10-7. Drawing Tilustrating Construction of Shear Diagrams

The maximum bending moment is located where the shear diagram

crosses the axis. More complex loadings have several crossing points.
Each should be investigated te find the maximum. For the present case,
the maximum bending moment in the horizontal plane is

MB: = (12} (484) = 5810 in. ~lbs

and in the vertical plane it is

Mg = (12) (419) = 5030 in. -lbs
Y

Since hoth of these maximums are at the same place, at pulley B,

this is the point of maximum moment for the shaft. I{ is given by

(10-16)

(10-17)

by

r nE
Mg = L(Mex)z + (MBF)ZJ (10-18)
M, = ’[(5810}2 i (5030)2]” (10-19)
Mg = 7685 in. ~lbs (10-20)
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It is observed that if the location of the maximum moments is
not the same in each plane, both locations must be checked to find the
maximum. It is also observed that for this example the maximum torque
is also located at the same section.

The design stress is now determined. Based on the tensile yield
strength, the shearing stress is

£, = (0.3) (72,000) = 21, 600 psi (10-21)

and based on tensile ultimate strength, it is

. = (0.18) (90,000) = 16, 200 psi. (10~22)
dasign
QOur design will be based on the smaller. An allowance for the

keyway is now made. According to the code, 75% of the above stress is used.
Thus,

L esten = {0.75) {16,200} = 12, 150 psi (10-23)
The shock and vibration factors to be applied to the torque and

moments for a gradually applied loading are K; = 1.0 and K, = 1.5; these

are obtained from Table 10-4.

It is noted that if the section includes any other type of stress
raiser such as a step in the shaft, a radial hole, or a groove, the appropriate
stress concentration factors are to be appliad to the design stress.

As this is a case of combined stress, the principle of maximum
shear stress will be used for the desipgn;:

1
2%

b aten z[ff*(f?) ] (10-24)

The shear stress f, is due to the forque of 4200 in. «1bs and the
normal stress f is due to the bending moment of 7685 in. -1bs.

Thus, based on the use of a solid circular shaft, -

f LB Te 6K, T (16) (1.0) (4200) L0m2s
N | D3 B nh3 (10-23)
e K, M. 32K,M (32} (1.5) (7685) i
x =TT 3 3 (10-26)

Substituting into Equation (10-24) the above quantities gives
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2 -~
12, 150 = { | (L] (1;%3(42001 SEEpes (;;gnéss) 17 woen
Solving for D? gives
3 . 16 2 2,2
D> = 5 yen L(4.2)7 +[(1.5) (7.685)]7}% (10-28)
and
D= 1,726 in. (10-29)

The closest size commercial shafting is 1-15/16 in. It is noted

that commercial power transmission shafting is available in the following
sizes:

15 3 2, A y15 53 5,7 5150 37 325 4 1
16 16 16 16 16 16 1) 16 16 16 16
415, 57 515 o1 o 51 g

16 16 ib 2 2

The use of standard sizes facilitates the selection of bearings,
collars, couplings, and other hardware.

Machinery shafting, those used integrally in a machine, is avail-
able in the following sizes:

1/2 to 1 in., tolerance of -0.002 in.
1-1/6 to 2 in., tolerance of -0.003 in.
2-1/6to 2-1/2 in., tolerance of -0.004 in.

By 1/16 in. increments
in this range

By 1/8 in. increments 2-5/8 to 4 in., tolerance of -0.004 in,
By 1/4 in. increments 4-1/4 to 6 in., tolerance of -0.005 in.
By 1/4 in. increments 6-1/4 to 8 in., tolerance of -0.006 in.

Returning to our example, the diameter of the shaft determined is
based on strength considerations alone. As defleclions arec also a prime
consideration, both angular and transverse deflections should be checked,

The torsional deflection of a shaft is given by

C‘DZET (10-30)



where £ is the length of shaft between the point of application of the torque
and the section being considered.

Although the example given was statically determinate, many situa-
tions encountered in practice are indeterminate. For these, the location of
the maximum stress must be determined by methods of analysis for contin-
uous beams: the area-moment method, the three-moment method, the method
of superposition, and the moment-distribution method. The exposition of
these methods is covered in the section of this manual devoted to beam analysis.

10.6.2 General Design Equation for Circular Transmission Shafting

A general design equation for circular shafts, both solid and hollow,
can be developed on the basis of the recommended procedures. It is

nj-

s 16
£, m(1-BH

2 2
gFD {1l + BT ]r

A{K,212‘+[KEM;+ :

(10-31)

where B = D, /D and D, is the inside diameter of the hollow shaft. This equa-

tion requires several trials for solution because of the inclusion of the axial
lead F.

It is also pointed cut that in the design of large-size shafting, the
weight of the shaft and all pulleys and gears should be included in the design
calculations,
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il. BEARING STRESSES

11.1 Introduction to Bearing Stresses

The siresses developed when two elastic bodies are forced together are
termed bearing stresses. They are localized on the surface of the material
and may be very high due to the small areas in contact. The design informa-
tion given in this section assumes either static loading or low velocity loading.
The application to ball and roller antifriction bearings is not covered.

A brief discussion of bearing stresses in riveted joints is followed by a
presentation of theoretically derived equations for the bearing stresses between
various shapes in contact. An empirical treatment for the determination of
allowable ipads is also presented.

It is noted here that the design of ball and roller bearings is a very
specialized area; however, their selections for various applications can be

made based on data published by the various manufacturers.

11.2 Nomenclature for Bearing Stresses

a = 1/2 the major diameter of an ellipse
¢ = 1/2 the minor diameter of an ellipse
D = diameter
E = modulus of elasticity
Fie = allowable bearing load
Fop = proporticnal limit in compression
F., = compressive yield stress
L = calculated bearing stress
. = calculated compressive bearing stress
£i g = calculated shear bearing stress
fome = «calculated tensile bearing stress
g E1E;
e = = for gencral case of two
B (1-u2) + B (1-uz?)
bodies in contact
Ky, Ko Ky = c¢oefficieats in Table 111
= axial load
P = allowable axial load
b = minimum radius of curvature
R~ = maximum radius of curvature
T = radius
T = cylindrical coordinate
4 = thickness
£ = width of rectangular area
w = load per length (1b/in)

il -1



w = allowable load per length {Ib/in})
X, ¥ = rectangular coordinates

Y = for general case of two bodies
—_— ¢ t o+ — in contact

& = deflection
6 = l_ ¥ [ ( 1 - 1 )2 + ( 1 - };- )
4 Ry ‘ R, R

c2 {1 b \(—l— - l, )cosZcp]

\R. TR/

for general case of two bodies in contact

= cylindrical ccordinate
U = Peisson's ratio
) = angle shown in diagram for general case of two bodies in
contact in Table 11-1

11.3 Bearing Stresses in Riveted Connections

Figure 11-1 shows a riveted connection between two plates.

() P

T

h—

R
\\\\\\\\\\\}\\\\\ =P

Excessive bearing stresses result in yielding of the plate, the rivet, or both,
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The intensity of the bearing stress between the rivet and the hole is not
constant but varies from zero at the edges to a2 maximum value directly in
back of the rivet. The difficulty caused by considering a variable stress
distribution may be avoided by the common practice of assuming the bearing
stress to be uniformly distributed over the projected area of the rivet hole.
The bearing stress is thus,

£ = — (11-13
The allowable load is

P, = F,Dt {(11-2)
where F,_is the allowable bearing stress..

1.4 Sample Problem - Bearing Stresses in Riveted Connections

Given: The riveted plate in Figure [1.2
Find: The bearing stress between the rivets and the plate.

Solution: The load per rivet is 20,000/4 = 5,000 1b. From Equation(11-1),

fbr :__Wl:_)_ = ﬁjﬂ).____. = 40’0()0 ?51
Dt (0.5)(0.25)

20000 1b. 23000 ik,

~—-0—e—0—6-1—

i

0.25
{ 1 f
N '

Figure 11-2. Riveted Ptlate

i1.5 Elastic Stresses and Deformation of Various Shapes in Contact

Table 11«1 treats the elastic stress and deformations preoduced by pres-
sure between bodies of various forms. The first column of this table gives
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the form of the bodies and the dimensions that describe them. . The second
column indicates the shape and size of the surface of contact between the two
bodies as well as the combined deformation of the bodies, &§. The maximum
compressive, tensile, and shear bending stresses {f,,,, f,, and f, ) are given
in the third column of Table 11-1. The maximum compressive and tensile
bearing stresses occur at the center of the surface of contact and at the edge
of the surface of contact, respectively, and the maximum shear bearing stress
occurs in the interiors of the compressed parts. The equations in Table 11-1
are based on the assumption that the length of the cylinder and the dimensions
of the plate are infinite. For a very short cylinder or for a plate having a
width of less than five or six times that of the contact area or a thickness of
less than five or six times the depth to the point of maximum shear stress,
the actual stresses may vary considerably from those given by the equation
in Table 1I1-1.

Because of the very small area involved in what initially approximates
a point or line contact, the stresses obtained from the equations in Table 11-1
are high even for light leads. However, since the stress is highly localized
and triaxial, the stress intensity may be very high (above the yield point) with-
out producing apparent damage. Since this is the case and the formulas in
Table 11-1 hold only i the elastic range, the empirical formulas for allowable
loads given in Section 11.7 are meost useful for practical design. However, the
formulas in Table 11-1 are useful as a guide to design, especially when empiri-
cal formulas are not available for a given case.

11.6 Sample. Problem - Elastic Stress and Deformation of Cylinder on
a Cylinder

Given: The cylinders shown in Figure 11-3.

Find: The contact surface, total deflection, and maximurn compressive

stress,
w = 30 lb/in.
l Steel, Al51 4130 -
° Ej=E,- E=-30x108psi
1 f M) =u2=0.3
+ 1.0

Fcy = 70,000 psi

Figure 11-%, Cylinders in Contact
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Solution: From Table 11-1, the surface of contact between two cylinders
with their axes parallel is a rectangular strip of width, b, given by

w D) D 1 l—uz?‘
b = 1.6\ + -

2

] 2
b = 1.6 \/-501(”(8'2) [1"0'36 + h-——ml—o'?’é]:o.om& in.
+ U 30x 10 30x10

In this case,

The combined deflection of the cylinders is given by

- 2 2D 2D
§ = Ll W (i_uoa Ly jog, 2

=] ]
Tk

)

if By =Ey = Eandu) =y = 0.3, which is true for the given cylinders.
Thus, in this case,

2 -
6:—————-—-2(1—0'3 1(39) ( 2 + log 2ty + log 2{0.5) ):9.87){ 10‘6 in.

m (30 x 109) 3 * 0.00125 ® 0.00125

From the third column of Table 1i-1, the maximum compressive bearing stress
between two parallel cylinders is

w{Dy+Dy)
Dj D2
Max f, . = 0.798

In this case,

Max fbrc = Q. 798 {2]-){0 5) o = 30, 800 i‘)Si
1-0.3 . 1-0.

30 x 106 30 % 109

Thus, the cylinders will not yield and since Max £, <F
in Table 11-1 are valid.

.y» the equations
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I1.7 Empirical Treatment of Allowable Bearing Loads

Many tests have been made to determine the bearing strength of spheres
and cylinders. However, it is difficult to interpret the results due to the lack
of any satisfactory criterion for failure. Some permanent deformation is shown
to be produced even for very small loads. This deformation increases progres-
gively with increasing load, but there is no sharp break in the load-set curve,
Thus, it is necessary to select some arbitrary criterion for the amount of
plastic yvielding that may be considered to represent fajlure. The circumstances

of use determine the degree of permanent deflection necessary to make a part
unfit for service.

The following sections present empirical formulas for the maximum
allowahle bearing loads for various shapes in contact.

11.7.1 Empirical Formulas for Allowable Bearing TLoads of a Cylinder
on a Flat Plate

Figure 11-4 shows a cylinder on a flat plate under a loading of w 1b,
per linear inch.

W

|
/’(

[T 777777777

Figure 11-4. Cylinder on Flat Plate

Table 11-2 gives empirical formulas for the allowable load (Wa) for various
diameters of steel cylinders on flat steel plates. It should be noted that there
is little difference between failure under static conditions and that under slow
rolling conditions if slipping does not occur. If slipping occurs, tests are
necessary to obtain reliable information.

Although the allowable load (w,} is dependent upon length for short
cylinders, it is independent of length if the cylinders are longer than 6 inches.

The last equation in Table 11-2 is based upon an elongation of 0. 001 in. /in. in
the bearing plate.
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: . TABLE 11-2

Empirical Formulas for a Steel Cylinder
on a Flat Steel Plate

Diameter Loading Condition Allowable Load (lb/in)
. FCY - 13000
D < 25 in. i = (—____ ) 600 D
in static Wg 20000

18000 + 120 D ( -
a = | * ) 23000

F_, - 13000 F_
25< D < 125 in. static w, = (_..__L__.____) 3000/ D

a 20000
116 <D < 476in. | slow rolling w, = Foy - 13000

)

11. 7.2 Empirical Formula for Allowable Bearing Load.-of Steel Spheres
in Contact

Figure 11-5 shows two sirmilar spheres in contact.

| D
|
!

Figuré 11«5, Similar Spheres in Contact
The crushing load P is given by
P = 1960 (8D)1* 73

The test sphere used to derive this formula was steel of hardness 64 to 66
Rockwell C. '

. ~ IReproduced frem
- - be?t available copy.







